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PREFACE 


My main purpose in this book is to present a unified treatment 
of that part of measure theory which in recent years has shown 
itself to be most useful for its applications in modern analysis. 
If I have accomplished my purpose, then the book should be 
found usable both as a text for students and as a source of refer¬ 
ence for the more advanced mathematician. 

I have tried to keep to a minimum the amount of new and 
unusual terminology and notation. In the few places where my 
nomenclature differs from that in the existing literature of meas¬ 
ure theory, I was motivated by an attempt to harmonize with 
the usage of other parts of mathematics. There are, for instance, 
sound algebraic reasons for using the terms “lattice” and “ring” 
for certain classes of sets—reasons which are more cogent than 
the similarities that caused HausdorfF to use “ring” and “field.” 

The only necessary prerequisite for an intelligent reading of 
the first seven ^chapters of this book is what is known in the 
United States as undergraduate algebra and analysis. For the 
convenience of the reader, § 0 is devoted to a detailed listing of 
exactly what knowledge is assumed in the various chapters. The 
beginner should be warned that some of the words and symbols 
in the latter part of § 0 are defined only later, in the first seven 
chapters of the text, and that, accordingly, he should not be dis¬ 
couraged if, on first reading of § 0, he finds that he does not have 
the prerequisites for reading the prerequisites. 

At the end of almost every section there is a set of exercises 
which appear sometimes as questions but more usually as asser¬ 
tions that the reader is invited to prove. These exercises should 
be viewed as corollaries to and sidelights on the results more 
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formally expounded. They constitute an integral part of the 
book; among them appear not only most of the examples and 
counter examples necessary for understanding the theory, but 
also definitions of new concepts and, occasionally, entire theories 
that not long ago were still subjects of research. 

It might appear inconsistent that, in the text, many elementary 
notions are treated in great detail, while, in the exercises, some quite 
refined and profound matters (topological spaces, transfinite num¬ 
bers, Banach spaces, etc.) are assumed to be known. The mate¬ 
rial is arranged, however, so that when a beginning student comes 
to an exercise which uses terms not defined in this book he may 
simply omit it without loss of continuity. The more advanced 
reader, on the other hand, might be pleased at the interplay 
between measure theory and other parts of mathematics which 
it is the purpose of such exercises to exhibit. 

The symbol | is used throughout the entire book in place of 
such phrases as “Q.E.D.” or “This completes the proof of the 
theorem” to signal the ,end of a proof. 

At the end of the book there is a short list of references and a 
bibliography. 'I make no claims of completeness for these lists. 
Their purpose is sometimes to mention background reading, 
rarely (in cases where the history of the subject is not too well 
known) to give credit for original discoveries, and most often to 
indicate directions for further study. 

A symbol such as m.o, where u is an integer and v is an integer 
or a letter of the alphabet, refers to the (unique) theorem, formula, 
or exercise in section u which bears the label v. 
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§ 0. PREREQUISITES 

The only prerequisite for reading and understanding the first 
seven chapters of this book is a knowledge of elementary algebra 
and analysis. Specifically it is assumed that the reader is familiar 
with the concepts and results listed in (1)~(7) below. 

(1) Mathematical induction, commutativity and associativity 
of algebraic operations, linear combinations, equivalence relations 
and decompositions into equivalence classes. 

(2) Countable sets; the union of countably many countable 
sets is countable. 

(3) Real numbers, elementary metric and topological properties 
of the real line (e.g. the rational numbers are dense, every open 
set is a countable union of disjoint open intervals), the Heine- 
Borel theorem. 

(4) The general concept of a function and, in particular, of a 
sequence (i.e. a function whose domain of definition is the set of 
positive integers); sums, products, constant multiples, and abso¬ 
lute values of functions. 

(5) Least upper and greatest lower bounds (called suprema and 
infima) of sets of real numbers and real valued functions; limits, 
superior limits, and inferior limits of sequences of real numbers 
and real valued functions. 

(6) The symbols +oo and — oo, and the following algebraic rela¬ 
tions among them and real numbers x: 

(dboo) 4" = .V 4" (dboo) = (ztoo) + .V = zfcoo; 

itoo if ;c > 0, 

.v(d=oo) = (±00)^: = 0 if = 0, 

.=Foo if jc < 0; 

(=b<»)(dzoo) = +00, 

(±oo)(=Foo) = -oo; 

x/{±co) = 0; 

— 00 < X < +00, 

1 
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The phrase extended real number refers to a real number or one 
of the symbols ±<». 

(7) If X and y are real numbers, 

X U y = max {x,y} = + J' + 1 ■» “ 1)> 

X n y = min {x,y} = “ 1 * “ .y !)• 

Similarly, if / and g are real valued functions, then / U ^ and 
/ n ^ are the functions defined by 

(/ U g){x) =/(x) U g{x) and (/ H g){x) =/W fl g{x)y 

respectively. The supremum and infimum of a sequence {aTw} 
of real numbers are denoted by 

Un-l 2.nd On-1 

respectively. In this notation 


and 


lim SUPn X„ = fln-l Um-« .u; : ' • ‘'t 
lim infn Xn = U.**! 


In Chapter VIII the concept of metric spdce is used, together 
with such related concepts as completeness and separability for 
metric spaces, and uniform continuity of functions on metric 
spaces. In Chapter VIII use is made also of such slightly more 
sophisticated concepts of real analysis as one-sided continuity. 

In the last section of Chapter IX, TychonoflF’s theorem on the 
compactness of product spaces is needed (for countably many 
factors each of which is an interval). 

In general, each chapter makes free use of all preceding chap¬ 
ters; the only major exception to this is that Chapter IX is not 
needed for the last three chapters. 

In Chapters X, XI, and XII systematic use is made of many 
of the concepts,and results of point set topology and the elements 
of topological group theory. We append below a list of all the 
relevant definitions and theorems. The purpose of this list is not 
to serve as a text on topology, but (a) to tell the expert exactly 
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which forms of the relevant concepts and results we need, (b) to 
tell the beginner with exactly which concepts and results he should 
familiarize himself before studying the last three chapters, (c) to 
put on record certain, not universally used, terminological con¬ 
ventions, and (d) to serve as an easily available reference for 
things which the reader may wish to recall. 

Topological Spaces 

A topological space is a set X and a class of subsets of X, called 
the open sets of AT, such that the class contains 0 and X and is 
closed under the formation of finite intersections and arbitrary 
(i.e. not necessarily finite or countable) unions. A subset E 
of X is called a Ga if there exists a sequence {C/„} of open sets 
such that E = flT-i G„. The class of all Ga’s is closed under the 
formation of finite unions and countable intersections. The topo¬ 
logical space X is discrete if every subset of X is open, or, equiva¬ 
lently, if every one-point subset of X is open. A set E is closed 
if A' — £ is open. The class of closed sets contains 0 and X and 
is closed under the formation of finite unions and arbitrary inter¬ 
sections. The interior, E°, of a subset £ of A" is the greatest open 
set contained in £; the closure, £, of £ is the least closed set con¬ 
taining £. Interiors are open sets and closures are closed sets; 
if £ is open, then £® = £, and, if £ is closed, then £ = £. The 
closure of a set £ is the set of all points x such that, for every open 
set U containing x, E H U ^ 0. A set £ is dense in A" if £ = X 
A subset y of a topological space becomes a topological space 
(a subspace of X) in the relative topology if exactly those subsets 
of Y are called open which may be obtained by intersecting an 
open subset of X with Y. A neighborhood of a point x in A 
[or of a subset £ of A] is an open set containing x [or an open set 
containing £]. A base is a class B of open sets such that, for 
every x in A and every neighborhood [/ of x, there exists a set 
£ in B such that x e B c: U. The topology of the real line is 
determined by the requirement that the class of all open intervals 
be a base. A subbase is a class of sets, the class of all finite inter¬ 
sections of which is a base. A space A is separable if it has a 
countable base. A subspace of a separable space is separable. 
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An open covering of a subset E of a topological space X is a 
class K of open sets such that £ c JJ K. If A" is separable and 
K is an open covering of a subset E of X, then there exists a 
countable subclass { Ki, • ■ •} of K which is an open covering 
of E. A set £ in is compact if, for every open covering K of E, 
there exists a finite subclass {A'l, • • •, K„] ofK which is an open 
covering of E, A class K of sets has the finite intersection prop¬ 
erty if every finite subclass of K has a non empty intersection. 
A space X is compact if and only if every class of closed sets with 
the finite intersection property has a non empty intersection. A 
set £ in a space X is or-compact if there exists a sequence {Cn} 
of compact sets such that £' = UT-i Cn. A space X is locally 
compact if every point of X has a neighborhood whose closure is 
compact. A subset £ of a locally compact space is bounded if 
there exists a compact set C such that E d C. The class of all 
bounded open sets in a locally compact space is a base. A closed 
subset of a bounded set is compact. A subset £ of a locally com¬ 
pact space is a-bounded if there exists a sequence {C„} of compact 
sets such that £ C Un-i C„. To any locally compact but not 
compact topological space X there corresponds a compact space 
X* containing X and exactly one additional point a:*; X* is called 
the one-point compactification of X by x*. The open sets of X* 
are the open subsets of X and the complements (in X*) of the 
closed compact subsets of X. 

If \Xi'. / c/} is a class of topological spaces, their Cartesian' 
product is the set X = X functions x defined 

on / and such that, for each i in 7, x{i) t Xi. For a fixed /'o in 
7, let £,„ be an open subset of and, for i to, write £,• = Xt; 
the class of open sets in X is determined by the requirement that 
the class of all sets of the form X ^ subbase. If 

the function I.- on X is defined by ^i{x) — x{i), then {,• is continu- 
ous. I'he Cartesian product of any class of compact spaces is 
compact. 

A topological space is a Hausdorff ^ce if every pair of distinct 
points have disjoint neighborhoods. Two disjoint compact sets 
in a Hausdorff space have disjoint neighborhoods. A compact 
subset of a Hausdorff space is closed. If a locally compact space 
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is a HausdorfF space or a separable space, then so is its one-point 
compactification. A real valued continuous function on a compact 
set is bounded. 

For any topological space X we denote by (or ff(Ar)) the class 
of all real valued continuous functions / such that 0 ^ J{x) ^ 1 
for all in A'. A HausdorfF space is completely regular if, for 
every point y \n X and every closed set F not containing y, there 
is a function / in ?F such that /(y) = 0 and, for x in F,f{x) = 1. 
A locally compact HausdorfF space is completely regular. 

A metric space is a set X and a real valued function d (called 
distance) on AT X A", such that d(x,y) ^ 0, d{x,y) = 0 if and only 
if a; = y, d{x,y) = d{y,x), and d{x,y) ^ d{x,z) -f d{z,y). If E and 
F are non empty subsets of a metric space X, the distance between 
them is defined to be the number d{E,F) = inf \d{x^y)’. x e E, 
y V F\. If F = jxo} is a one-point set, we write d{E,Xo) in place 
of ^/(£,{xo)). A sphere (with center xo and radius ro) is a subset 
£ of a metric space X such that, for some point Xo and some posi¬ 
tive number ro, £ = ^(^o,^) < fo!. The topology of a metric 

space is determined by the requirement that the class of all 
spheres be a base. A metric space is completely regular. A closed 
set in a metric space is a Gj. A metric space is separable if and only 
if it contains a countable dense set. If £ is a subset of a metric 
space and /(x) = d{E,x), then / is a continuous function and 
E = {.v: J{x) =0}. If AT is the real line, or the Cartesian product 
of a finite number of real lines, then AT is a locally compact separa¬ 
ble HausdorfF space; it is even a metric space if for x = {x-^, • • -yXn) 
and y = (yi, • • •, yn) the distance d{x,y) is defined to be 
(Z?-1 (xi — y»)^)^. A closed interval in the real line is a com¬ 
pact set. 

A transformation T from a topological space X into a topological 
space Y is continuous if the inverse image of every open set is 
open, or, equivalently, if the inverse image of every closed set is 
closed. The transformation T i« open if the image of every open 
set is op)en. If B is a subbase in F, then a necessary and sufficient 
condition that T be continuous is that T^\B) be open for every 
B in B. If a continuous transformation T maps X onto Y, and 
if X is compact, then Y is compact. A homeomorphism is a one 
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to one, continuous transformation of X onto Y whose inverse is 
also continuous. 

The sum of a uniformly convergent series of real valued, con¬ 
tinuous functions is continuous. If f and g are real valued con¬ 
tinuous functions, then / \J g and / g are continuous. 


Topological Groups 

A group is a non empty set X of elements for which an associa¬ 
tive multiplication is defined so that, for any two elements a and 
i of X, the equations ax = b and ya =f b are solvable. In every 
group X there is a unique identity element characterized by 
the fact that ex = xe — x for every x in X. Each element x 
of X has a unique inverse, characterized by the fact that 
xx~^ — x~^x = e. A non empty subset V of AT is a subgroup 
if x~^y e y whenever x and y are in Y. If E is any subset of a 
group X, E~^ is the set of all elements of the form at"*, where 
X zE\ if E and F are any two subsets of AT, EF is the set of all 
elements of the form xyy where x tE and y eF. A non empty 
subset y of AT is a subgroup if and only if y”'y cY. If x eX, 
it is customary to write xE and Ex in place of and 
respectively; the set xE [or Em\ is called a left translation [or right 
translation] of E. If y is a subgroup of AT, the sets xY and Yx 
arc called (left and right) cosets of Y. A subgroup y of AT is 
invariant if xY = Yx for every x in X. If the product of two 
cosets Yi and Y 2 of an invariant subgroup Y is defined to be 
Y 1 Y 2 , then, with respect to this notion of multiplication, the class 
of all cosets is a group X, called the quotient group of AT modulo 
y and denoted by X/Y. The identity element ^ of is Y. If 
y is an invariant subgroup of X, and if for every x in X, t(x) 
is the coset of Y which contains x, then the transformation v 
is called the projection from X onto X. A homomorphism is a 
transformation T from a group X into a group y such that 
T{xy) = T{x)T(y) for every two elements x and y of X. The 
projection from a group AT onto a quotient group is a homo¬ 
morphism. 

A topological group is a group X which is a HausdoriF space 
such that the transformation (from AT X AT onto X) which sends 
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(xyy) into x~^y is continuous. A class N of open sets containing 
^ in a topological group is a base at e if (a) for every x different 
from e there exists a set C/ in N such that x e' U, (b) for any two 
sets U and in N there exists a set ^ in N such that fV a U U 
(c) for any set 1/ in N there exists a set F in N such that 
V~^V c t/, (d) for any set in N and any element x in Xy there 
exists a set ^ in N such that V c: xUx~^y and (e) for any set U 
in N and any element x m U there exists a set in N such that 
Fx d U. The class of all neighborhoods of ^ is a base at e'y con¬ 
versely if, in any group N is a class of sets satisfying the condi¬ 
tions described above, and if the class of all translations of sets 
of N is taken for a base, then, with respect to the topology so 
defined, X becomes a topological group. A neighborhood V o{ e 
is symmetric \i V = F~^y the class of all symmetric neighbor¬ 
hoods of is a base at e. If N is a base at e and if F is any closed 
set in Xy then F = H {e N}. 

The closure of a subgroup [or of an invariant subgroup] of a 
topological group AT is a subgroup [or an invariant subgroup] of 
X. If y is a closed invariant subgroup of Xy and if a subset of 
X = X/Y is called open if and only if its inverse image (under 
the projection if) is open in Xy then X is a topological group and 
the transformation tt from X onto X is open and continuous. 

If C is a compact set and U is an open set in a topological group 
Xy and if C c 17, then there exists a neighborhood F of e such 
that FCF c 17. If C and D are two disjoint compact sets, then 
there exists a neighborhood U of e such that UCU and UDU 
are disjoint. If C and D are any two compact sets, then C~^ 
and CD are also compact. 

A subset £ of a topological group X is botmded if, for every 
neighborhood U of e, there exists a finite set {xi, • • •, ^n} (which, 
in case £ 0, may be assumed to be a subset of £) such 

that £ c U?-x XiU’y if X is locally compact, then this definition 
of boundedness agrees with the one applicable in any locally com¬ 
pact space (i.e. the one which requires that the closure of £ be 
compact). If a continuous, real valued function / on X is such 
that the set N(J) = {x-.f{x) 0} is bounded, then/ is uniformly 

continuous in the sense that to every positive number « there 
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corresponds a neighborhood U oi e such that \f{xi) — f{x 2 ) | < e 
whenever ;riiV 2 “‘ e U. 

A topological group is locally bounded if there exists in it a 
bounded neighborhood of e. To every locally bounded topo¬ 
logical group X, there corresponds a locally compact topological 
group X*, called the completion of X (uniquely determined to 
within an isomorphism), such that ^ is a dense subgroup of X*. 
Every closed subgroup and every quotient group of a locally 
compact group is a locally compact group. 




Chapter I 


SETS AND CLASSES 


§ 1. SET INCLUSION 

Throughout this book, whenever the word set is used, it will 
be interpreted to mean a subset of a given set, which, unless it is 
assigned a different symbol in a special context, will be denoted 
by X. The elements of X will be called points; the set X will 
be referred to as the space, or the whole or entire space, under 
consideration. The purpose of this introductory chapter is to de¬ 
fine the basic concepts of the theory of sets, and to state the 
principal results which will be used constantly in what follows. 

If iV is a point of X and £ is a subset of X^ the notation 

X € E 

means that x belongs to E (i.e. that one of the points of £ is .v); 
the negation of this assertion, i.e. the statement that x does not 
belong to £, will be denoted by 

X c' £. 

Thus, for example, for every point x of Xy we have 

X C Xy 

and for no point a: of A" do we have 

X c A. 

If £ and F are subsets of X, the notation 
E (Z F or F "D E 
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means that £ is a subset of F, i.e. that every point of E belongs 
to F. In particular therefore 

EczE 

for every set E. Two sets E and F are called equal if and only 
if they contain exactly the same points, or, equivalently, if and 
only if 

E c F and F cz E. 

This seemingly innocuous definition has as a consequence the 
important principle that the only way to prove that two sets are 
equal is to show, in two steps, that every point of either set be¬ 
longs also to the other. 

It makes for tremendous simplification in language and nota¬ 
tion to admit into the class of sets a set containing no points, which 
we shall call the empty set and denote by 0. For every set E 
we have 

OkzEcX; 

for every point x we have 

e'O. 

In addition to sets of points we shall have frequent occasion to 
consider also sets of sets. If, for instance, X is the real line, then 
an interval is a set, i.e. a subset of Xy but the set of all intervals 
is a set of sets. To help keep the notions clear, we shall always 
use the word class for a set of sets. The same notations and 
terminology will be used for classes as for sets. Thus, for instance, 
if F is a set and £ is a class of sets, then 

FeE 

means that the set F belongs to (is a member of, is an element of) 
the class E; if E and F are classes, then 

E c F 

means that every set of E belongs also to F, i.e. that E is a sub¬ 
class of F. 

On very rare occasions we shall also have to consider sets of 
classes, for which we shall always use the word collection. If, 
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for instance, X is the Euclidean plane and Ey is the class of all 
intervals on the horizontal line at distance^ from the origin, then 
each Ey is a class and the set of all these classes is a collection. 

(1) The relation C between sets is always reflexive and transitive; it is sym¬ 
metric if and only if X is empty. 

(2) Let X be the class of all subsets of including of course the empty set 0 

and the whole space X\ let be a point of A', let £ be a subset of X (i.e. a member 
of X), and let E be a class of subsets of X (i.e. a subclass of X). If u and v vary 
independently over the five symbols x, £, AT, E, X, then some of the fifty rela¬ 
tions of the forms , , 

t- I y L.- 

tteoorttCt; 

are necessarily true, some are possibly true, some are necessarily false, and some 
are meaningless. In particular uev is meaningless unless the right term is a 
subset of a space of which the left term is a point, and C t; is meaningless 
unless u and v are both subsets of the same space. 


§ 2 . UNIONS AND INTERSECTIONS 

If E is any class of subsets of Xy the set of all those points of 
X which belong to at least one set of the class E is called the 
union of the sets of E; it will be denoted by 

(JE or U {E:EeE}. 

The last written symbol is an application of an important and 
frequently used principle of notation. If we are given any set of 
objects denoted by the generic symbol Xy and if, for each Xy Tr(x) 
is a proposition concerning x, then the symbol 

denotes the set of those points x for which the proposition ir(x) 
is true. If is a sequence of propositions concerning x, 

the symbol 

{a;; 7ri(;f), Tr2ix), • • ■} 

denotes the set of those points x for which x„(x) is true for every 
H = 1, 2, • • •. If, more generally, to every element 7 of a certain 
index set T there corresponds a proposition Vy(x) concerning x, 
then we shall denote the set of all those points x for which the 
proposition Try(x) is true for every 7 in F by 

|ac; TCy(x)y 7 ® r}. 


12 _ 

Thus, for instance, 


SETS AND CLASSES 


[Sec. 2) 


e£} - E 
and 

{£:£eE} = E. 

For more illuminating examples we consider the sets 

{/:0 g / ^ 1 } 

(= the closed unit interval), 

= 1 } 

(= the circumference of the unit circle in the plane), and 

{«“: « = 1 , 2 , • • •} 

(= the set of those positive integers which are squares). In ac¬ 
cordance with this notation, the upper and lower bounds (supre- 
mum and infimum) of a set E of real numbers are denoted by 

sup|;(:xe£} and inf{x:Are£} 

respectively. 

In general the brace {• • *} notation will be reserved for the 
formation of sets. Thus, for instance, if x and y are points, then 
{;c,y} denotes the set whose only elements are x and y. It is 
important logically to distinguish between the point x and the 
set {jf} whose only element is x, and similarly to distinguish 
between the set E and the class {£} whose only element is E. 
The empty set 0, for example, contains no points, but the class 
{0} contains exactly one set, namely the empty set. 

For the union of special classes of sets various special notations 
are used. If, for instance. 


then 

is denoted by 
if, more generally. 


UE= U = 1,2} 

£i U £2; 

E= {£1, -..,£4 
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is a finite class of sets> then 

U® = U = i> •••,«} 

is denoted by 

£i U • • • U or Ui_i 

If, similarly, {£n} is an infinite sequence of sets, then the union 
of the terms of this sequence is denoted by 

£i U £2 U • • • or Ur-i Ei. 

More generally, if to every element -y of a certain index set F 
there corresponds a set Ey, then the union of the class of sets 

{^^tTeF} 

is denoted by 

• r Ey or Ey* 

If the index set F is empty, we shall make the convention that 

Uy Ey = 0. 

The relations of the empty set 0 and the whole space X to 
the formation of unions are given by the identities 

£ U 0 = £ and E X ^ X. 

More generally it is true that 

EczF 

if and only if 

£ U £ - £. 

If E is any class of subsets of X, the set of all those points of 
X which belong to every set of the class E is called the intersection 
of the sets of E; it will be denoted by 

n E or n {^5 ^ ®E}. 

Symbols similar to those used for unions are used, but with the 
symbol U replaced by fl, for the intersections of two sets,^of a 
finite or countably infinite sequence of sets, or of the terms of 
any indexed class of sets. If the index set F is empty, we shall 
make the somewhat startling convention that 

Oy t r £y ~ 
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There are several heuristic motivations for this convention. One 
of them is that if Fi and r2 are two (non empty) index sets for 
which Fi c Fj, then clearly 

fly e Ti -^7 ^ Or e Tj -^rj 

and that therefore to the smallest possible F, i.e. the empty one, 
we should make correspond the largest possible intersection. 
Another motivation is the identity 

OreTiur,-^r ~ OreTi-^r Oreri-^r> 

valid for all non empty index sets Fi and F2. If we insist that this 
identity remain valid for arbitrary F, and F2, then we are com¬ 
mitted to believing that, for every F, 

Or«r-£r ~ OreTuO-^r ~ Orer-^r Orto-^r* 
writing Ey = X for every 7 in F, we conclude that 

Oreo-^r “ X» 

Union and intersection are sometimes called join and meet, 
respectively. As a mnemonic device for distinguishing between 
U and n (which, by the way, are usually read as cup and cap, 
respectivdy), it may be remarked that the symbol U is similar 
to the initial letter of the word “union” and the symbol fl is 
similar to the initial letter of the word “meet.” 

The relations of 0 and X to the formation of intersections are 
given by the identities 

£n 0 = 0 and E 0 X = E. 

More generally it is true that 

EcF 

it and only if 

£ n F = 

Two sets E- and F are called disjoint if they have no points in 
common, i.e. if 


£ n F « 0. 


1 
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A disjoint class is a class E of sets such that every two distinct 
sets of E are disjoint; in this case we shall refer to the union of the 
sets of E as a disjoint union. 

We conclude this section with the introduction of the useful 
concept of characteristic function. If E is any subset of AT, the 
function XEy defined for all x in A!" by the relations 


XbM = 


1 

0 


if X eE, 
if X e' Ey 


is called the characteristic function of the set E. The correspond¬ 
ence between sets and their characteristic functions is one to one, 
and all properties of sets and set operations may be expressed 
by means of characteristic functions. As one more relevant illus¬ 
tration of the brace notation, we mention 

E = xbW = 1}. 


(1) The formation of unions is commutative and associative, i.e. 

EU F = F\J E and £ U (F U G) = (£ U F) U G; 

the same is true for the formation of intersections. 

(2) Each of the two operations, the formation of unions and the formation 
of intersections, is distributive with respect to the other, i.e. 

F n (F U G) = (F n F) U (F n G) 
and 

F U (F n G) = (F U F) n (F U G). 

More generally the following extended distributive laws are valid: 

Fn U {EiEtE] = U n F:FeE} 
and 

FU f\{EiEeE\ ^ Ci \E ^ F: EeE\. 

(3) Does the class of all subsets of X form a group with respect to either of 
the operations U and 0 ? 

(4) XoW ® Oj XxM ® 1* The relation 

XbM ^ XfM 

is valid for all ;if in A' if and only if F C F. If F fl F = and F U F = F, 
then 

Xa XeXf = Xb Xf and Xb *= + Xf — Xa = XjB U xp. 

(5) Do the identities in (4), expressing xa and xb in terms of xs and xf, 
have generalizations to finite, countably infinite, and arbitrary unions and 
intersections? 
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§ 3 . LIMITS, COMPLEMENTS, AND DIFFERENCES 

If {£„} is a sequence of subsets of X, the set E* of all those 
points of X which belong to En for infinitely many values of n 
is called the superior limit of the sequence and is ^en^ed by 

E* « limsupn£n> ^ ,0 ; -■ " ^ 

The set £* of all those points of X which belong to £« for all but 
a finite number of values of » is called the inferior limit of the 
sequence and is denoted by ^ 

£* =liminf»£,.J/ 

If it so happens that 

= E*, 

we shall use the notation 

lim, En 

for this set. If the sequence is such that 

£„c£„+i, for » = 1,2, •••, 
it is called increasing; if 

£„Z)£,+i, for w = l, 2 , • 

it i^ called decreasing. Both increasing and decreasing sequences 
will be referred to as numotoiie. It is easy to verify that if {£«} 
is a monotone sequence, then lim« £» exists and is equal to 

Uf. En or n» 

according as the sequence is increasing or decreasing. 

The complement of a subset £ of A* is the set of all those 
points of X which do not belong to £; it will be denoted by E'. 
The operation of forming complements satisfies the following 
algebraic identities: 

£n£' = 0, £U£' = ^, 

O'-Jf, X'^Qy and 

if £c£, then E'ziP. 
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The formation of complements also bears an interesting and very 
important relation to unions and intersections, expressed by the 
identities 

(U {£:£eE|)'= n {E':EeE}, 

(n {£:£eE}y = U {£':£eE}. 

In words; the complement of the union of a class of sets is the 
intersection of their complements, and the complement of their 
intersection is the union of their complements. This fact, together 
with the elementary formulas relating to complements, proves the 
important principle of duality: 

any valid identity among sets, obtained by forming unions, 
intersections, and complements, remains valid if in it the 
symbols 

n, C, and 0 

are interchanged with 

U, 3, and X 

respectively (and equality and complementation are left 
unchanged). 

If E and F are subsets of X, the difference between E and F, 
in symbols 

E-F, 

is the set of all those points of E which do not belong to F. Since 

X-F = F', 

and, more generally, 

£ - F = £ n F, 

the difference £ — £ is frequently called the relative complement 
of F in £. The operation of forming differences, similarly to the 
operation of forming complements, interchanges U with H 
C with 3, so that, for instance, 

£ - (£ U G) = (£ - £) n (£ - G). 

The difference £ — £is_caUed_prpper if £.S..F. 
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As the final and frequently very important operation on sets 
we introduce the symmetric difference of two sets E and F, 
denoted by 

EAF, 

and defined by 

£AF = (F - F) U (F - £) = (F n FO U (£' n /O. 

The formation of limits, complements, and differences of sets 
requires a bit of practice for ease in manipulation. The reader 
is accordingly advised to carry through the proofs of the most 
important properties of these processes, listed in the exercises 
that follow. 

(1) Another heuristic motivation of the convention 

Ot eo Ay “ ^ 

is the desire to have the identity 

nrer£> = (UrerArr, 

which is valid for all non empty index sets F, remain valid for F = 0. 

(2) If Em ■» lim infn An and E* =* lim supn An, then 

A* - UJ-l ns-n A„ C r\n-l U:-» An. = E*. 

/ (3) The superior limit, inferior limit, and limit (if it exists) of a sequence of 
sets are unaltered if a finite number of the terms of the sequence are changed. 

(4) If £n or A according as » is even or odd, then 

lim infn An fl £ and lim supn £n — U £. 

(5) If {£n) is a disjoint sequence, then 

limn £n = 0. 

^ (6) If Em “ lim infn An and E* = lim sup„ £», then 

(£*)'-lim sup, £n' and (A*)' “ Hm inf„ A,'. 

More generally, 

£ - £, - lim supn (£ - £,) and £ - £* - lim inf, (£ - £,). 

(7) £ - £ - £ - (£ n £) - (£ U £) - £,' 

£ n (£ - G) - (£ n £) - (£ n G), (£ U £) - G - (£ - G) U (£ - <?). 

(8) (£ - G) n (£ - G) = (£ n £) - G, 

(£ - - G = £ - (£ U G), £ - (£ - G) -= (£ - £) U (£ n G), 

(£ - £) n (G - F) - (£ n G) - (£ U F). 




(9) £AF- FA£,Jij| i |AG) = (£AF)AG, 

E rt’^AG) = (£ n F) A (£ n G), 

£A0 = £, EAX’mE', 

£AJE = 0, £A£' = X, 

£A£- (£ U F) - (£ n £). 

(10) Does the class of all subsets of X form a group with respect to the opera¬ 
tion A? 

(11) If £* = lim inf„ £„ and £* = lim sup„ £„, then 

X«.(*) = lim inf„ Xb^M and Xa*(*) “ lim sup„Xft,(*). 

(The expressions on the right sides of these equations refer, of course, to the 
usual numerical concepts of superior limit and inferior limit.) 

(12) Xjp = 1 - XB, XB-F = Xb(1 - Xf), 

Xbaf ^\xb -Xf\^Xb-\-Xf (mod2). 

(13) If {£n} is a sequence of sets, write 

Di = £i, Di — Di A £2, Dj- = D2 A £3, 

and, in general, 

D„+i = D„ A £„+i for » = 1, 2, • • •. 

The limit of the sequence { Db} exists if and only if limn £b = 0. If the opera¬ 
tion A is thought of as addition (cf. (12)), then this result has the following 
verbal phrasingi an infinite series of sets converges if and only if its terms ap¬ 
proach zero. 

§ 4 . RINGS AND ALGEBRAS 

A ling (or Boolean ring) of sets is a non empty class R of sets 
such that if 

jE e R and F e R, 

then 

£UFeR and £-FeR. 

In other words a ring is a non empty class of sets which is closed 
under the formation of unions and differences. 

The empty set belongs to every ring R, for if 

£ eR, 

then 

0 = £ — £ eR. 



it follows that a non empty, class of sets closed under the formation 
of unions and proper differences is a ring. Since 


£ A F = (£ - F) U (F - £) 

and 

£ n F = (£ U F) - (£AF), 

it follows that a ring is closed under the formation of symmetric 
differences and intersections. An application of mathematical 
induction and the associative laws for unions and intersections 
shows that if R is a ring and 

£i eR, ; = 1, • • •, 

then 

U."-iF<eR and H.-iFifeR. 

Two extreme but useful examples of rings are the class }0j 
containing the empty set only, and the class of all subsets of X. 
Another example, for an arbitrary set X, is the class of all finite 
s^ts. A more illuminating example is the following. Let 

X = {x; —00 < X < +00} 

be the real line, and let R be the class of all finite unions of 
bounded, left closed, and right open intervals, i.e. the class of 
all sets of the form 

U"-i {*: —^ < +•»}• 

Union and intersection are treated unsymmetrically in the 
definition of rings. While, for instance, it is true that a ring is 
closed under the formation of IntersecHons," it is not true that a 
^ass of sets closed under the forhiatibi^ of inte rsections and dif¬ 
fe rences is necessarily closed also under the formation o? unions.J^ 
TT, however, a non empty class of sets is closecT unHer the formation > 
of intersections, proper differences, and disjoint unions, then it 
is a ring. (Proof: 

£ U F = [£ - (£ n F)] U [F - (£ n F)] U (£ n £).) 
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It is easily possible to give a definition of rings which is more 
nearly symmetric in its treatment of union and intersection; a 
ring may be defined as a non empty class of sets closed under the 
formation of intersections and symmetric differences. The proof 
of this statement is in the identities: 

EU F = iEAF)AiE n F)y £-F=£A(£niO- 

If in this form of the definition we replace intersection by union 
we obtain a true statement: a non empty class of sets closed under 
the formation of unions and symmetric differences is a ring. 

An algebra (or Boolean algebra) of sets is a non empty class 
R of sets such that 

(a) if £ e R and F e R, then £ U F e R, and 

(b) if £ e R, then £' e R. 

Since 

£ - F = £ n F' = (£' U F)', 

it follows that every algebra is a ring. The relation between the 
general concept of ring and the more special concept of algebra is 
sin gple; an algeb ra may, bg. character iz e d a s A-fing .c ont a inin g X. 

' Since 

E' ^ X-E, 

it is clear that eve ry such ring is an algebra; if, conversely, R 

is an algebra and . 

£eR 

iTwe recall that R is non empty), then 

AT = £ U £' eR. 

,(1) The following classes of sets are examples of rings and algebras. 

(la) X is »-dimensional Euclidean space; £ is the class of all finite unions of 
semiclosed “intervals” of the form 

{(•vi, • ••, Af*): —00 < <»< S *,• < < 00, i = 1 , •••, »}. 

(lb) X is an uncountable set; E is the class of all countable subsets of X. 

(l c) X is an uncountable set; E is the class of all sets which either are count¬ 
able or have countable complements. 

(2) Which topological spaces have the property that the class E of open sets 
is a ring? 



22 


SETS AND CLASSES 


[Sec. 51 


(3) The intersection of any collection of rings or algebras is again a ring or an 
algebra, respectively. 

(4) If R is a ring of sets and if we define, for E and F in R, 

and £eF-£AF, 

then, with respect to the operations of “addition” (0) and “multiplication” 
(0), the system R is a ring in the algebraic sense of the word. Algebraic rings, 
such as this one, in which every element is idempotent (i ^. E Q E ^ E for 
every E in R) are als^pallecLEhjolean rings. The existence of a very close rela¬ 
tion‘bretweeft” Boolean rings of sets ancTBoolean rings in general is the main 
justification of the ring terminology in the set theoretic case. 

(5) If R is a ring of sets and if A is the class of all those sets E for which 

either JE c R or else £' e R, 

then A is an algebra. 

(6) A semiring is a non empty class P of sets such that 
(6a) if £eP and FeP, then E 0 FeP, and 

(6b) if £ e P and F e P and E d F, then there is a finite class {Co, Ci, • • •, C„} 
of sets in P such that £ » Co C Ci C • • • C Cn “ £ and A* = C»* — 
Ci-i eP for /=!,•••, n. 

The empty set belongs to every semiring. If X is* any set, then the class P 
consisting of the empty set and all one-point sets (i.e. sets of the form {;?) with 
e 2f) is a semiring. If X is the real line, the class of all bounded, left closed, and 
right open intervals is a semiring. 


§ 5. GENERATED RINGS AND <r-RINGS 

Theorem A. 7/ E is any class of setSy then there exists a 
unique ring Rq such that R© 3 E and such that if R is any 
other ring containing E then Rq c R, 

The ring Rq, the smallest ring containing E, is called the ring 
generated by E; it will be denoted by R(E). 

Proof. Since the class of all subsets of is a ring, it is clear 
that at least one ring containing E always ^exists. Since more¬ 
over (cf. 4.3) the intersection of any collection of rings is also a 
ring, the intersection of b\1 rings containing E is easily seen to be 
the desired ring Rq. | 

Theorem B. IfE is any class of sets^ then every set in R(E) 
may be covered by a finite union of sets in E. 
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Proof. The class of all sets which may be covered by a finite 
union of sets in.E is a ring; since this ring contains E, it also con¬ 
tains R(E). I 

Theorem C. IfE is a countable class of sets, then R(E) is 
countable. 

Proof. For any class C of sets, we write C* for the class of all 
finite unions of differences of sets of C. It is clear that if C is 
countable, then so is C*, and if 

OeC,'" 

then 

CcC* 


To prove the theorem we assume, as we may without any loss 
of generality, that 

0 eE, 


and we write 


Eq — E, En — En- 1 , n — 1, 2, • • •. 


It is clear that 
and that the class 


E c Ur.oE« c= R(E), 


U»"-oE„ 


is countable; we shall complete the proof by showing that Un-o En 
is a ring. Since 

E = Eo c El c E 2 c - • 


it follows that if A and B are any two sets in U"_o En, then there 
exists a positive integer n such that both A and B belong to E„. 
We have 


and, since 
it follows also that 


A — B Z En+l, 

0 e Eq c En, 


/f U B = U - 0) U (B - 0) E 
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We have proved therefore that both A — B and A U B belong 
to Un-o he. that U»-o is indeed closed under the forma.- 
tion of unions and differences. | 

A oaring is a non empty class S of sets such that 

(a) if £ e S and F e S, then £ — F e S, and 

(b) if £,• e S, / = 1, 2, • • •, then U,*-! e S. 

Equivalently a <r-ring is a ring closed under the formation of 
countable unions. If S is a c-ring and if 

Ei e S, / = 1, 2, • • •, and £ = U"-i 

then the identity 


nr-i£. = £- ur.i(F-Fd 

shows that 

i.e. that a <r-ring is closed under the formation of countable inter¬ 
sections. It follows also (cf. 3.2) that if S is a a-ring and 

£, eS, i = l, 2, •••, 

then both lim inf< £< and lim sup,- £,- belong to S. 

Since the truth and proof of Theorem A remain unaltered if 
we replace “ring” by “o—ring” throughout, we may define the 
<r-ring S(E) generated by any class E of sets as the smallest 
<r-ring containing E. 

Theorem D. IfE is any class oj sets and E is any set in S <= 
S(E), then there exists a countable subclass T> of B such that 
E e S(D). 

Proof. The union of all those o^subrings of S which are 
generated by some countable subclass of E is a v-ring containing 
E and contained in S; it is therefore identical with S. | 

For every class E of subsets of X and every fixed subset A 
of X, we shall denote by 

E n 

the class of all sets of the form £ fl with £ in E. 
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Theorem E. ^ E is any class of sets and if A is any subset 
of Xy then 

S(E) n ^ = s(E n 

Proof. Denote by C the class of all sets of the form B U 
(C — A)y where 

5eS(En/f) and CeS(E); 

it is easy to verify that C is a <r-ring. If £ e E, then the relation 

£ = (£ n U (£ - ^, 

together with 

£ n eE n /f cS(E n 

shows that £ e C, and therefore that 

E cC. 

It follows that 

S(E) c C 

and therefore that 

s(E) n ^ c c n 

Since, however, it is obvious that 

c n ^ = s(E n A)y 

it follows that 

s(E) n ^ c s(E n 

The reverse inequality, 

s(E n /f) c s(E) n Ay 

follows from the facts that S(E) D ^ is a v-ring and 
E n c S(E) n /f. I 


(1) For each of the following examples, what is the ring generated by the 
class E of sets there described? 

(la) For a fixed subset £ of AT, E = {£) is the class containing E only. 

(Jb) For a fixed subset £ of AT, E is the class of all sets of which £ is a subset, 
i e.E- {£:£C£}. 

(Ic) E is the class of all sets which contain exactly two points. 

(2) A lattice (of sets) is a class L such that 0 e L and such that ;f £ e L and 
FzL, then £ U FeL and £ D FeL. Let P = P(L) be the class of all sets 
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of the form F — E, where £eL, FeL, and E CZ F; then P is a semiring; 
(cf. 4.6). (Hint: if 

Di = Fi - Ei, / = 1 , 2 

are representations of two sets of P as proper differences of sets of L, and if 
Di 3 D 2 , then for 

c = (Fi n F2) - (£i n F2), 

or, alternatively, for 

C = Fi - [£i U (Fi n £ 2 )], 

we have F 2 — £2 C C C Fi — £ 1 .) Is P a ring.^ 

(3) Let P be a semiring and let R be the class of all sets of the form U?-i 
where {£ 1 , • • *, £n} is an arbitrary finite, disjoint class of sets in P. 

(3a) R is closed under the formation of finite intersections and disjoint 
unions. 

(3b) If £ e P, F e P, and £ C F, then F — £ e R. 

(3c) If £ e P, F e R, and £ C F, then F — £ e R. 

(3d) If £ e R, F e R, and £ Cl F, then F — £ e R. 

(3e) R = R(P). It follows in particular that a semiring which is closed under 
the formation of unions is a ring. 

(4) The fact that the analog of Theorem A for algebras is true may be seen 
either by replacing ‘‘ring** by “algebra** in its proof or by using 4.5. 

(5) If P is a semiring and R = R(P), then S(R) = S(P). 

( 6 ) Is it true that if a non empty class of sets is closed under the formation of 
symmetric differences and countable intersections, then it is a tr-ring? 

(7) If £ is a non empty class of sets, then every set in S(E) may be covered by 
a countable union of sets in E; (cf. Theorem B). 

(8) If E is an infinite class of sets, then £ and R(E) have the same cardinal 
number; (cf. Theorem C). 

(9) The following procedure yields an analog of Theorem C for cr-rings; 
(cf. also ( 8 )). If E is any class of sets containing 0, write Eo = E, and, for any 
ordinal a > 0 , write, inductively, 

E„= (U {E?:/?<«})*, 

where C* denotes the class of all countable unions of diflPerences of sets of C. 
(9a) If 0 < a < /3, then E C E« C Ejs C S(E). 

(9b) If Q is the first uncountable ordinal, then S(E) = (J{Ea: o: < Q). 

(9c) If the cardinal number of E is not greater than that of the continuum, 
then the same is true of the cardinal number of S(E). 

(10) What are the analogs of Theorems D and £ for rings instead of a-rings? 


§ 6. MONOTONE CLASSES 

It is impossible to give a constructive process for obtaining the 
<r-ring generated by a class of sets. By studying, however, 
another type of class, less restricted than a a ring, it is possible 
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to obtain a technically very helpful theorem concerning the 
structure of generated <r-rings. 

A non empty class M of sets is monotone if, for every monotone 
sequence {£»} of sets in M, we have 

lim„ En e M. 

Since it is true for monotone classes (just as for rings and 
<r-rings) that the class of all subsets of AT is a monotone class, 
and that the intersection of any collection of monotone classes 
is a monotone class, we may define the monotone class M(E) 
generated by any class E of sets as the smallest monotone class 
containing E. 

Theorem A. A airing is a monotone class \ a monotone ring 
is a <r-ring. 

Proof. The first assertion is obvious. To prove the second 
assertion we must show that a monotone ring is closed under 
the formation of countable unions. If M is a monotone ring 
and if 

Ei eM, i = 1, 2, • • •, 

then, since M is a ring, 

U,"-i£. eM, » = 1, 2, • • •. 

Since is an increasing sequence of sets whose union is 

Ui”-i the fact that M is a monotone class implies that 

Ur-i£.eM. I 

Theorem B. 7/ R is a ring, then M(R) = S(R). Hence 
if a monotone class contains a ring R, then it contains S(R). 

Proof. Since a <r-ring is a monotone class and since S(R) 3 
R, it follows that 

S(R) 3 M = M(R). 

The proof will be completed by showing that M is a <r-ring; it 
will then follow, since M(R) 3 R, that M(R) 3 S(R). 

For any set F let K(i^ be the class of all those sets E for which 
E — Fy F — and £ U F are all in M. We observe that. 
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because of the symmetric roles of E and F in the definition of 
K(F)» the relations 


£cK(F) and F zK.{E) 

are equivalent. If {£„} is a monotone sequence of sets in K(iO> 
then 

lim„ En — F = lim„ (£» — F) e M, 

F — limn En = lim„ (F — F„) e M, 

F U limn En = limn (F U E„) e M, 

so that if K(F) is not empty, then it is a monotone class. 

If £ e R and F e R, then, by the definition of a ring, E e K(F). 
Since this is true for every E in R, it follows that R c K(F), 
and therefore, since M is the smallest monotone class containing 
R,that 

. M c K(F). 

Hence if F e M and F e R, then E e K(F), and therefore F c K(F). 
Since this is true for every F in R, it follows as before that 

M c K(£). 

The validity of this relation for every £ in M is equivalent to the 
assertion that M is a ring; the desired conclusion follows from 
Theorem A. | 

This theorem does not tell us, given a ring R, how to construct 
the generated <r-ring. It does tell us that, instead of studying 
the <r-ring generated by R, it is sufficient to study the monotone 
class generated by R. In many applications that is quite easy 
to do. 

(1) Is Theorem B true for semirings instead of rings? 

(2) A class N of sets is normal if it is closed under the formation of countable 
decreasing intersections and countable disjoint unions. A <r-ring is a normal 
class; a normal ring is a <r-ring. 

(3) If the smallest normal class containing a class E is denoted by N(E), 
then, for every semiring P, N(P) = S(P). 

(4) If a<r-a]gebia of sets is defined as a non empty class of sets closed under 
the formation of complements and countable unions, then a <r-algebra is a 
v-ring containing X. If R is an algebra, then M(R) coincides with the smallest 
9 -algebra containing R. Is this result true if R is a ring? 
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(S) For each of the following examples what is the <r~algebra, the ir~ring, 
and the monotone class generated by the class £ of sets there described? 

(5a) Let X be any set and let P be any permutation of the points of i.e. 
P is a one to one transformation of X onto itself. A subset £ of AT is invariant 
under P if, whenever xzEy then P(^f) e E and P^\x) e E. Let E be the class 
of all invariant sets. 

(5b) Let X and Y be any two sets and let T be any (not necessarily one to 
one) transformation defined on X and taking X into Y. For every subset E 
of Y denote by T“"^(£) the set of all points x in A!' for which T(x) e £. Let £ 
be the class of all sets of the form T^^(E)y where E varies over all subsets of Y. 

(5c) X IS R topological space; £ is the class of all sets of the first category. 

(5d) X is three dimensional Euclidean space. Let a subset £ of A' be called 
a cylinder if whenever (x^y^z) e £, then lx,yy&) e £ for every real number L 
Let £ be the class of all cylinders. 

(5e) X is the Euclidean plane; £ is the class of all sets which may be covered 
by countably many horizontal lines. 



Chapter II 


MEASURES AND OUTER MEASURES 


§ 7. MEASURE ON RINGS 

A set function is a function whose domain of definition is a 
class of sets. An extended real valued set function jii defined on a 
class £ of sets is additive if, whenever 


£ e E, £ e E, £ U £ e E, and £ fl £ = 0, 

then 

m(£ U £) = m + m(£). 

An extended real valued set function y. defined on a class E is 
finitely additive if, for every finite, disjoint class {£i, • • •, £„} 
of sets in E whose union is also in E, we have 

An extended real valued set function y defined on a class E is 
countably additive if, for every disjoint sequence {£»} of sets in 
E whose union is also in E, we have 

A measure is an extended real valued, non negative, and countably 
additive set function y, defined on a ring R, and such that m( 0) = 0. ^ 
We observe that, in view of the identity, 

Ui-i £< = £i U • • • U £„ U 0 U 0 U • • •, 

a measure is always finitely additive. A rather trivial example 
of a measure may be obtained as follows. Let / be an extended 

30 
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real valued, non negative function of the points of a set X. Let 
the ring R consist of all finite subsets of X\ define n by 

*n}) = and m( 0 ) = 0 . 

Less trivial examples will be presented in the following sections. 

If ju is a measure on a ring R, a set £ in R is said to have finite 
measure if n{E) < »; the measure of E is u-finite if there exists 
a sequence (£»} of sets in R such that 

E c U»-i En and ti(En) < «, » = 1,2, • • •. 

If the measure of every set £ in R is finite [or <r-finite], the measure 
H is called finite [or <r-finite] on R. If Jlf e R (i.e. if R is an algebra) 
and (i{,X) is finite or <r-finite, then n is called totally finite or 
totally a-finite respectively. The measure n is called complete 
if the conditions 

£ e R, F c. E, and n{E) = 0 
imply that £ e R. 

(1) If /I is an extended real valued, non negative, and additive set function 
defined on a ring R and such thatiLi(£) < w for at least one E inR, then/i(0) =» 0. 

(2) If £ is a non empty class of sets and /x is a measure on R(E) such that 
/i(£) < 00 whenever £ eE, then n is finite on R(E); cf. 5.B. 

(3) If /Li is a measure on a o—ring, then the class of all sets of finite measure 
is a ring and the class of all sets of <r-finite measure is a (r-ring. If, in addition, 
M is ff-finite, then a necessary and sufficient condition that the class of all sets 
of finite measure be a <r~ring is that /x be finite. Is the latter statement true if 
H is not (T-finite? 

(4) Suppose that ^ is a measure on a <r~ring S and that £ is a set in S of 
<r-finite measure. If D is a disjoint class of sets in S, then /x(£ fl D) ^ 0 for 
at most countably many sets D in D. (Hint; assume first that ;x(£) < oo; for 
each positive integer n consider the class 

jz):DcD, M(£nD)^i}-) 

(5) If /Lt is an extended real valued, non negative, and additive set function 
defined on a ring R and such that /x(0) == 0, then is finitely additive. The proof 
of the same statement for a semiring P is not trivial; it may be achieved by the 
following’considerations. A finite, disjoint class {£i, •••, £n} of sets in P 
whose union, £, is also in P is called a partition of £. The partition {£,1 is called 
a |t-partition if, for every F in P, 

m(£ n F)» n F). 
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If {£<) and {Fy} are partitions of E, then {£<} is called a subpartitioa of {Fy} 
if each set Fy is contained in one of the sets Fy. 

(5a) If (Fy) and (Fy) are partitions of F, then so is their product, consisting 
of all sets of the form Fy D Fy. 

(5b) If a subpartition of a partition (Fy) is a yi-partition, then (Fy) is a 
/i-partition. 

(5c) The product of two /(-partitions is a /(-partition. 

(5<() If F Co C Cl C • • • C C» “ F, where Cy eP, f — 0,1, • • •, n, and if 

Di * Cy - Cy_ieP, I- 1, • • •, n, 

then (F, Z)i, • • •, 2)«} is a /(-partition of F. 

(5e) Every partition of a set F in P is a /(-partition. 


§ 8. MEASURE ON INTERVALS 

In order to motivate and illustrate the elementary notions of 
measure theory, we now propose to discuss an important and 
classical special case. Throughout this section the underlying 
space X is to be the real line. We shall denote by P the class of 
all bounded, left closed, and right open intervals, i.e. the class of 
all sets of the form 

{*; —00 < a ^ X < b < oo}; 

we shall denote by R the class of all finite, disjoint unions of sets 
of P, i.e. the class of all sets of the form 

U"-i ^ X < ^y < oo}. 

(It is easy to verify that any union of this form may be written 
as a disjoint union of the same form.) 

For simplicity of language we shall always use the expression 
“semiclosed interval” instead of “bounded, left closed, and right 
open interval.” The consideration of semiclosed intervals, instead 
of open intervals or closed intervals, is a technical device. If, for 
instance, «, c, and d are real numbers, —«>< a < b < c < d 
< 00 , then the difference between the open intervals 

{xi a < X < d\ and {x; ^ < r} 

is neither an open interval nor a finite union of open intervals, 
and the same negative statement holds for the corresponding 
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closed intervals. The fact that semiclosed intervals are better 
behaved in this respect is what makes them desirable. 

We shall, as usual, write [oyb] for a closed interval, 

[a,b\ — a ^ X b\, 

{ayb) for a semiclosed interval, 

[a,b) = {xi a ^ X < b\, 

and {a,b) for an open interval, 

{ayb) = [xi a < X < b\. 

In writing any of these symbols it shall always be understood that 
a b. 

On the class P of semiclosed intervals we define a set function 
fjL by 

t^{[a,b)) = b - a. 

We observe that when a — b, the interval reduces to the empty 
set, so that 

m( 0 ) = 0 . 

We proceed to investigate the relation of the set function n to 
some set theoretic notions in P. 

Theorem A. 7/ {£i, •••,£„} <V finite, disjoint class of 
sets in P, each contained in a given set in P, then 

Proof. We write E, — \ai,bi), t = 0 , 1, •••,«, and, without 
any loss of generality, we assume that 

ax ^ ^ 

It follows from the assumed properties of {£i, • • •, £„} that 
^ ^ ^ ^ ^ ^ bn, 

and therefore 

E?-. = E?-i - «.) ^ 

^ zr-i - «<) H ('*‘•+1 - “ 

= bn — ai ^ bn — an = fi(,En). | 
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Theorem B. If a closed interval Fq, Fq = I« 0 )^o]> is con¬ 
tained in the union of a finite number of bounded^ open inter¬ 
vals^ Uiy Ui = < = 1> • • •> then 

bo — <*o (^» ” ^»)* 

Proof. Let be such that ao e If ^ boy then let 
be such that e C/*,; if ^ bo, then let kz be such that e 
and so on by induction. The process stops with km if btc„ > bo. 
There is no loss of generality in assuming that m — n and = t/,- 
for » = 1, • • •, «, because this state of affairs may be achieved 
merely by omitting superfluous t/<’s and changing the notation. 
In other words we may (and do) assume that 

< «o < b\y an < bo < bny 

and, in case » > 1, 

a,+i < bi < for / = 1, •••,«- 1; 

it follows that 

bo ~ cio <. bn ~ ai — (bi — ax) + Sis<sn-i (^t+i ~ bi) ^ 
^'D-xibi-ai). I 

Theorem C. If {£oj Eiy •E 2 , • • •} is a sequence of sets in 
P, such that 

Eo c U.”-i Eiy 

then 

m(-£o) ^ 2"-! AEi). 

Proof. We write £< = » = 0, 1, 2, • • •. If <*o = ^ 0 , 

the theorem is trivial; otherwise let e be a positive number such 
that £ < ^0 ~ If we write, for any positive number 5, 

Fo = [aoy bo - £] and Ui = (ai - ^, b^ , / = 1, 2, • • •, 
then 

Fq cz U*"-! Ui 

and therefore, by the Heine-Borel theorem, there is a positive 
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integer n such that Fo c t/,-. From Theorem B we obtain 

m(-£o) — « = (^0 ~ <*o) ~ e < 2?-i ■" <*»• + ^ 

^ 23r-i m(f<) + 5. 

Since e and 5 are arbitrary, the conclusion of the theorem fol¬ 
lows. I 

Theorem D. The set Junction u is countably additive on P. 

Proof. If {F,} is a disjoint sequence of sets in P whose union, 
E, is also in P, then from Theorem A we have 

E?-i M(Fi) ^ m(£) for « = 1,2, •••. 

It follows that 

^ m(F); 

an application of Theorem C completes the proof. | 

Theorem E. There exists a unique, Jinite measure u on the 
ring R such that, whenever F f P, m(F) = m(F). 

Proof. We know that every set F in R may be represented as 
a finite, disjoint union of sets in P. Suppose that 

F - U?-i and F = U"-! 

are two such representations of the same set F. Then, for each 

/■ = 1, • • •, «, 

F.- = ur-i n F,) 

is a representation of the set F, in P as a finite, disjoint union of 
sets in P, and therefore, since m is finitely additive, 

m(f.) = i:"-i rr-i mcf. n f,). 

Similarly, of course, we have 

Er-i AF^ = zr-i E"-1 m(F.- n F,). 

It follows that, for every F in R, the function A is unambiguously 
defined by the equation 

m = E?-tM(F.), 
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where {Ei, ■ ■ En\ is a finite, disjoint class of sets in P whose 
union is E. 

It is clear from its definition that the function ji thus defined 
coincides with /i on P and is finitely additive. Since any function 
satisfying these conditions must in particular be finitely additive 
when the terms of the union to be formed are in P, it is also clear 
that /(is unique. The only non trivial thing left to prove is that 
iL is countably additive. 

Let {£,} be a disjoint sequence bf sets in R whose union, E, 
is also in R; then each £,• is a finite, disjoint union of sets in P, 

Ei = U/ and m(£.) = 

If £ e P, then, since the class of all £y is countable and disjoint, 
it follows from the countable additivity of n that 

m (£) = m (£) = = HiHiEi). 

In the general case £ is a finite, disjoint union of sets in P, 

£= 

and, using the result just obtained, we have 

m = Dt m) = E* E.- fiiEi n £t) = 

= E< E* fi(Ei n £*) = tli niEi). I 

In view of Theorem E we shall, as we may without any possi¬ 
bility of confusion, write niE) instead of /Z(£) even for sets £ 
which are in R but not in P. 

(1) In the notation of the proof of Theorem D, let be that term of the 
sequence {£,) whose left end point is the left end point of E; let be the term 
whose left end point is the right end point of Em, and so on. It may be shown, 
without using Theorems A, B, and C, that 

Ur-i^ineP and KUT-i E^) ^ 

(2) An alternative proof of Theorem D (which docs not use Theorems A, B, 
and C) proceeds by arranging the terms of the sequence {£,} in the order of 
magnitude of their left end points and then applying transfinite induction: 
cf. (1). 

(3) Let ^ be a finite, increasing, and continuous function of a real variable, 
and write 
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Theorems D and E remain true if n is replaced by /i,. 

(4) Theorems D and E may be generalized to »-dimensional Euclidean space 
by considering “intervals” of the form 

£ •••»*>»)•. ^ ij, » = 1, •••,»}, 

and defining /t by 

H{E) a JI"-i {h - «.). 

(5) If /it is a countably additive and non negative set function on a semiring 
P, such that |i(0) = 0, then there is a unique measure ju on the ring R(P) such 
that, whenever £ e P, fl(£) = mC-E)- If M is [totally) finite or <r-finite, then so 
is /I; (cf. S.3 and the proof of Theorem E). 

§ 9. PROPERTIES OF MEASURES 

An extended real valued set function ;i on a class E is monotone 
if, whenever £ e E, F e E, and E a F, then ix{E) g An 

extended real valued set function ju on a class E is subtractive 
if, whenever £ e E, F e E, £ c F, F — £ e E, and 1 ix{E) | < «>, 
then 

m(F-£)=p(F)-m(F). 

Theorem A. 1/ n is a measure on a ring R, then ix is mono¬ 
tone and subtractive. 

Proof. If £ e R, F e R, and E c. F, then F — £ e R and n{F) = 
ju(£) 4- n{F — £). The tact that n is monotone follows now* from 
the fact that it is non negative; the fact that it is subtractive 
follows from the fact that m(F), if it is finite, may be subtracted 
from both sides of the last written equation. | 

Theorem B. 1/ n is a measure on a ring R, £ e R, and 
{£<} is a finite or infinite sequence of sets in R such that 

£ c U»' then 

m ^ 

Proof. We make use of the elementary but important fact 
that if {F,} is any sequence of sets in a ring R, then there exists 
a disjoint sequence {G,} of sets in R such that 

GiC.Fi and U<G. = U<^<- 

(Write G< = F,- - U 1 ^ 7 < *}•) Applying this result to 
the sequence {£ D £,}, the desired result follows from the count¬ 
able additivity and monotoneness of n. | 
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Theorem C. If n is a measure on a ring R, ^ £ e R, and if 
{£,} is a finite or infinite disjoint sequence of sets in R such 
that (J,- £< c £, then 

■ ju(-Ei) ^ m(-E)- - 

Proof. If the sequence {£,} is finite, then U, £,- eR, and it 
follows that 

The validity of the inequality for an infinite sequence of sets is a 
consequence of its validity for every finite subsequence. | 

Theorem D. If v. is a measure on a ring R and if {£„} is 
an increasing sequence of sets in R for which lim„ £„ e R, then 
ju(lini„ £„) = limn m(£„). 

Proof. If we write £o = 0, then 

M(iimn £„).,= iu(ur.i f) = /t(ur-i (£.• - £.-i)) = 

= Er-i m(£,- - = limn Er.i - £.-i) = 

= limn m(U"-i (-^i “ -E.-i)) = llm„ ti{En). | 

Theorem E. If n is a measure on a ring R, and // {£n} is a 
decreasing sequence of sets in R of which at least one has finite 
measure and for which lim„ £„ e R, then M(lim„ £„) = 
limn isiEn). 

Proof. If niEtj) < 00 , then ^(£n) ^ < °° for « ^ w, 

and therefore M(limn E^f < <». It follows from Theorems A 
and D, and tfie fact that {£„ — £„} is an increasing sequence, 
that 

/«(£„) - M(lim„ £n) = niEm - lim„ £„) = 

= M(limn (£« — £„)) = lim„ M(£m - £*») = 
= lim„ — is{En)) = 

= niEm) — lim„ /a(£„). 

Since ii{E„^ < oo, the proof of the theorem is complete. | 

We shall say that an extended real valued set function n de- 
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fined on a class E is continuous from below at a set E (in E) if, 
for every increasing sequence {£„} of sets in E for which 
lini„ En = E, we have lim„ ii{En) — n{E). Similarly n is con¬ 
tinuous from above at E if, for every decreasing sequence {£„} 
of sets in E for which*] niEm) | < «> for at least one value of m 
and for which lim„ £„ = E, we have lim„ ii{E„) = /*(£). Theo- 
renis D and E assert that if /x is a measure, then n is continuous 
from above and from below (at every set in the ring of definition 
of ju); the following result goes in the converse direction. 

Theorem F. Let n be a finite, non negative, and additive 
set Junction on a ring R. IJ \i. is either continuous from below 
at every E in R, or continuous from above at 0, then ju is a measure 

on R. 

Proof. We observe first that the additivity of n, together 
with the fact that R is a ring, implies, by mathematical induction, 
that /i is finitely additive. Let {£„} be a disjoint sequence of 
sets in R, whose union, E, is also in R and write 

F„ = \JU Ei, Gn = E- F„. 

IfM is continuous from below, then, since {Fb} is an increasing 
sequence of sets in R with lim„ = E, we have 


m(£) = lim„M(/^n) = lim„ E?-im(£.) = Z."-im(£.). 


If IX is continuous from above at 0, then, since {G„} is a decreas¬ 
ing sequence of sets in R with lim„ G„ = 0, and since n is finite, 
we have 

lx{E) = (23"-1 M(jEi)) + ^(Gn) = 

= lim„ E?-! M(£i) + lim„ M(Gn) = Z."-! m(£.). I 

(1) Theorems A, B, C, D, and E are true for semirings in place of rings. 
The proofs may be carried out directly or they may be reduced to the correspond¬ 
ing results for rings by means of 8.5. 

(2) If M is a measure on a ring R, and if E and F are any two sets in R, then 

/i(£) -I- = m(£ U £) -I- m(£ n F). 
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If E, F, and G are any three sets in R, then 
Pl(E) +ii(F) +m(G) +m(^ flFflG)- 

- /i(£ u F u G) +m(£ n +/i(F n G) +m(c? n e). 

These statements may be generalized to any finite union. 

(3) If /i is a measure on a ring R, and E and F are sets in R, we write E^F 
whenever ti{E A F) “ 0. The relation is reflexive, symmetric, and transi¬ 
tive; if E^Fy then /i(F) « /i(F) “ ti(E 0 F). Is the class of all those sets 
F in R for which F 0 a ring? 

(4) Continuing in the notation of (3), we write p(EyF) =» p{E A F). Then 
p{EyF) ^ 0, p(F,F) = p(F,F), and p(F,F) g p(F,G) + p(G,F). If Fi - Fj 
and Fi ^ Fz, then p(Fi,Fi) “ p(F 2 ,F 2 ). 

(5) The following generalizations of Theorems D and E are valid. If p is a 
measure on a ring R and if {Fn} is a sequence of sets in R for which 

nr.ii F,- e R, « « 1, 2, • • • and lim inf* Fn « U?-1 0*-*! F< eR, 
then p(lim infn Fn) ^ lim infn p(Fn). If> similarly, 

Uf-n F» e R, « » 1, 2, • • • and lim supn Fn = f)?-1 Ur-n F» eR, 

and if p(Ur-fiF0 < « for at least one value of w, then p(limsupnFn) ^ 
lim 8upnp(F„). 

(6) Under the hypotheses of the second part of (5), if 2n -1 M(Fn) < then 
p(lim supn Fn) « 0. 

(7) Let X be the set of all rational numbers x for which 0 ^ ^ 1, and let 

P be the class of all “semiclosed intervals” of the form [x\ x z Xy a ^ x < b\y 
where 0 ^ ^ ^ ^ ^ 1, and a and b arp rational. Define p on P by 

p{{x: a ^ X < b]) ^ b — a. 

The set function p is finitely additive and continuous from above and below 
but it is not countably additive, so that Theorem F is not true for semirings in 
place of rings. 

(8) Let X be the set of all positive integers and let R be the class of all finite 
sets and their complements. For F in R write p(F) =» 0 or p(F) =* oo according 
as F is finite or infinite. The set function p is continuous from above at 0 but 
it is not countably additive, so that the second half of Theorem F is not true 
if infinite values are admitted. 

(9) Is Theorem E true without the finiteness condition described in its 
Statement? 

(10) If p is a measure on the Borel sets of a separable, complete, metric space 
X such that p(X) » 1, then there exists a subset E of X such that F is a count¬ 
able union of compact sets and such thatp(F) » 1. (Hint: let {;rn} be a sequence 

of points dense in X and write (7n* for the closed sphere of radius - with center 

at If 0 < € < 1 and Fm* ■■ defined inductively as the 

smallest positive integer for which 

M(nf-I Pmfi > 1 - «• 

If C — n *-1 ^ ^ compact and /t(C) 2 1 -* •.) 
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§ 10 . OUTER MEASURES 

A non empty class E of sets is hereditary if, whenever £ e E 
and F c. E, then F e E. 

A typical example of a hereditary class is the class of all sub¬ 
sets of some subset E of X. The part of the algebraic theory of 
hereditary classes that we shall need is very easy and it is similar 
in every detail to the theories of rings, airings, and other classes 
of sets we have considered. It is, in particular, true that the 
intersection of every collection of hereditary classes is again a 
hereditary class, and that, therefore, corresponding to any class 
of sets, there is a smallest hereditary class containing it. We 
shall be especially interested in hereditary classes which are 
«r-rings; it is easy to see that a hereditary class is a oaring if and 
only if it is closed under the formation of countable unions. If 
E is any class of sets, we shall denote the hereditary oaring 
generated by E, i.e. the smallest hereditary a-ring containing E, 
by H(E). The hereditary or-ring generated by E is, in fact, the 
class of all sets which can be covered by countably many sets in 
E; if E is a non empty class closed under the formation of countable 
unions (for instance if E is a <r-ring), then H(E) is the class of all 
sets which are subsets of some set in E. 

An extended real valued set function n* defined on a class E 
of sets is subadditive if, whenever £ e E, F e E, and £ U F e E, 
then 

/.*(£ U F) ^ m*(F) + 

An extended real valued set function fj,* on E is finitely subadditive 
if, for every finite class {£i, • • •, £«} of sets in E whose union is 
also in E, we have 


An extended real valued set function n* on E is countably sub¬ 
additive if, for every sequence {£<} of sets in E whose union is 
also in E, we have 
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An outer measure is an extended real valued, non negative, mono¬ 
tone, and countably subadditive set function fi*, defined on a 
hereditary <r-ring H, and such that m*( 0) = 0. We observe that 
an outer measure is necessarily finitely subadditive. The same 
terminology concerning [total] finiteness and <r-finiteness is used 
for outer measures as for measures. 

Outer measures arise naturally in the attempt to extend meas¬ 
ures from rings to larger classes of sets. The first precise formula¬ 
tion of some of the details is contained in the following statement. 

Theorem A. 1/ n is a measure on a ring R and if, for every 
E in H(R), 

M*(£) = inf {M(£n): e R, « = 1, 2, • • •; 

£cu:.i£»}, 

then li* is an extension of n to an outer measure on H(R); if 

(i is [totally] a-finite, then so is fi*. 

Verbally may be described as the lower bound of sums 

of the type 2n-iM(-£n), where {£„} is a sequence of sets in R 
whose union contains E. The outer measure /i* is called the outer 
measure induced by the measure n. 

Proof. If £ e R, then £c£U0U0U*-- and therefore 
(i*(E) ^ /i(£) -1- niO) -f /i(0) -+-•••= m(-£)- On the other hand 
if £ eR, £n » = Ij 2, • • •, and £ c £„, then, by 9.B, 
m(^) ^ £n-i ls{En), so that niE) ^ (i*iE). This proves that 
(i* is indeed an extension of /i, i.e. that if £ eR, then n*{E) = 
ft(£); it follows ih particular that n*{0) = 0. 

If £ eH(R), F eH(R), E c. F, and {£„} is a sequence of sets 
in R which covers F, then {£„} also covers £, and therefore 

To prove that n* is countably subadditive, suppose that £ and 
£,• are sets in H(R) such that £ c ur-i£<; let e be an arbitrary 
positive number, and choose, for each > = 1, 2, • • •, a sequence 
I £i^} of sets in R such that 

£.cU;-i£o- and 
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(The possibility of such a choice follows from the definition of 
n'*{Ei).) Then, since the sets form a countable class of sets 
in R which covers E, 

The arbitrariness of e implies that 

n*iE) ^ 

Suppose, finally, that ju is <r-finite and let E be any set in H(R). 
Then, by the definition of H(R), there exists a sequence {£,} 
of sets in R such that E c U,"_i Since yn is < 7 -finite, there 
exists, for each / = 1 , 2, • • •, a sequence {£, 7 } of sets in R such 
that 

^ Uy°-i n(Eij) < 00. 

Consequently 

E c U<°-i U/-1 ^i} and < «>• I 

(1) Is It necessarily true, under the hypotheses of Theorem A, that if fx is 
finite, then so is /x*? 

(2) For any class E of sets we denote by J(E) the smallest hereditary ring 
containing E. If /a is a real valued, finite, non negative, and finitely additive 
set function defined on a ring R, and if, for every E in J(R), 

M*(£) = inf [fiiF): £ C FeR}, 

then /i* is a real valued, finite, non negative, and finitely subadditive set func¬ 
tion on J(R). Is it true that, for E in R, ti*{E) = fiiE)^ 

(3) A necessary and sufficient condition that a class H of subsets of a set X 
be an ideal in the Boolean ring of all subsets of X is that H be a hereditary ring; 
cf. 4.4. 

(4) The following are some examples of set functions defined on hereditary 
<r-rings; some of them are outer measures, while others violate exactly one of the 
defining conditions of outer measures. 

(4a) X is arbitrary, H is the class of all subsets of X, For any fixed point 
^0 in Xy write fi*iE) = XnM- 

(4b) X and H are as in (4a); M*(E) == 1 for every E in H, 

(4c) X = [xj] is a set consisting of exactly two distinct points and jy, 
H is the class of all subsets of Xy and is defined by the relations 

H*(0) = 0, tx*{{x\) = - 10, fx*iX) - 1. 

(4d) Xis a set of 100 points arranged in a square array of 10 columns each 
with 10 points; H is the class of all subsets of X; tJL*{E) is the number of columns 
which contain at least one point of E. 
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(4e) X is the set of all positive integers, H is the class of all subsets of X. 
For every finite subset E of X, t>(E) is the number of points in £; 

u*(E) “limsupB^K^ n {1, •••,»)). 

(40 X is arbitrary, H is the class of all countable subsets of X, fl*(E) is the 
number of points in £, (* « if £ is infinite). 

(5) If is an outer measure on a hereditary (r-ring H and £o Is any set in 
H, then the set function mo*, defined by “ M*(E fl Eo), is an outer meas¬ 
ure on H. 

(6) If X* and /x* are outer measures on a hereditary cr-ring H, then the set 

function v*, defined by p*(E) «= X*(£) U is an outer measure on H. 

(7) If {/in*} is a sequence of outer measures on a hereditary <r-ring H and 

{«m} is a sequence of positive numbers, then the set function jui* defined by 
/i*(£) — «n/in*(£), is an outer measure on H. 


§11. MEASURABLE SETS 

Let fi* be an outer measure on a hereditary cr-ring H. A set E 
in E is |‘•-lneasurable if, for every set ^ in H, 

n £) + n E'). 

The concept of M*“*neasurability is the most important one 
in the theory of outer measures. It is rather difficult to get an 
intuitive understanding of the meaning of M*-ineasurability ex¬ 
cept through familiarity with its implications, which we propose 
to develop below. The following comment may, however, be 
helpful. An outer measure is not necessarily a countably, nor 
even finitely, additive set function (cf. 10.4d). In an attempt to 
satisfy the reasonable requirement of additivity, we single out 
those sets which split every other set additively—the definition 
of /^^-measurability is the precise formulation of this rather loose 
description. The greatest justification of this apparently compli¬ 
cated concept is, however, its possibly surprising but absolutely 
complete success as a tool in proving the important and useful 
extenMon theorem of § 13. 

Tbeorem k. If n* is an outer measure on a hereditary 
a-^ng H and if % is the class of all \i*-measurable sets, then 
B is a ring. 
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Proof! If E and F are in S and A z'B.y then 

(a) = M*(/f n E) + iA{A n £'), 

(b) y*{A n £) = n*{A n £ n F) + n F n f), 

(c) ,i*{A n E') = ii*{A n F' n F) + ii*iA n F' n F'). 

Substituting (b) and (c) into (a) we obtain 

(d) v*{A) = M*(^ n F n F) + n*{A n F n F') 

+ ii*{A n F' n F) + ii*{A n F' n f% 

If in equation (d) we replace Ahy A (\ {F^ F), the first three 
terms of the right hand side remain unaltered and the last term 
drops out; we get 

(e) ,x*{A n (F U F)) = n*{A 0 F n F) + ,A{A 0 F n F') 

+ 11 *{A n F' n F). 

Since F' fl F' = (F U F)', substituting (e) into (d) yields 

(0 M*(^ = n (F U F)) + n*{A n (F U F)'), 

which proves that F U F e 5. 

If, similarly, we replace A in equation (d) hy A (\ {E — F)' = 
A n (F' U F), we get 

(g) il\a n (F - F)') = n F n F) + iA{A n f' n f) 

+ iA{A n F' n F'). 

Since E F' — E — Fy substituting (g) into (d) yields 

(h) v.\A) = n (F - F)) + iA{A n (F - F)')y 

which proves that F — F e §. Since it is clear that F = 0 

satisfies (a), it follows that S is a ring. | 

Before proceeding with the study of the deeper properties of 
M*-measurability, we remark on the following elementary but 
frequently useful fact. 

If is an outer measure on a hereditary ff-ring H and if 
a set F in H is such that, for every A in H, 

\l\A) ^ U.\A n F) + H*{A n F'), 

then F is ju*-measurable. 
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The proof of this remark is achieved simply by recalling that the 
reverse inequality, m*(-^ ^ H E) + 0 £')> is an auto¬ 

matic consequence of the subadditivity of n*. 

Theorem B. 1/ it* is an outer measure on a hereditary 
a~ring H and if § is the class of all y.*-measurable sets, then S 
is a a-^ing. If A zlS. and if [En] is a disjoint sequence of sets 
in S with U“-i £n = E, then ' 

p*{A n £) = n £„). 

Proof. Replacing E and F in (e) by Ex and E^ respectively, 
we see that 

it*{A n {Ex U Efj) = it*{A n Ex) + IX*{A n Ef). 

It follows by mathematical induction that 

n u?-i £.) = n £,) 

for every positive integer n. If we write 

then it follows from Theorem A that 

i>*{Ai) = it*{A n F„) + it*{A n Ff) ^ 

^ E?-i M*(^ n £i) + v*{A n E'\ 

Since this is true for every «, we obtain 

(i) s Er.i n £,) + it*{A n E') ^ 

^ IS*{A n £) + V*{A n E'). 

It follows that £ e 5 (so that, by the way, 5 is closed under the 
formation of disjoint countable unions), and therefore that 

(j) Zr-.M*(^n£.) + M*(/fn£0 = 

* it*{A n £) + ii*{A n £'). 

Replacing A\>y A U E\n (j), we obtain the second assertion of 
the theorem. (Since ii*{A fl FJ) may be infinite, it is not permis¬ 
sible simply to subtract it from both sides of (j).) Since every 
countable union of sets in a ring may be written as a disjoint 
countable union of sets in the ring, we see also that S is a <r-ring. | 
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Theorem C. If n* is an outer measure on a hereditary 

9 -ring H and if § is the class of all ii*-measurable sets, then 

every set of outer measure ze^'o belongs to S and the set function 

fi, defined for E in § by ii{E) — /**(£), is a complete measure 

on S. 

The measure /t is called the measure induced by the outer 
measure /t*. 

Proof. If £ e H and ju*(£) = 0, then, for every A in H, we 
have 

,i*iA) = ^*{E) + ^ n*{A n £) + ^l*{A n E'), 

so that indeed £ e §. The fact that /I is countably additive on 5 
follows from (j) upon replacing A by E. If 

£ e §, F <z E, and li{E) = ix*(E) = 0, 
then = 0, so that F eS, which proves that ji is complete. | 

(1) For the example 10.4d, a set E is ft*-mcasurable if and only if with every 
point X in £ the entire column which includes x is contained in E: Which sets 
are ia*-measurable in 10.4f? 

(2) IfM* is an outer measure on a hereditary <r-ring H, under what addi¬ 
tional conditions is the class of /x*-measurable sets an algebra? 

(3) In the notation of Theorem A, replacing A in eqi^ation (d) hy A 
{E' U F') may be used to give a direct proof of the fact that S is closed under the 
formation of intersections. What would the same technique prove if A were 
replaced hy A (F — £)' = fl (F U F') ? 

(4) Let /i* be a finite, non negative, monotone, and finitely subadditive set 
function with /x* W = 0 on a hereditary ring J; cf. 10.2. The class of all /x*- 
measurable sets is a ring, and the set function /x* is additive on this ring. 

(5) Suppose that /x* is an outer measure on a hereditary cr-ring H and that 

§ is the class of all M*-nieasurable sets. If A zH and {Fn} is an increasing 
sequence of sets in §, then n*(\\mn {A fl Fn)) = limnitx*(-^ H Fn). Similarly, 
if {Fn} is a decreasing sequence of sets in §, and if a set yf in H is such that 
ti*{A n Em) < 00 for at least one value of w, then (A (1 Fn)) ** 

limnM’^(y^ H Fn). 

(6) If /X* is an outer measure on a hereditary (r~ring H and if F and F arc two 
sets in H of which at least one is /x*-measurable, then (cf. 9.2) 

^*{E) + /x*(F) = m*(F U F) + n F). 

(7) The results of this section could also have been obtained by means of 
partitions (cf. 7.5). A partition is a finite or infinite disjoint sequence {F,) of 
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sets such that U** Ei « X. If /a* is an outer measure on a hereditary oaring 
H, the partition {i?i) is called a l&'^-partition if 

n £,) 

for every ^ in H; a set £ is a if the partition {£,£'} is a /A*~partition. 

If {£»} and {Fy} are partitions, then {£«} is called a subpartition of {F/} if 
each Ei is contained in one of the sets Fy. The product of two partitions, {£<} 
and {Fy}, is the partition consisting of dl sets of the form £, fi Fy. We note 
that a set in H is a /i*~set if and only if it is yi’^-measurable in the sense of this 
section. 

(7a) The product of two /i*-partitions is a /i*-partition. 

(7b) If a subpartition of a partition {£^1 is a M^-p&rtition, then {£«} is a 
/A •-partition. 

(7c) A partition {£,} is a /A*-partition if and only if each £» is a /A*-sct. 

(7d) The class of all p*-scts is a a-ring. (Hint: the class of all /A^-sets is a 
ring closed under the formation of countable disjoint unions.) 

(8a) An outer measure /a* on the class H of all subsets of a metric space X 
is a metric outer measure if 

/A*(£UF)«M*(£)+M*(F) 

whenever p(EyF) > 0, where p is the metric on X. If /a* is a metric outer meas¬ 
ure, if £ is a subset of an open set U in AT, and if £n = £ fl |;ip: p(XyU') ^ , 

II =* 1, 2, then limnAA*(^n) = P*(E). (Hint: observe that [En\ is an in¬ 
creasing sequence of sets whose union is £. If £o * 0, Dn ** £n+i — £n, and 
if neither Dn+i nor £n is empty, then p(Dn+i,£n) > 0, and it follows that 

P*(F 2 n+i)^Ef.iM*(At) and ^•(£an) ^ E?-iMn£> 2 y-i). 

The desired conclusion is trivial if either of the two series, 

2 :r.iM*(Z) 2 i) and Er.iM*(D 2 i-i), 

diverges; if they both converge, then it follows from the relation 

p^{E) s p*{Et^) + z:r-»M*(Ai) + Er.»+iM*(2)2^^i).) 

(8b) If /A* is a metric outer measure, then every open set (and therefore 
every Borel set) is /A*-measurable. (Hint: if U is an open set and A is an arbi¬ 
trary subset of Xy apply (8a) to £ « ,^ fl U. Since piEnyA fl U') > 0, it 
follows that 

p*(A) s p*iEn u (AH u^)) - p^iEn)+p*iA n ur) 

(8c) If p* is an outer measure on the class of all subsets of a metric space X 
such that every open set is p•-measurable, then p* is a metric outer measure. 
(Hint: if p(£,F) > 0, let U be an open set such that E C, U and F fl 17 « 0, 
aiid test the p^-measurability of U with if *» £ U F.) 
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§ 12 . PROPERTIES OF INDUCED MEASURES 

We have seen that a measure induces* an outer measure and 
that an outer measure induces a measure, both in a certain natural 
way. If we start with a measure form the induced outer meas¬ 
ure M** and then form the measure /i induced by what is the 
relation between m and /Z? The main purpose of the present sec¬ 
tion is to answer this question. Throughout this section we shall 
assume that 

jii is a measure on a ring R, y.* is the induced outer measure 
on H(R), and y is the measure induced by y* on the <r-ring 
S of all /i^-measurable sets. 

Theorem A. Every set in S(R) is y*-measurable. 

Proof. If £ eR, ^ eH(R), and e > 0, then, by the definition 
of /i*, there exists a sequence {£„} of sets in R such that 
^c:U:-i£»and 

v.\A) -I- * ^ z:., y{En) = Z»’-1 n £) -f- n £')) ^ 

^ y\A n £) + y*{A 0 E). 

Since this is true for every «, it follows that E is /i*-measurable. 
In other words, we have proved that R c S; it follows from the 
fact that S is a <r-ring that S(R) C S. | 

49 





50 


EXTENSION OF MEASURES 


[Sec. 12] 


Theorem B. If E z H(R), then 

= inf [iLiPy. £ c F c 5} = 

= mf{M(£):.Ec£eS(R)}. 

Equivalent to the statement of Theorem B is the assertion 
that the outer measure induced by fi, on S(R) and the outer meas¬ 
ure induced by /i on 5 both coincide with /i*. 

Proof. Since, for F in R, ix{F) = ix{F) (by the definition of 
it and 10.A), it follows that 

M*(£) = inf m(£«): E c Un"-! £«, eR, 

^ inf {Z:-i E c U«"-i En, En e S(R), 

« = 1 , 2 , 

Since every sequence {£«} of sets in S(R) for which 

£cu:-i£» = ^ 

may be replaced by a disjoint sequence with the same property, 
without increasing the sum of the measures of the terms of the 
sequence, and since, by the definition of /», /t(F) = ti*(,F) for F 
in S, it follows that 

M*(£) ^ inf {niF): £ c F e S(R)) ^ 

^ inf {m(£) : £ C £ e 5} ^ lt*{E). | 

If £ e H(R) and F e S(R), we shall say that F is a measurable 
cover of £ if £ c F and if, for every set G in S(R) for which 
G c F — £, we have /S(G) == 0. Loosely speaking, a measurable 
cover of a set £ in H(R) is a minimal set in S(R) which covers £. 

Theorem C. If a set E in H(R) is of v-finite outer measure^ 
then time exists a set F in S(R) such that n*{E) = /i(F) and 
such that F is a measurable cover of E. 

Proof. If it*{E) = 00, and E a F e S(R), then clearly ii(F) — 
00, so that it is sufficient to prove the assertion n*{E) «= m(F) 
only in the case in which /i*(£) < oo. Since a'set of v-finite 
outer measure is a countable di^oint union of sets of finite outer 
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measure, it is sufficient to prove the entire theorem under the 
added assumption that < oo. 

It follows from Theorem B that, for every n = 1, 2, • • •, there 
exists a set F„ in S(R) such that 

E c. Fn and /i(F„) ^ n*(E) -1- 

n 

If we write F = Hn-i ^n, then 

Ec.Fz S(R) and m*(£) ^ HiF) g m(F„) ^ + -• 

n 

Since n is arbitrary, it follows that /**(■£) = m(^* If G e S(Ry 
and G Cl F — Ey then E c. F — G and therefore 

aiF) = m*(£) ^ fiiF - G) = m - m(G) ^ m-, 

the fact that F is a measurable cover of E follows from the finite¬ 
ness of il{F). I 

Theorem D. If E t H(R) and F is a measurable cover of 
E, then n*{E) = KF); if both Fx and F2 are measurable covers 
of Ey then ii(Fi A F^ = 0. 

Proof. Since the relation E <z Fx r\ F2C. Fx implies that 
Fx — {Fx n F 2 ) C. Fx — Ey it follows from the fact that Fx is a 
measurable cover of E that 

ii{Fx - {Fx n F2)) = 0. 

Since, similarly, 

m(F 2 - (Fx n F 2 )) = 0, 

we have, indeed, il{Fx A F 2 ) = 0. 

If n*{E) — oOy then the relation ix*{E) = ii{F) is trivial; if 
M*(F) < 00 , then it follows from Theorem C that there exists a 
measurable cover Fo of E with 

fi{Fo) = m*(F). 

Since the result of the preceding paragraph implies that every 
two measurable covers have the same measure, the proof of the 
theoren^is complete. | 

Theorem E. If n on ^ is a-finitey then so are the measures 
M on SCR) and fi on 5 . 
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Proof. According to lO.A, if is a-finite, then so is n*. Hence 
for every £ in S there exists a sequence {£»} of sets in H(R) 
such that 

EczlJi^iEiy tJL^(Ei)<oo^ f=l,2, •••. 

An application of Theorem C to each set £» concludes the proof 
of the theorem. | 

The main question at the beginning of this section could have 
been asked in the other direction. Suppose that we start with 
an outer measure form the induced measure /2, and then form 
the outer measure jl* induced by ji. What is the relation between 
H* and /Z*? In general these two set functions are not the same; 
if, however, the induced outer measure ji* does coincide with the 
original outer measure jui*, then /i* is called regular. The asser¬ 
tion of Theorem B is exactly that the outer measure induced by a 
measure on a ring is always regular. The converse of this last 
statement is also true: if /i* is regular, then is induced by 

a measure on a ring, namely by fi on the class of M^-measuntble 
sets. Thus the notiorts of induced outer measure and regular outer 
measure are coextensive. 

. (1) Theorem D asserts that a measurable cover is uniquely determined to 
within a set of measure zero, if it exists at all; Theorem C asserts that for sets 
of (T-finite outer measure a measurable cover does exist. The following con- 
siderations show that the hypothesis of <r-finiteness cannot be omitted from 
Theorem C. 

If Z. is a line in the Euclidean plane Xy and E is any subset of Xy we shall 
say that E is full on X if X — £ is countable. Let Ro be the class of all those sets 
E which may be covered by countably many horizontal lines on each of which 
E is either full or countable; let R be the algebra generated by Rq; (cf. 4.5). 
If, for every £ in R, n{E) « 0 or co according as E is countable or not, then fi 
is a measure on R; it is easy to verify that in this case R » S(R) and S » H(R) 
is the class of all subsets of X, If E is they-axis and Ed Ft S(R), then there 
always exists a set G in S(R) such that G d F E and yL{G) 9 ^ 0. 

(2) A subset E of the real line is said to have an infinite condensation point 
if there are uncountably many points of E outside every finite interval. Let 
X be the real line and define a set function on every subset £ of A* as follows: 
if £ is finite or countably infinite, then>*(£) * 0; if £ is^uncountable but does 
not have an infinite condensation point, then » 1; if £ has an infinite 
condensation point, then m*(^) Then is a totally (r-finite outer meas¬ 

ure, but, since the only /4*-measurabie sets are the countable sets and their 
complements, the induced measure jS is not a-finite. Is regular? What can 
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be said if, instead, fJL*(E) is defined to be 17 whenever E has an infinite con¬ 
densation point? 

(3) Let » be a fixed positive integer, and let Ro, Ri, • * •, Rn be the first w + 1 

infinite cardinal numbers in the well ordering of the cardinals according to 
magnitude. If is a set of cardinal number Rn, and £ is a finite subset of X, 
write = 0; if the cardina4 number of a subset £ of A!' is the infinite cardinal 

Xjfc, 0 ^ k ^ tty write y>*{E) = k» The set function ju* is an outer measure; is it 
regular? 

(4) If/i* is a regular outer measure on a hereditary cr-ring H, and if {£n} is an 

increasing sequence of sets in H with limn£n = £, then /x*(£) = limnM*(^n)- 
(Hint: if limn = Qo, the result is clear. If not, then let Fn be a /x*-meas- 

urable cover of £n, w = 1, 2, • • •, so that the sequence {£n} is increasing, and 
write F = limnFn- Since tJ^*{Fn) = M*(^n) ^ M*(£)> we have limnM*(£n) = 
^^*{F) ^ since £ C £, tJL*{E) ^ m*(£)* Hence F is a measurable cover 

of £.) This result is not true for non regular outer measures; a counter example 
may be constructed on the basis of (2) above. 

(5) For every subset £ of an arbitrary set X write /i*(£) = 0 or 1 according 
as £ is empty or not; the set function /i* is a regular outer measure on the class 
of all subsets of X. If {£n} is a decreasing sequence of non empty sets with an 
empty intersection (such a sequence exists whenever X is infinite), then 

limnM*(^n) = 1 and En) = 0; 

in other words the analog of (4) for decreasing sequences is false even for totally 
finite, regular outer measures. 

(6) Let fjLi* and ^ 2 * be two finite outer measures on the class of all subsets 
of a set Xy and let §,, / = 1, 2, be the class of /x,*-measurable sets. If, for all 
subsets £ of Xy 

m*(£) =mi*(£)+M2*(£), 

then the class § of all /x*-measurable sets is the intersection of §1 and S 2 . (Hint: 
if \i*{A n £) + n £') = \i>*{A)y then both the inequalities, ^i*{A D E) 
+ Hi*(A n £') ^ /jLi*(A), i = 1, 2, must become equalities.) What can be said 
if /xi* and /X 2 * are not necessarily finite? 

(7) Let Hi* be any finite, regular outer measure on the class of all subsets of a 
set Xy and write M2*(£) = 0 or 1 according as £ is empty or not. Then /LI2* 
is also a finite, regular outer measure, but, if jui* assumes more than two values, 
then Hi* + /X 2 * is not regular. 

(8) If AT is a metric space, p is a positive real number, and £ is a subset of Xy 
then the p-dimensional Hausdorff (outer) measure of £ is defined to be the 
number 

Mp*(£) = 8up.>o inf {Z,” , (5(£i))'’: £ = U"- 1 «(£.)<«, / = 1,2, • • •}, 

where 6(£) denotes the diameter of £. 

(8a) The set function /Xp* is a metric outer measure; cf. 11.8a. 

(8b) The outer measure Hv* regular; in fact, for every subset £ of AT, 
there exists a decreasing sequence {f/n} of open sets containing £ such that 

Hp^iE) ^ Hp*ir\n^lUn). 
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§ 13. EXTENSION, COMPLETION, AND APPROXIMATION 

Can we always extend a measure on a ring to the generated 
<r-ring? The answer to this question is essentially contained in 
the results of the preceding sections; it is formally summarized 
in the following theorem. 

Theorem A. If n is a a-finite measure on a ring R, then 
there is a unique measure p. on the a-ring S(R) such that, for E 
in R, p{E) =» /«(■£); the measure p is a-finite. 

The measure p is called the extension of /i; except when it is 
likely to lead to confusion, we shall write instead of m(£) 
even for sets E in S(R). 

Proof. The existence of p (even without the restriction ol 
<r-finiteness) is proved by ll.C and 12.A. To prove uniqueness, 
suppose that ni and ijl 2 are two measures on S(R) such that 
= At 2 (£) whenever £ eR, and let M be the class of all sets 
E in S(R) for which uii£) = l* 2 (.Ei). If one of the two measures 
is finite, and if {£„} is a monotone sequence of sets in M, then, 
since 

MiChm,! £n) — lim^ ^,‘(£n)> t “ 1> 

we have lim„ £» e M. (The full justification of this step in the 
reasoning makes use of the fact that one of the two numbers 
(iiiEn) and U 2 {E„), and therefore also the other one, is finite for 
every n = 1,2, • • •; cf. 9.D and 9.E.) Since this means that M 
is a monotone class, and since M contains R, it follows from 
6.B that M contains S(R). 

In the general, not necessarily finite, case we proceed as follows. 
Let /I be any fixed set in R, of finite measure with respect to one 
of the two measures mi and ua- Since R D is a ring and S(R) fl 
is the (T-ring it generates (cf. 5.E), it follows that the reasoning 
of the preceding paragraph applies to R fl ^ and S(R) fl /i, 
and proves that if £ e S(R) n /I, then mi(-E) = A 12 (jE)* Since 
every £ in S(R) may be covered by a countable, disjoint union 
of sets of finite measure in R (with respect to either of the meas¬ 
ures Hi and H 2 ), the proof of the theorem is complete. | 

The extension procedure employed in the proofs of § 12 yields 
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slightly more than Theorem A states; the given measure n can 
actually be extended to a class (the class of all M*~ineasurable 
sets) which is in general larger than the generated <r-ring. The 
following theorems show that it is not necessary to make use of 
the theory of outer measures in order to obtain this slight enlarge¬ 
ment of the domain of n. 

Theorem B. If n is a measure on a a-^ing S, then the class 
S of all sets of the form E A Ny where E eS and N is a subset 
of a set of measure zero in S, is a a-ringy and the set function A 
defined by ii(JE A iV) = /*(£) is a complete measure on 5. 

The measure A is called the completion of n. 

Proof. If£eS, iVc/^eS, and = 0, then the relations 

£ U AT = (£ - .^) A [/f n (£ U AOl 

and 

EAN= iE-^U[^ 0 (EAN)] 

show that the class S may also be described as the class of all 
sets of the form E D N, where £ e S and iV is a subset of a set 
of measure zero in S. Since this implies that the class §, which 
is obviously closed under the formation of symmetric differences, 
is closed also under the formation of countable unions, it follows 
that 5 is a <r-ring. If 


£i A Ni — £2 A A^2> 

where £< e S and Ni is a subset of a set of measure zero in S, 
i = 1, 2, then 

£1 A £2 = iVi A N2y 

and therefore ju(£i A £ 2 ) = 0. It follows that juf-Ei) “ m(^ 8)> 
and hence that A is indeed unambiguously defined by the relations 

A(£AiV) = A(£ U iV) = m(£). 

Using the union (instead of the symmetric difference) representa¬ 
tion of sets in S, it is easy to verify that A is a measure; the 
completeness of A is an immediate consequence of the fact that 
S contains all subsets of sets of measure zero in S. | 
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The following theorem establishes the connection between the 
general concept of completion and the partictilar complete exten¬ 
sion obtained by using outer measures. 

Theorem C. If n is a a-jinite measure on a ring R, and if 
H* is the outer measure induced by fi, then the completion of the 
extension of n to S(R) is identical with n* on the class of all 
ii*-measurable sets. 

Proof. Let us denote the class of all ju*-measurable sets by 
S* and the domain of the completion /I of ja by 5. Since n* on 
S* is a complete measure, it follows that 5 is contained in S* 
and that ii and ja* coincide on 5. All that we have left to prove 
is that S* is contained in 5; in view of the o-finiteness of ja* on 
S* (cf. 12.E) it is sufficient to prove that if £ e S* and n*{E) < », 
then £ e S. 

By 12.C, £ has a measurable cover F, Since ii*{F) = ja(£) = 
it follows from the finiteness of and the fact that 

(i* is a measure on S*, that n*{F — £) = 0. Since F — E also 
has a measurable cover G, and since 


m(G) = m*(F - £) = 0, 

the relation 

£ = (£ - G) U (£ n G) 

exhibits £ as a union of a set in S(R) and a set which is a subset 
of a set of measure zero in S(R). This shows that £ e 5, and thus 
completes the proof of Theorem C. | 

Loosely speaking, Theorem C says that in the <r-finite cs»se the 
<r-ring of all ju*-measurable sets and the generated er-ring S(R) 
are not very different; every /t^-measurable set suitably modified 
by a set of measure zero belongs to S(R). 

We conclude this section with a very useful result concerning 
the relation between a measure on a ring and its extension to the 
generated <r-ring. 

Theorem D. If p is a o-finite m>,asure on a ring R, then, 
for every set E of finite measure in S(R) and for every positive 
number t, there exists a set £o in R such that p(E A Eo) ^ €. 
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Proof. The results of §§ 10,11, and 12, together with Theorem 
A, imply that 

/i(£) = inf {22r_, m(£,): E c U?.! £,• e R, ,’ = 1, 2, • • •}. 

Consequently there exists a sequence {£,} of sets in R such that 

E c Ur-i Ei and M(Ur-i E,) g /i(£) + ~ 

Since 

limn ju(U"-i E,) = /iCUr-i £.), 

there exists a positive integer « such that if 

S. - U?-. £<. 

then 

M(Ur-i £<) ^ n{Eo) + 

Clearly Eq e R; since 

- £o) ^ ^tCUr-i - Eo) = M(Ur-i £.) - m(£o) ^ ^ 

and 

m(£o - £) ^ £.• - £) = /*(Ur-i Ed - m(£) ^ , 

the proof of the theorem is complete. | 

(1) Let ju be a finite, non negative, and finitely additive set function defined 
on a ring R. The function /x* defined by the procedure of § 10 is still an outer 
measure, and, therefore, the jO: of ll.C may still be formed, but it. is no longer 
necessarily true that p. is an extension of /x; (cf. 10.2, 10.4e, and 11.4). 

(2) If /Z is the extension of the measure /x on the ring R described in § 8, 
then, for any countable set £, £ e S(R) and /x(£) = 0. 

(3) The uniqueness assertion of Theorem A is not true if the class R Is not a 
ring. (Hint: let X « [ayb^c^d] be a space of four points and define the measures 
Ml and M 2 on the class of all subsets of X by 

Mi(W) = Mi(W) = M2(W) « M2({r}) = 1, 

Mi({^}) - Mi({W) = M2({^}) - H2{\d]) = 2.) 

(4) Is Theorem A true for semirings instead of rings? 

(5) Let R be a ring of subsets of a countable set X, with the property that 
every non empty set in R is infinite and such that S(R) is the class of all subsets 
of X\ (cf. 9.7). If, for every subset E of AT, mi(£) is the number of points in E 
and M 2 (£) — 2/xj(£), then M 2 and mi agree on R but not on S(R). In other words, 



58 


EXTENSION OF MEASURES 


[Sec. 14] 


the uniqueness assertion of Theorem A is not true without the restriction of 
(T-finiteness on R, even for measures which are totally (r-finite on S(R). 

(6) Suppose thatM is a measure on a<r-ring S and that/Z on § is its completion. 
If A and B are in S and \i A C. E B, and (i{B — A) = 0, then £ e §. 

(7) Let X be an uncountable set, let S be the class of all countable sets and 
their complements, and, for every E in S, let /*(£) be the number of points in 
E. Then ^ is a complete measure; on S, but every subset o(X is ja’-measurable; 
in other words. Theorem C is false without the assumption of <r-finiteness. 

(8) If n and v are o^finite measures on a ring R, then, for every E in S(R) 
for which both /i(£) and v{E) are finite and for every positive number «, there 
exists a set £o in R such that 

a £o) ^ e and v{E A £o) ^ e. 

§ 14. INNER MEASURES 

We return now to the general study of measures, outer measures, 
and the relations among them, in order to describe an interesting 
and historically important part of the theory. 

We have seen that if is a measure on a <r-ring S, then the set 
function /t* (defined for every E in the hereditary v-ring H(S) by 

lx*{E) = m{[^iF):Ec:FeS}) 

is an outer measure; in the <r-finite case the induced measure ji 
on the <r-ring S of all jit*-measurable sets is the completion of m* 
Analogously we now define the inner measure ju* induced by n; 
for every E in H(S) we write 

ju 4 i(£) = sup £ 3 e S}. 

In this section we shall study ju* and its relation to n*; we shall 
show that the properties of /x* are in a very legitimate sense the 
duals of those of /x*. It is very easy to see that the set function 
is non negative, monotone, and such that /x*(0) = 0; in what 
follows we shall make use of these elementary facts without any 
reference. Throughout this section we shall assume that 

M is a <r-finite measure on a <r-ring S, n* and are the outer 
measure and the inner measure induced by n, respectively, 
and jix on S is the completion of fx; 

we recall that /x on 5 coincides with n* on the class of all /x*-meas- 
urable sets (cf. 13.C). 
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Theorem A. If E t H(S), then 

H*iE) = sup {iii(-f): £ 3 F c §}. 

Proof. Since S c S, it is clear from the definition of that 
ju*(F) ^ sup{M(F):£3Fe§}. 

On the other hand 13.B implies that, for every F in §, there is a 
G in S with G c. F and fi(F) = n(G). Since this means that every 
value of M on subsets of F in S is also attained by n on subsets of 
F in S, the pioof is complete. | 

If F eH(S) and FeS, we shall say that F is a measurable 
kernel of F if F c F and if, for every set G in S for which 
G C F — F, we have ti{G) — 0. Loosely speaking a measurable 
kernel of a set F in H(S) is a maximal set in S which is contained 
in F. 

Theorem B. Every set E in H(S) has a measurable kernel. 

Proof. Let £ be a measurable cover of F, let be a measurable 
cover of — F, and write F = £. — N. We have 

F=&-N(zR-{E-E) = E, 

and, if G c: F — F, then 

GczE -{E-N) = E^NaN - {E-E). 

It follows (since is a measurable cover of E — F), that F is a 
measurable kernel of F. | 

Theorem C. If E t H(S) and F is a measurable kernel of 
F, then ix{F) = fi*(E); if both Fi and Fz are measurable 
kernels of F, then n(Fi A Fz) = 0. 

Proof. Since F c F, it is clear that n(F) ^ n*{E). If n{F) < 
Miit(F), then ju(F) is finite and, by the definition of is*(E), there 
exists a set Fo in S such that Fo c F and m(Fo) > m(F). Since 

Fq — F c. E — F and ju(Fo — F) ^ m(Fo) — m(F) > 0 , 

this is a contradiction, and therefore indeed n{F) = m*(F). 

Since the relation Fi c Fi U Fz c F implies that (Fi U F 2 ) — 
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Fi c £ — Fi, it follows from the fact that Fi is a measurable 
kernel of E that 

m((£’i U F2 ) - Fy ) = 0. 

Since, similarly, 

m((Fi U F2 ) - £2) = 0, 
we have /*(£i A £ 2 ) =0. | 

Theorem D. If \En] is a disjoint sequence of sets in H(S), 
then 

Proof. If £„ is a measurable kernel of £„, w = 1, 2, •••, 
then the countable additivity of ju implies that 

i::.i m*(£«) = e:.i m(£«) = m(u:-i £«) ^ £«). i 

Theorem £. If A z H(S) and if \En\ is a disjoint sequence 
of sets in S with £« = £> then 

Proof. If £ is a measurable kernel of fl £, then 

M*(^ n £) = m(£) = Z:-i m(£ n £„) ^ E:-! n £„); 

the desired result follows from Theorem D. | 

Theorem F. 7/“ £ e 5, then 


m*(£) = m*(£) = m(£). 


««</, conversely., £ e H(S) and 

m*(£) = /i*(£) < «, 

/Atfw £ e 5. 

Proof. If £ e S, then both the supremum in Theorem A and 
the infimum in 12.B are attained by /2(£). To prove the converse, 
let A and £ be a measurable kernel and a measurable cover of £, 
respectively. Since fs^A) =*iJLi^{E) < <x>, we have 

IS{B-A) = m - M = m*(£) - m*(£) = 0, 
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and the desired conclusion follows from the completeness of ju 
on §; (cf. ll.C and 13.6). | 

Theorem G. If E and F are disjoint sets in H(S), t/ien 

U F) ^ + is*{F) ^ U F). 

Proof. Let be a measurable cover of F and let fi be a meas¬ 
urable kernel of E U F. Since B — A c Ey \t follows that 

u P) = ju(5) ^ m(5 - A) + n{A) ^ n^{E) -h m*(F). 

Dually, let A be a. measurable kernel of E and let B be a meas¬ 
urable cover of £ U F. Since B — A F, h follows that 

m*(£ U F) = M(fi) = m(^) + - A) ^ m*(£) + I 

Theorem H. If E cS, then^ for every subset A of X, 

n £) -h n*{A' n £) = m(£). 

Proof. Applying Theorem G to A f\ E and A' D E, we obtain 

m*(£) ^ n £) -b ^*{A' n ^ m*(£). 

Since £ e §, we have, by Theorem F, = ts*{E) — ix{F.). | 

The results of this section enable us to sketch the steps of an 
alternative approach to the extension theorem, an approach that 
is frequently employed. If /< is a a-finite measure on a ring R, 
and if fx* is the induced outer measure on H(R), then, tor every 
set £ in R with ix{E) < <» and for every A in H(R), we have 

n £) = m(£) - n E). 

If we prove now that whenever E and F are two sets of finite 
measure in R for which A C\ E2 = A r\ F, then it follows that 
m(£) — ix*{A' C\ E) = n(F) — ix*{A' n F), then wc may use the 
equation for n*(A D E) as a definition of inner measure, and we 
may define a set E in H(R) of finite outer measure to be /i*-meas- 
urable if and only if ij.*{E) = n*{E). The details of this procedure 
may be easily carried out by the interested reader, using the 
techniques we have introduced in our development of the exten¬ 
sion theorv. 
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(1) Do the results of 12.4 remain true if m* is replaced by /z*? 

(2) With suitable finiteness restrictions the dual of 12.4 is true for inner 
measures, but the unaltered result of 12.4 is not; (cf. 12.5). 

(3) If E is a set of finite measure in S, if F C £, and if /!(£) = + 

fJL*iE — F), then Fe§. In other words the ju*“nieasurability of F may be 
tested by employing a fixed set E (containing F) in S instead of an arbitrary A 
in H(S). (Hint; use Theorem H.) 

(4) Is an analog of 11.6 true for inner measures? 

(5) If F e H(S) and F is a measurable cover of F, then, for every /z*-measur- 
able set A/,/I(F fl M) = /i*(F fl M). (Hint: apply Theorem H to F = F 0 M 
and = F'.) Conversely, any set F with this property and such that F C F e S 
is a measurable cover of F. Similarly, F is a measurable kernel of F if and only 
if F D Fe S and p(F fl A/) = /i*(F fl AD for every M in 5. 


§ 15. LEBESGUE MEASURE 

The purpose of this section is to apply the general extension 
theory to the special measure discussed in § 8, and to introduce 
some of the classical results and terminology pertinent to this 
special case. Throughout this section we shall assume that 

X is the real line, P is the class of all bounded, semiclosed 
intervals of the form [^,^), S is the tr-ring generated by P, 
and p is the set function on P defined by m([^/)) ^ b — a. 

The sets of the <7~ring S are called the Borel sets of the line; 
according to the extension theorems 8.E and 13.A, we may assume 
that /X is defined for all Borel sets. If m on 5 is the completion 
of M on S, the sets of S are the Lebesgue measurable sets of the 
line; the measure p is Lebesgue measure. (The incomplete 
measure jx on the class S of all Borel sets is usually called Lebesgue 
measure also.) 

Since the entire line X is the union of countably many sets in 
P, we see that X eS^ so that the <r~rings S and 5 are even 
<r-algebras. Since clearly fi{X) = oo, /n is not finite on S, but, 
since p is finite on P, both /x on S and /x on S are totally (r-finite. 
Some of the other interesting properties of /x and p are contained 
in the following theorems. 

Theorem A. Every countable set is a Borel set of measure 
zero. 
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Proof. For any a, — oo < <* < oo, we have 

[a] = {:v: A- = <?} = fjn-i jA’: « ^ < « + ^| , 

and therefore 

ju({d}) = Iim„ M = lim„ ~ 

so that every one-point set is a Borel set of measure zero. Since 
the Borel sets form a <r-ring and since ju is countably additive, 
the theorem follows. | 

Theorem B. The class S of all Borel sets coincides with 
the a~ring generated by the class U of all open sets. 

Proof. Since, for every real number a, the set {a] is a Borel 
set, it follows from the relation (a,b) = {a,b) — {a}, that every 
bounded open interval is a Borel set. Since every open set on 
the line is a countable union of bounded open intervals, it follows 
that S 3 U and consequently that S 3 S(U). To prove the 
reverse inequality, we observe that, for every real number a. 



so that {a} e S(U). It follows from the relation \a,b) = U 
\a\ that P C S(U) and consequently that 

S = S(P) c S(U). I 

Theorem C. If U is the class of all open sets, then, for 
every E in X, 

M*(£) = inf{M(C/);£:c C/eU}. 

Proof. Since = inf {m(F); £ c F e S}, it follows from 

the fact that U c S that 

M*(£) ^ inf {m(C/):£c t/eU}. 

If, on the other hand, e is any positive number, then it follows 
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from the definition of n* that there exists a sequence 
of sets in P such that 

E Cl y;:_i [a„,h) and Sn-i (K - «n) ^ 

Consequently 

and 

dU) ^ Z«”-i - «») + ^ ^ m*(£) + 6. 

The desired result follows from the arbitrariness of e. | 

Theorem D. Let T be the one to one transformation of the 
entire real line onto itself ^ defined by T(x) = oex + P, where 
a and are real numbers and a 5 ^ 0. If, for every subset E 
of X, T{E) denotes the set of all points of the form T{x) with 
X in Ey i.e. T(E) = \ax x b E], then 

M*(T(E)) = I a \pl*(E) and m*(T(£)) = j a 1 m*(£). 

The set T{E) is a Borel set or a Lebesgue measurable set if and 
only if E is a Borel set or a Lebesgue measurable set, respectively. 

Proof. It is sufficient to prove the theorem for a > 0. For, 
if a < 0, then the transformation T is the result of the iteration 
of two transformations Ti and 72 , T{x) = T\{T 2 {x)), where 
Ti{x) = I a |.v + /3 and T 2 {}() = —x. We leave to the reader the 
verification of the fact that the transformation 72 sends Borel 
sets and Lebesgue measurable sets into Borel sets and Lebesgue 
measurable sets, respectively, and that it preserves the inner and 
outer measures of every set. 

Suppose then that a > 0 , and let 7’(S) be the class of all sets 
of the form 7'(£) with E in S. It is clear that T(S) is a <r-ring; 
we are to prove that T'(S) = S. HE — [a,b) e P, then E = T(F), 
where 



so that E e TfS) and therefore S c 7’(S). By the same reasoning 
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applied to the transformation T"!, T-^ix) = - - , we may con- 

a 

dude that S C 7^'(S), and, applying the transformation T to 
both sides of the last written relation, we obtain, T(S) c S and 
therefore T{S) = S. 

If, for every Borel set E, we write 

Mi(-£) = and H 2 {E) = an{E), 

then both jui and H 2 are measures on S. If E = [Uyb) eP, then 
T{E) = [aa + ff), and 

y-i{E) = n{T{E)) = {ab + /3) — {aa + ^) = a{b - a) = 

= omfE) = ti2{E)y 

so that, by 8.E and 13.A, n{T{E)) = ceti(E) for every E in S. 

Applying the results of the preceding two paragraphs to the 
transformation T“', we obtain the relations 

li*{T(E)) = inf{M(i^): r(£) cFeS} = 

= inf {anir-^(F)): E c T-\F) e S} = 

= a inf { n{G) : £ C G e S} = 

= 

and, replacing inf by sup, /i* by and C by 13 throughout, 
MT{E)) = aM*(£), 

for every set E. 

If £ is a Lebesgue measurable set and is any set, then 

n T(£)) + n (T(£))') = 

= n*{T{T-KA) n £)) + n*{T{T-\A) 0 £')) = 
= a\ii*{T-^{A) n £) + n £')] = 

= cc,i*fT-\A)) = 

= y.*{A)y 

so that T(£) is Lebesgue measurable. This result applied to T~^ 
proves its own converse and completes the proof of the theorem. | 
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(1) The class of all Borel sets is the <r-ring generated by the class C of all 
closed sets, and, for every set E, 

M*(£) = sup {fi{C): EZ> CeC}. 

(2) To every Lebesgue measurable set E there correspond two Borel sets 
A and B such that 


A a EdB, ii{B- A) ‘^0, 

and such that A is an iv and 5 is a G«. 

(3) A bounded set has finite outer measure. Is the converse of this statement 
true? 

(4) Let {;ci, x‘2, • • * 1 be an enumeration of the set M of rational numbers in 
the closed unit interval AT. For every € > 0 and i =* 1, 2, • • •, let F*(€) be the 

open interval of length ~ whose center is at JCt, and write 

F(«) = Ur-1 F<(«), f = nr-1 /=• (^) • 

The following statements are true. 

(4a) There exists an € > 0 and a point xmX such that x e' F(c). 

(4b) The set F(€) is open and n(F{€)) ^ €. 

(4c) The set X — F(€) is nowhere dense. 

(4d) The set AT — F is of the first category and therefore, since A' is a com¬ 
plete metric space, F is uncountable. (Hence, in particular, F lA M,) 

(4e) The measure of F is zero. 

Since F 3 M, the statement (4e) yields a new proof of the fact that the set 
M of rational numbers (as every countable set) has measure zero. More inter¬ 
esting than this, however, is the implied existence of an uncountable set of 
measure zero; cf. (5), 

(5) Expand every number x in the closed unit interval X in the ternary system, 
i.e. write 

«»- 0 , 1 . 2 . 

and let C be the set of all those numbers x in whose expansion the digit 1 is not 
needed. (Observe that if, motivated by the customary decimal notation, we 
write .aia 2 - • • for ]Cn-i«n/3^ then for instance ^ « .1000- • • = .0222* • •, and 
therefore ^ c C, but since i = .111 • • • and since this is the only ternary expan¬ 
sion of J, therefore i e' C.) Let Xi be the open middle third of X, Xi « (J, f); 
let Ar2 and As be the open middle thirds of the two closed intervals which make 
up AT - Xu i.c. As = (i, i) and A, * (h t); let A4, A5, A*, and A7 be the 
the open middle thirds of the four closed intervals which make up 

A-(AiU A2U As), 

and so on ad infinitum. The following statements are true. 

(5a) C«A—(Hint; for every in A write x*»xria2 ***, 
ttn * 0,1,2,» ■■ 1,2, • • •, in such a way that if ;c c C, then 0 or 2, w « 1.2, 
• • •. Then the expansion of x is unique and (i) Af e Ai if and only if ai *■ !, 
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(ii) if ai 3^ 1, then xtX 2 U and only if a 2 = 1; (iii) if ai 5 ^ 1 and a 2 1, 
then X z Xa ^ X^ Xt ^ Xt and only if as = 1; • • *.) 

(5b) !x{C) = (X 

(5c) C is nowhere dense. (Hint: assume that X contains an open subinterval 
whose intersection with Un-i Xn is empty.) 

(5d) C is perfect. (Hint: no two of the intervals Xi, Z 2 , • • • have a common 
point.) 

(5e) C has the cardinal number of the continuum. (Hint: consider the corre¬ 
spondence which associates with every at in C, a: == .aia 2 ***, On = 0 or 2, 
n == 1, 2, • • •, the numbery whose binary expansion isy = .j8ij32* * •, /3n = an/2, 
w == 1, 2, •••, or, equivalently, y = ^n- 1 an/2""*'^ This correspondence is 
not one to one between C and X^ but it is one to one between the irrational 
numbers in C and the irrational numbers in X, Alternative hint: use (5d).) 

The set C is called the Cantor set. 

(6) Since the cardinal number of the class of all Borel sets is that of the 
continuum (cf. 5.9c), and since every subset of the Cantor set is Lebesgue 
measurable (cf. (5b)), there exists a Lebesgue measurable set which is not a 
Borel set. 

(7) The set of those points in the closed unit interval in whose binary expan¬ 
sion all the digits in the even places are 0 is a Lebesgue measurable set of measure 
zero. 

(8) Let X be the perimeter of a circle in the Euclidean plane. There exists a 
unique measure m defined on the Borel sets of X such that fJL{X) — 1 and such 
that is invariant under all rotations of X. (A subset of a circle is a Borel set 
if it belongs to the or-ring generated by the class of all open arcs.) 

(9) If jg: is a finite, increasing, and continuous function of a real variable, 
then there exists a unique complete measure fig defined on a (r-ring §* containing 
all Borel sets, such that flg([a,b)) = g{b) — g(a) and such that for every E in 
§g there is a Borel set F with flgiE A F) = 0; (cf. 8.3). The measure fig is called 
the Lebesgue-Stieltjes measure induced by g. 


§ 16. NON MEASURABLE SETS 

The discussion in the preceding section is not delicate enough 
to reveal the complete structure of Lebesgue measurable sets on 
the real line. It is, for instance, a non trivial task to decide 
whether or not any non measurable sets exist. It is the purpose 
of this section to answer this question, as well as some related 
ones. Some of the techniques used in obtaining the answer are 
very different from any we have hitherto employed. Since, how¬ 
ever, most of them have repeated applications in measure theory, 
usually in the construction of illuminating examples, we shall 
present them in considerable detail. Throughout this section we 
shall employ the same notation as in § 15. 
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If £ is any subset of the real line and a is any real number, 
then E a denotes the set of all numbers of the form x + a, 
with in £; more generally if E and F are both subsets of the real 
line, then E F denotes the set of all numbers of the form * + y 
with in £ andy in F. The symbol D(£) will be used to denote 
the difference set of £, i.e. the set of all numbers of the form 
X — y with X in £ and y in £. 

Theorem A. If E is a Lebesgue measurable set of positivey 
finite measure, and i/’O ^ ck < 1, then there exists an open inter¬ 
val U such that fi{E fl C/) ^ aix^U). 

Proof. Let U be the class of all open sets. Since, by 15.C, 
/!(£) = inf {jLt( 17): £ <z U eU}, we can find an open set Uo such 
that E c. Uo and an{Uo) ^ fi{E). If j t7„} is the disjoint sequence 
of open intervals whose union is C7o, then it follows that 

Consequently we must have afi{U„) ^ /i(£ fl Un) for at least 
one value of «; the interval I7„ may be chosen for U. | 

Theorem B. If E is a Lebesgue measurable set of positive 
measure, then there exists an open interval containing the 
origin and entirely contained in the difference set D{E). 

Proof. If £ is, or at least contains, an open interval, the result 
is trivial. In the general case we make use of Theorem A, which 
asserts essentially that a suitable subset of £ is arbitrarily close 
to an interval, to find a bounded open interval U such that 

If < X < \nilJ), then the set 

(£ n t7) U ((£ n C7) + x) 

is contained in an interval (namely U U {U x)) whose length 
is less than If £ fl f/ and (£0 [/) + x were disjoint, 

then, since they have the same measure, we should have 


/5((£ n 17) U [(£ n £7) + x]) = IfiiE D U) ^ ^{U). 
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Hence at least one point oi E U belongs also to (£ fl 17) + 
which proves that x e D(£). In other words the interval 
satisfies the conditions stated in the theorem. | 


Theorem C. 7/ ^ is an irrational number^ then the set A 
of all numbers of the form n + where n and m are arbitrary 

integers, is everywhere dense on the line; the same is true of the 
subset B of all numbers of the form « + with n even, and the 
subset C of numbers of the form n m^ with n odd. 


Proof. For every positive integer i there exists a unique 
integer «,• (which may be positive, negative, or zero) such that 
0 ^ 1; we write Xi — «,• + i^. If U is any open inter¬ 

val, then there is a positive integer k such that isiU) > — Among 

k 

the ^ + 1 numbers, .jci, • • •, in the unit interval, there must 

be at least two, say Xi and Xj, such that | — x’,-1 < ^ It 

k 


follows that some integral multiple of Xi — Xj, i.e. some element 
of A, belongs to the interval £7, and this concludes the proof of 
the assertion concerning A. The proof for B is similar; we have 
merely to replace the unit interval by the interval [0,2). The 
proof for C follows from the fact that C — B | 


Theorem D. There exists at least one set Eo which is not 

Lebesgue measurable. 

Proof. For any two real numbers x and y we write (for the 
purposes of this proof only) x y if x — y t A, (where A is 
the set described in Theorem C). It is easy to verify that the 
relation is reflexive, symmetric, and transitive, and that, 

accordingly, the set of all real numbers is the union of a disjoint 
class of sets, each set consisting of all those numbers which are 
in the relation with a given number. By the axiom of choice 
we may find a set Eq containing exactly one point from each such 
set; we shall prove that Eo is not measurable. 

Suppose that is a Borel set such that F c Eq. Since the 
difference set D{F) cannot contain any non zero elements of the 
dense set A, it follows from Theorem B that F must have meas- 
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ure zero, so that ii*(Eo) = 0. In other words, if Eq is Lebesgue 
measurable, then its measure must be zero. 

Observe next that if and «2 are two different elements of 
/4, then the sets Eq + <*i and Eq + «2 are disjoint. (If ati + = 

^2 + « 2 , with Afi in Eo and Xz in Eo, then xi — X 2 = 02 — ai e /i.) 
Since moreover the countable class of sets of the form Eo + a, 
where a e/i, covers the entire real line, i.e. Eq + = X, and 

since the Lebesgue measurability of £0 would imply that each 
£0 + <* is Lebesgue measurable and of the same measure as £ 0 , 
we see that the Lebesgue measurability of £0 would imply the 
nonsensical result m(^) =0 . | 

The construction in the proof of Theorem D is well known, but 
it is not strong enough to yield certain counter examples needed 
for later purposes. The following theorem is an improvement. 

Theorem E. There exists a subset M of the real line such 
that, for every Lebesgue measurable set £, 

n £) = 0 and ii*{M n £) = 

Proof. Write /? = £ U C, as in Theorem C, and, if £0 is 
the set constructed in the proof of Theorem D, write 


A/ = £0 "t" £• 


If £ is a Borel set such that F c. M, then the difference set D(£) 
cannot contain any elements of the dense set C, and it follows 
from Theorem B that = 0. The relations 

M' = £0 + C = £0 + (£ + 1 ) = M + 1 

imply that = 0; (cf. IS.D). If £ is any Lebesgue meas¬ 

urable set, then the monotone character of /i* implies that 
M*(M n £) = n £) = 0, and therefore (14.H) m*(M fl £) 
= m(£). I _ 

The proofs of this section imply among other things that it is 
impossible to extend Lebesgue measure to the class of all subsets 
of the real line so that the extended set function is still a measure 
and is invariant under translations. 
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(1) If £ is a Lcbesgue measurable set such that, for every number x in an 
everywhere dense set, 

/Z(EA(£ + x))=0, 

then either PiE) « 0 or else P(E*) « 0. 

(2) Let /i be a (r-finite measure on a <r~ring S of subsets of a set AT, and let 
and HnL be the outer measure and the inner measure, respectively, induced 

by n on H(S). Let M be any sec in H(S), and let § be the <r~ring generated 
by the class of all sets in S together with M. The chain of assertions below is 
designed to lead up to a proof of the assertion that n may be extended to a 
measure p on S. 

(2a) The <r-ring S is the class of all sets of the form (E PI M) A (F 0 Af'), 
where E and F are in S. (Hint: it is sufficient to prove that the class of all sets 
of the indicated form is a o'-ring. Observe that 

(F n Af) A (F n A/') = (E n Af) u (F n a/oo 

(2b) If < oo, if G and H are a measurable kernel and a measurable 

cover of M respectively, and if D = — G, then the intersection of any set in 

S with jy belongs to S. 

(2c) There exist two sets G and /f in S such that G d M d H and /i«(Af — G) 
= fi^(H M) = 0, and such that if Z) = — G, then the intersection of any 

set in S with D' belongs to S. (Hint: there exists a disjoint sequence {Afn} 
of sets in S with M(A^n) < oo and Af = U?-i H Xn).) 

(2d) In the notation of (2c), /i*(Af 0 2))= m»(A/' 0 2)) = 0, and therefore 
n D) = M*(Af' n D) = 

(2e) In the notation of (2c), if 

[(El n Af) A (Fi n Af')] n D = kej n ao a (F 2 n m')] n d, 

where Ei, Fi, E 2 , and Fa are in S, then 

/*(Ei 0 2))= 0 D) and fx^Fi 0 D) = m(/^j 0 D). 

(Hint: use the fact that the condition 

[(ElAEa) 0 Af 0 D] A[(FiAFa) 0 Af' 0 D] = 0 

implies that 

(El 0 D) A (Ea 0 D) C Af' 0 D and (Fi 0 D) A (Fa 0 D) C Af 0 D.) 

(20 Let a and p be non negative real numbers with a + jS = L 1*^ the nota¬ 
tion of (2c) the set function p on S, defined by 

P((E0 Af)A(F0 Af'))- 

- m([(£ 0 Af) a (F 0 Af')] 0 D') + ati(E 0 D) +Pii(F 0 D), 

is a measure on S which is an extension of /a on S. 

(3) If /A is a <r-finite measure on a 0 —ring S and if {Afi, • • •, Afn} is a finite 
class of sets in the hereditary o’-ring H(S), then {Afi, • • •, Mn] may be adjoined 
to S and a measure p may be defined on the generated <r-~ring S so that it is an 
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extension of /z on S. Is the analogous statement, for an infinite sequence [Mn\ 
of sets in H(S), true? 

(4) The following example is useful for developing intuition about non 

measurable sets; virtually all general properties of non measurable sets may be 
illustrated by it. Let X = 1, 0^^^ 1} be the unit square. 

For every subset E of the interval [0,1], write 

O^y^l] Cl X. 

Let S be the class of all sets of the form £, for Lebesgue measurable sets E; 
define the Lebesgue measure of E. A set M such as M = 

0 ^ Af ^ 1, = ^} is non measurable; /x*(M) = 0 and = 1. 

(5) Let fi* be a regular outer measure on the class of all subsets of a set X 
such that IJL*(X) = 1, and let M be a subset of X such that fJi*(M) = 0 and 

= 1; (cf. Theorem E and (4)). If p*{E) = fJi*(E) + fi*(E D A/)» then 
V* is an outer measure; (cf. 10.5 and 10.7). 

(5a) A set E is j/*-mcasurable if and only if it is jLi*-measurabIe; (cf. 12.6). 

(5b) The infimum of the values of v*(E) over all v*-measiirable sets E con¬ 
taining a given set A is 2fjL*{A). (Hint; if E is i'*-measurable, then n*{E fl M) 
- n*iEy) 

(5c) The outer measure v* is not regular. (Hint; test regularity with M\) 
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§ 17. MEASURE SPACES 

A measurable space is a set X and a cr-ring S of subsets of X 
with the property that U S = AT. Ordinarily it causes no con¬ 
fusion to denote a measurable space by the same symbol as the 
underlying set X\ on the occasions when it is desirable to call 
attention to the particular cr-ring under consideration, we shall 
write (X,S) for X. It is customary to call a subset EoiX meas¬ 
urable if and only if it belongs to the a-ring S. This terminology 
is not meant to indicate that S is the cr-ring of all iu*-measurable 
sets with respect to some outer measure uor even that a non 
trivial measure is or may be defined on S. 

In the language of measurable sets, the condition in the defini¬ 
tion of measurable spaces may be expressed by saying that the 
union of all measurable sets is the entire space, or, equivalently, 
that every point is contained in some measurable set. The purpose 
of this restriction is to eliminate certain obvious and not at all 
useful pathological considerations, by excluding from the space 
points (and sets of points) of no measure theoretic relevance. 

A measure space is a measurable space (A^,S) and a measure 
ju on S; just as for measurable spaces we shall ordinarily allow 
ourselves to confuse a measure space whose underlying set is X 
with the set X, On the occasions when it is desirable to call atten¬ 
tion to the particular (t— ring and measure under consideration, we 
shall write (A’,S,m) for X. The measure space X is called [totally] 
finite, ff—finite, or complete, according as the measure n is [totally] 

73 



74 


MEASURABLE FUNCTIONS 


[Sec. 17] 


finite, ff-finite, or complete. For measure spaces we may and shall 
make use, without any further explanation, of the outer measure 
H* and (in the o-finite case) the inner measure /i* induced by n 
on the hereditary (r-ring H(S). 

Most of the considerations of the preceding chapter show by 
deductions and examples how certain measurable spaces may be 
made into measure spaces. In this section we shall make a few 
general remarks on measurable spaces and measure spaces and 
then, in the remainder of this chapter and in the following chap¬ 
ters, turn to the discussion of functions on measure spaces, useful 
ways of making new measure spaces out of old ones, and the 
theory of some particularly important special cases. 

We observe first that a measurable subset Xd of a measure 
space (X,S,n) may itself be considered as a measure space 
(Ao,So,/io), where So is the class of all measurable subsets of Xq, 
and, for E in So, iMiiE) = ix(E). Conversely, if a subset Xo of a 
set A" is a measure space iXo,So,iio), then X may be made into a 
measure space (X^Syn), where S is the class of all those subsets 
of X whose intersection with Xo is in So, and, for E in S, ju(£) = 
IMi(E n Xo). (Entirely similar remarks are valid, of course, for 
measurable spaces.) A modification of this last construction is 
frequently useful even if X is already a measure space. If Xo is a 
measurable subset of X, a new measure no may be defined on the 
class of all measurable subsets £ of X by the equation no{E) ®= 
n(E n Jfo); it is easy to verify that {X,S,iio) is indeed a measure 
space. 

What happens to the considerations of the preceding paragraph 
if the subset Xo is not measurable? In order to give the most 
useful answer to this question, we introduce a new concept. A 
subset Xo of a measure space iX,S,n) is thick if /«*(£ — Xo) = 0 
for every measurable set E. If X itself is measurable, then Xo 
is thick if and only if n*iX — Xo) = 0; if is totally finite, then 
Xo is thick if and only if n*(.Xo) = m(-X)- (For examples of thick 
sets cf. 16.E and 16.4.) Slightly deeper than any of the comments 
in the preceding paragraph is the following result, which asserts 
essentially that a thick subset of a measure space may itself be 
regarded as a measure space. 
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Theorem A. If Xq is a thick subset of a measure space 
(X,S,n), if So - S (] Xo, and if, for E in S, no(E 0 Xo) = 

niE), then (Xo,So,Ak)) is a measure space. 

Proof. If two sets, Ei and E^, in S are such that Ei r\ Xo = 
E% n Xo, then {Ei A £2) 0 Xo = 0, so that fi{Ei A E-D = 0 and 
therefore m(£i) = ^(-£ 2). In other words no is indeed unam¬ 
biguously defined on So. 

Suppose next that {£„} is a disjoint sequence of sets in So, 
and let £» be a set in S such that 

•£n = £n n Xoi n = 1,2, • • •. 

If .Sn = £n ~ U 1 ^ f < w}j = \,2, • • •, then 

(£„ A £„) n Jfo = (£« - u {Fi -1 ^ *■<«}) A£„ = 

= £„ A F„ = 0, 
so that n(.Fn A £„) = 0, and therefore 

z:.imo(f») = 2::-ii«(£n) = = m(u:-i^») = 

In other words no is indeed a measure, and the proof of the theorem 
is complete. | 

(1) The following converse of Theorem A is true. If (XySyn) is a measure 
space and if Xo is a subset of X such that, for every two measurable sets Ei 
and £ 2 , the condition £i fl = £2 fl Xo implies that n{Ei) = /li(£ 2 ), then 
Xo is thick, (Hint: if F C £ — Xo, then 

(£ - £) n Xo = £ n Xo.) 

(2) The extension theorem 16.2 may be used to give an alternative proof 
of Theorem A in the <r-finite case. 

(3) The following proposition shows that the concept of a finite measure space 
is not very different from the apparently much more special concept of a totally 
finite measure space. If (X,S,n) is a finite measure space, then there exists a 
thick measurable set Xo. (Hint: write c == sup {/x(£): £eS}. Let {£nl be a 
sequence of measurable sets such that lim»/x(£n) = c and write Xo = U«-i 
Observe that/x(Xo) = c.) This result enables us, in most applications, to assume 
that a finite measure space is totally finite, since we may replace X by Xo with¬ 
out significant loss of generality. For an example of a finite measure space 
which is not totally finite, let X be the real line, let S be the class of all sets of 
the form £ U C, where £ is a Lebesgue measurable subset of [0,1] and C is 
countable, and let m on S be Lebesgue measure. The method suggested above 
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to show the existence of Xo has frequent application in measure theory; it is 
called the method of exhaustion. 

(4) If (X^Syfx) is a complete, or-finite measure space, then every /i*~measurable 
set is measurable. Hence for complete, <r-finite measure spaces the two con¬ 
cepts of measurability collapse into one. 


§18. MEASURABLE FUNCTIONS 

Suppose that / is a real valued function on a set X and let M 
be any subset of the real line. We shall write 

/-\M) = eM}, 

is the set of all those points of X which are mapped 
into M by /. The set is called the inverse image (under 

/, or with respect to /) of the set M. If, for instance, / is the 
characteristic function of a set E in Xy then/~^({l}) ,= E and 
^“'({0}) = E'\ more generally 

f-\M)=0y Ey E'y OX Xy 

according as M contains neither 0 nor 1,1 but not 0, 0 but not 1, 
or both 0 and 1. 

It is easy to verify that, for every/, 

/-HU:-iM„) = 
r\M - N) =/-\M) 

in other words the mapping/"^, from subsets of the line to subsets 
of Xy preserves all set operations. It follows in particular that if 
E is a class of subsets of the line (such as a ring or a (r-ring) with 
certain algebraic properties, then/“‘(E) (= the class of all those 
subsets of X which have the form /”’ {M) for some M in E) is a 
class with the same algebraic properties. Of particular interest 
for later applications is the case in which E is the class of all 
Borel sets on the line. 

Suppose now that in addition to the set X we are given also a 
ff-ring S of subsets of X so that {XyS) is a measurable space. 
For every real valued (and also for every extended real valued) 
function/ on Xy we shall write 

N(J) = {;f:/(^)^0l; 




[Sec. 18] 


MEASURABLE FUNCTIONS 


77 


if a real valued function f is such that, for every Borel subset M 
of the real line the set iV(/) fl is measurable, then / is 

called a measurable function. ^1*“ 

Several comments are called for in connection with this defini¬ 
tion of measurability. First of all, the special role played by the 
value 0 should be emphasized. The reason for singling out 0 
lies in the fact that it is the identity element of the additive group 
of real numbers . In the nex t chapter we shall introduce the con¬ 
cept of integral, defined for certain measurable functions; the 
fact that integration (which is without doubt the most important 
coHCe p t in ~iTiea5OTgTfreayy)~may 'be viewed as generalized addition 
'necessitates treating 0 differently from other real numbers. 

If/ is a measurable function on X and if we take for M the 
entire real line, then it follows that N{J) is a measurable set. 
Hence if £ is a measurable subset of X and if M is a Borel subset 
of the real line, then it follows from the identity 

E n [f-KM)] = 

= [£ n N(J) n/-i(A/)] u [(£ - N{f)) n/-HM)], 

that E n is measurable. (Observe that the second term 

in the last written union is either empty or else equal to 
E — N{f).) in other words, we say that a real valued/unc¬ 
tion f define d on a measurable s et E is to be called measurable on 
■'S'wheneA^r E 0 is measurable for every Borel set “iKT, 

"then we have^roved that a measurable luhcfibh' Is measurable 
" (jpevH^y meas urable set." "1^ In particular, the entire space X 
happens to be measurable, then the requirement of measurability 
on / is simply that /“/M) be measurable for every Borel subset 
M of the real line, (jn other words, in case X is measurable, a 
measurable function is one whose inverse maps the sets of one 
prescribed <r-ring (namely the Borel sets on the line) into the sets 
of another prescribed <r-ring (namely S). ' 

It is clear that the concept of measurability for a function 
depends on the <r-ring S and therefore, on the rare occasions when 
we shall have more than one v-ring under consideration at the 
same time, we shall say that a function is measurable with respect 
to S, or, more concisely, that it is measurable (S). If in particular 



78 


MEASURABLE FUNCTIONS 


[Sec. 18] 


X is the real line, and S and S are the class of Borel sets and the 
class of Lebesgue measurable sets respectively, then we shall call 
a function measurable with respect to S a Borel measurable 
function, and a function measurable with respect to S a Lebesgue 
measurable function. 

It is important to emphasize also that the concept of measur¬ 
ability for functions, just as the concept of measurability for sets, 
as used in § 17, does not depend on the numerical values of a 
prescribed measure but merely on the prescribed <r-ring S. 
A set or a function is, from this point of view, declared measurable 
by fiat; the concept is purely set theoretical and is quite inde¬ 
pendent of measure theory. 

The situation is analogous to that in the modern theory of 
topological spaces, where certain sets are declared open and cer¬ 
tain functions continuous, without reference to a numerical 
distance. The existence or non existence of a metric, in terms of 
which openness and continuity can be defined, is an interesting 
but usually quite irrelevant question. The analogy is deeper 
than it seems: the reader familiar with the theory of continuous 
functions on topological spaces will recall that a function j is 
continuous if and only if, for every open set M in the range 
(in our case the real line), the set(M) belongs to the prescribed 
family of sets which are called open in the domain. 

We shall need the' concept of measurability for extended real 
functions also. We define this concept simply by making the 
convention that the one-point sets {<»} and {— «>} of the extended 
real line are to be regarded as Borel sets, and then repeating 
verbatim the definition for real valued functions. Accordingly 
a possibly infinite valued function / is measurable, if, for every 
Borel set M of real numbers, each of the three sets 

r\H), /-*({-«}), and N(J) nr\M) 

is measurable. We observe that for the extended concept of 
Borel set it is no longer true that the class of Borel sets is the <r-ring 
generated by semiclosed intervals. 

We shall study and attempt to make clear the structure of 
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measurable functions in great detail below. The following is a 
preliminary result of considerable use. 

Theorem A. A real function f on a measurable space (A'jS) 

is measurable if and only if, for every real number c, the set 

^i/) ^ < f} is measurable. 

Proof. If M is the open ray extending from f to — oo on the 
real line, i.e. M = [tit < c], then Mis a Borel set and f~^{M) = 
{x; f{x) < f}. It is clear therefore that the stated condition is 
indeed necessary for the measurability of/. 

Suppose next that the condition is satisfied. If Ci and fa are 
re'al numbers, C\ ^ fa, then 

< fa} - < fij = {^f: fi ^f{x) < fa}. 

In other words if M is any semiclosed interval, then N(J) D 
f~^{M) is the difference of two measurable sets and is therefore 
measurable. Let E be the class of all those subsets M of the 
extended real line for which iV’(/) D f~^{M) is measurable. Since 
E is a<r-ring, and since av-ring containing all semiclosed intervals 
contains also all Borel sets, the proof of the theorem is complete. | 

(1) Theorem A remains true if < is replaced by ^ or > or (Hint: if 
—00 < f < 00 , then 

^ f} = j^:/W < " + ^} •) 

(2) Theorem A remains true if c is restricted to belong to an everywhere 
dense set of real numbers. 

(3) If/ is a measurable function and c is a real number, then cjf is measurable. 

(4) If a set £ is a measurable set, then its characteristic function is a measur¬ 
able function. Is the converse of this statement true? 

(5) A non zero constant function is measurable if and only if X is measurable. 

(6) If X is the real line and/ is an increasing function, then/ is Borel measur¬ 
able. Is every continuous function Borel measurable? 

(7) Let X be the real line and let £ be a set which is not Lebesgue measurable; 
write/(x) ^ x or —x according as x e £ or a; e' £. Is / Lebesgue measurable? 

(8) If / is measurable, then, for every real number r, the set N(J) (\ 
[x: f{x) - c] is measurable. Is the converse of this statement true? 

(9) A complex valued function is called measurable if both its real and 
imaginary parts are measurable. A complex valued function / is measurable 
if and only if, for every open set M in the complex plane, the set Ar(/) fl 

is measurable. 


80 


MEASURABLE FUNCTIONS 


[Sfx. 191 


(10) Suppose that / is a real valued function on a measurable space 
and, for every real number /, write Bit) = {^:/(jf) S /}. Then 

(10a) s < t implies Bis) C 5(/), 

(10b) \Jt Bit) = X and fit Bit) = 0, 

(10c) n»<iBit)^Bis). 

Conversely, if (i5(/)} is a class of sets with the properties (10a), (10b), and (10c), 
then there exists a unique, finite, real valued function/ such that {jc: fix) ^ /} 
*= Bit). (Hint; write/(;f) = inf {/; x B 5(/)}.) 

(11) If / is a measurable function on a totally finite measure space (-^f,S,/Li) 
and if, for every Borel set M on the extended real line, we write viM) =» 
fii/^^iM))y then v is a measure on the class of all Borel sets. If/ is finite valued, 
then the function ^ of a real variable, defined by ^(/) = ni{x: fix) < /}), is 
monotone increasing, continuous on the left, and such that ^(--«>) = 0 and 
^(oo) = iiiX); g is called the distribution function of /. If g is continuous, then 
the Lebesgue-Stieltjes measure figy induced by g according to the procedure of 
15.9, is the completion of p. If / is the characteristic function of a measurable 
set Ey then f(M) = XMWt^iE) + XA£(0)M(iS^'). 


§ 19. COMBINATIONS OF MEASURABLE FUNCTIONS 

Theorem A. I// and g are extended real valued measurable 
functions on a measurable space (A!^,S), and if c is any real 
number^ then each of the three sets 

A = < g{x) + f}, 

B = {;f:/(x) ^ g{x) + c], 

C = {#:/(*) = g(x) + f}, 

Aas a measurable intersection with every measurable set. 

Proof. Let M be the set of rational numbers on the line. 
Since 

A = \Jr.u [{*:/(*) < r} n {;f: r - f < ^(*)}], 

it follows that A has the desired property. The conclusions for 
B and C are consequences of the relations 

B X — [xi g{x) < /(x) — c} and C = B A 

respectively. | 
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Theorem B. If »!> is an extended real valued Borel measur¬ 
able function on the extended real line such that 0(0) = 0, 
and if f is an extended real valued measurable function on a 
measurable space X, then the function defined by J{x) — 
4>(J(.x)), is a measurable function on X. 

Proof. It is convenient to use here the definition of measur¬ 
ability (instead of the necessary and sufficient condition of § 18). 
If Af is any Borel set on the extended real line, then 

N{J) (\J-KM) = {x: 0(/(*)) e Af - {0}} = 

= {x:f(x)e4>-HM- { 0 })}. 

Since 0(0) = 0, we have 

0-HA/ - {0}) = 0-HAf - {0}) - {0}. 

Since 0 is Borel measurable, 0"*(Af — fO}) is a Borel set and the 
measurability of the set 

NiJ) nf-^iM) = N(f) f\f-\4>-\M- {0})) 

follows from the measurability of/. | 

Since it is easy to verify that, for any positive real number a, 
the function 0, defined for every real number t by 0(/) = | /1“, 
is Borel measurable, it follows that the measurability of a func¬ 
tion f implies the measurability of |/1“. Similarly any positive 
integral power of a measurable function is again a measurable 
function, and it follows similarly, by an even simpler argument, 
that a constant (real) multiple of a measurable function is also 
measurable. By considering Borel measurable functions 0 of 
two or more real variables a similar argument may be used to 
prove such statements as that the sum and product of two measur¬ 
able functions are measurable. Since, however, we have not yet 
defined and proved any properties of Borel measurability for 
functions of several variables, we postpone these considerations 
and turn now to a direct proof of the measurability of sums and 
products. 

Theorem C. Iff and g are extended reed valued measurable 
functions on a measurable space X, then so also are f g 
andfg. 
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Proof. Since the behavior of / + !■ and fg at those points x 
at which at least one of the two numbers,/(x) and g{x)y is infinite 
is easily understood, after the examination of a small number of 
cases, we restrict our attention to finite valued functions. (We 
recall incidentally that if J{x) = ±oo and gix) = Too, then 
/(*) + is not defined.) 

Since if/ and g are finite and if r is a real number, then 

< f} = {^:/(*) <c - 

the measurability of / + ^ follows from Theorem A (with —g 
in place of g). The measurability of fg is a consequence of the 
identity 

/g = m+iy-(/-gn I 

Since if / and g are finite we have 

/ U ^ = Wg + \f - g\) 

and , 

J ^ g = \U ^ g-\J - gW 

Theorems B and C show that the measurability of J and g implies 
that of/ U ^ and/ fl If for every extended real valued func¬ 
tion / we write 

/+ =/U0 and /- = -(/nO), 

then 

/-/+-/- and 1/1-/++/-. 

(The functions /■*" and f~ are called the positive part and the 
negative part of/, respectively.) The comment at the beginning 
of this paragraph implies that the positive and negative parts of 
a measurable function are both measurable; conversely, a func¬ 
tion with measurable positive and negative parts is itself measur¬ 
able. 

(1) If/is such that |/| is measurable, does/have to be measurable? 

(2) If X is measurable, then Theorem B is true even without the assumption 
that ^(0) » 0; in other words, in this case a Borel measurable function of a 
measurable function is a measurable function. 
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(3) It is not true, even if X is measurable, that a Lebesgue measurable func¬ 
tion of a measurable function is a measurable function. The purpose of the 
sequence of statements below is to indicate the proof of this negative statement 
by the construction of a suitable example. The construction will yield a Lebesgue 
measurable function ^ of a real variable y, and a continuous and strictly increas¬ 
ing function/of a real variable 0 ^ g 1, such that if J{x) = then 

J is not Lebesgue measurable. 

For every x \nX (where X = [0,1] is the closed unit interval), write 
X » 2r-iOf»/3* =* .aia2as'' *, 

where — 0,1, or 2, / = 1,2, • • *, so that if x e C, then a, = 0 or 2, / = 1,2, • • •. 
(The set C is the Cantor set, defined in 15.5.) Let n = n(x) be the first index 
for which (I^ there is no such w, i.e. if ^ e C, write n(x) = oe.) Define 

the function ^ by the equation 

lAM = Zlg«n«./2‘+‘ + ~ 

(The function ^ is sometimes called the Cantor function.) 

(3a) IfO^xgy^ 1, then 

0 = m ^ ^ iiy) S ^(1) = 1. 

(Hint: if — .aiau^a* • • ^ ^ * •> and if a,* * fii for 1 ^ i <j, then 

(3b) The function ^ is continuous. (Hint: if x = .aia^as’ * •> 

and ai = ft for 1 ^ < j, then 

(3c) For every x' in A’ there is one and only one number^, 0 ^ ^ ^ 1, such 
that X = ^(y + 4^(y))y and therefore the equation^ -/M defines a strictly in¬ 
creasing, continuous function/on X. (Hint: i(y + ^{y)) is strictly increasing 
and continuous.) 

(3d) The setis Lebesgue measurable and has positive measure. (Hint: 
the set 

is countable and therefore has measure zero; consequently 

/x(/-HJ^-c)) = f) 

(3e) There exists a Lebesgue measurable setA/,AfC {y:0 ^ y ^ 1}, such 
thatis not Lebesgue measurable. (Hint: by 16.E,/"‘HO contains a 
non measurable set. Recall that every subset of a set of Lebesgue measure zero 
is Lebesgue measurable.) 

(3f) If 0 is the characteristic function of the set Af mentioned in (3e) and if 
Kx) « 0(/(^)), then 0 is Lebesgue measyrable but / is not. 

(4) The set M in (3e) is an example of a Lebesgue measurable set which is 
not a Borel set; (cf. 15.6). 
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§ 20. SEQUENCES OF MEASURABLE FUNCTIONS 


Theorem A. If [fn] is a sequence of extended real valued, 
measurable functions on d measurable space X, then '’each of the 
four functions h, g,f*, and /*, d(^ed by 

h(x) = sup {/„(x): n~^\,l, • • •}, 


g{x) = inf w = 1, 2, • • •}, 

f*(x) = lim sup„/„(Af), 

/*(x) = lim inf„/„(jf), 


is measurable. 

Proof. It is easy to reduce the general case to the case of 
finite valued functions. The equation 




implies the measurability of g. The result for h follows from the 
relation 


A(x) = - inf { -fn(x): » = 1,2, • • •}. 


The measurability of f* and /♦ is a consequence of the relations 


f*{x) = inf„aisup„6„/„(x), Mx) = sup„a I inf„a„/„(*), 
respectively. | 

It follows from Theorem A that the set of points of convergence 
of a sequence {/«} of measurable functions, i.e. the set 

{jf; lim sup„/„(x) = lim inf„/„(x)}, 

has a measurable intersection with every measurable set, and, 
consequently, that the function /, defined by f{x) = limn/nM 
at every x for which the limit exists, is a measurable function. 

A very useful concept in the theory of measurable functions is 
that of a simple function. A function/, defined on a measurable 
space X, is called simple if there is a finite, disjoint class [Ei, • * 
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En} of measurable sets and a finite set [ai, • • •, «„} of real num¬ 
bers such that 

f( ) = (“‘ f = 1> •••>«> 

lo if e' £i U • • • U 

(We emphasize the fact that the values of a simple function are 
to be finite real numbers: this will be essential in the sequel.) 
In other words a simple function takes on only a finite number 
of values different from zero, each on a measurable set. 

The simplest example of a simple function is the characteristic 
function xe of a measurable set E. It is easy to verify that a 
simple function is always measurable; in fact we have, for the 
simple function / described above, 

/(*) = L"-i «,Xi5iW- 


The product of two simple functions, and any finite linear com¬ 
bination of simple functions, are again simple functions. 

Theorem B. Every extended real valued measurable function 
f is the limit of a sequence [fn] of simple functions; iff is non 
negative, then each /„ may be taken non negative and the sequence 
{/»} niay be assumed increasing. 

Proof. Suppose first that / ^ 0. For every w = 1, 2, • • •, 
and for every x in X, we write 


ff-l 


AW = 


if ^/(*) < ^, /=!,•• *, 2"», 


in if fix) ^ n. 


Clearly /„ is a non negative simple function, and the sequence 
{A} is increasing. If fix) < <», then, for some », 


0 ^fix) -fnix) ^ 



if/W 4= 00 , then fnix) = n for every n. This proves the second 
half of the theorem; the first half follows (recalling that the 
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difference of two simple functions is a simple function) by apply¬ 
ing the result just proved separately to and | 

(1) All the concepts and results of this section and the preceding one (except, 
of coarse, the ones depending on such order properties of the real numbers as 
positiveness) can be extended to complex valued functions. 

(2) If the function/ in Theorem B is bounded, then the sequence {/n} may 
be made to converge to/ uniformly. 

(3) An elementary function is defined in the same way as a simple function, 
the only change being that the number of sets and therefore the number of 
corresponding values a,-, is allowed to be countably infinite. Every real valued 
measurable function / is the limit of a uniformly convergent sequence of ele¬ 
mentary functions. 


§ 21 . POINTWISE CONVERGENCE 

In the preceding three sections we have developed the theory 
of measurable functions about as far as it is convenient to do so 
without mentioning measure. From now on we shall suppose 
that the underlying space X a. measure space {X,S,n). 

If a certain proposition concerning the points of a measure 
space is true for every point, with the exception at most of a 
set of points which form a measurable set of measure zero, it is 
customary to say that the proposition is true for almost every 
point, or that it is true almost everywhere. The phrase “almost 
everywhere” is used so frequently that it is convenient to intro¬ 
duce the abbreviation a.e. Thus, for instance, we might say that 
a function is a constant a.e.—meaning that there exists a real 
number c such that {jf: /{x) c} is a set of measure zero. A 
function / is called essentially bounded if it is bounded a.e., i.e. 
if there exists a positive, finite constant c such that {x; l/(x) | > r} 
is a set of measure zero. The infimum of the values of c for which 
this statement is true is called the essential supremum of |/|, 
abbreviated to 

ess. sup. |/|. 

Let {/n} be a sequence of extended real valued functions which 
converges a.e. on the measure space X to a limit function /. 
This means, of course, that there exists a set Eo of measure zero 
(which may be empty) such that, if x e' Eo and c > 0, then an 
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integer »o = »o(^je) can be found with the property that 

fn{x) < -, if fix) = — 00, 

e 

\fn{x) — fix) I < «, if -00 <fix) < 00, 

fnix) > - , if fix) = 00 , 

t 

whenever n ^ «o* We shall say that a sequence {/„} of real 
valued functions is fundamental a.e. if there exists a set of 
measure zero such that, if x e'Eo and e > 0 , then an integer 
Wo = ftoiXyt) can be found with the property that 

|/n('’f) —fmix) I < «, whenever « ^ «o and m ^ «o- 

Similarly in the theory of real sequences one distinguishes between 
a sequence of extended real numbers which converges to an 
extended real number a, and a sequence {<?„} of finite real numbers 
which is a fundamental sequence, i.e. which satisfies Cauchy’s 
necessary and sufficient condition for convergence to a finite 
limit. 

It is clear that if a sequence converges to a finite valued limit 
function a.e., then it is fundamental a.e., and, conversely, that 
corresponding to a sequence which is fundamental a.e. there 
always exists a finite valued limit function to which it converges 
a.e. If moreover the sequence converges a.e. to f and also con¬ 
verges a.e. to g, then fix) = gix) a.e., i.e. the limit function is 
uniquely determined to within a set of measure zero. 

We shall have occasion in the sequel to refer to several differ¬ 
ent kinds of convergence, and we shall consistently employ 
terminology similar to that of the preceding paragraphs. Thus, 
if we define a new kind of convergence of a sequence {/«} to a 
limit/, by specifying the sense in which/„ is to be near to/ for 
large «, then we shall use without any further explanation the 
notion of a sequence which is fundamental in this new sense— 
meaning that, for large w and m, the differences/n —fm are to 
be near to 0 in the specified sense of nearness. 

An example of another kind of convergence for sequences of 
real valued functions is uniform convergence a.e. The sequence 
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{/„} converges to/ uniformly a.e. if there exists a set of meas¬ 
ure zero such that, for every c > 0, an integer «o = »o(«) can be 
found with the property that 

I/»W —/W I < «> if » ^ »o and x t' Eq, 

in other words if the sequence of functions converges uniformly 
to / (in the ordinary sense of that phrase) on the set X — Eq. 
Once more it is true, and easily verified, that a sequence con¬ 
verges uniformly a.e. to some limit function if and only if it is 
uniformly fundamental a.e. 

The following result (known as Egoroff’s theorem) establishes 
an interesting and useful connection between convergence a.e. 
and uniform convergence. 

Theorem A. 1/ E is a measurable set of finite measure, 
and if {fn\ is a sequence of a.e. finite valued measurable func¬ 
tions which converges a.e. on E to a finite valued measurable 
function /, then, for every € > 0, there exists a measurable 
subset F of E such that ti(F) < c and such that the sequence 
{/»} converges to f uniformly on E — F. 

Proof. By omitting, if necessary, a set of measure zero from 
E, we may assume that the sequence {/»} converges to f every¬ 
where on E. If 

- nr.. {*! i/<w -/w I < -}. 

I WJJ 

then 

and, since the sequence {/n} converges to/ on E, 

limn En"* 3 E 

for every w * 1, 2, • • •. Hence lim« /t(E — £»*") •» 0, so that 
there exists a positive integer no •» no(m) such that 

m(e - E„^r) < 
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(To be sure »o depends also on e, but c remuns fixed throughout 
the entire proof.) If 

F = u:-i (F - 

then F is a measurable set, F <z E, and 

m = (f - ^ e:-! kf - 

Since E — F = E 0 Hm-i and since, therefore, for « ^ 

Noiffi) and for x in E — F, mvc have x e it follows that 

|/n(*) “/(*) 1 < ~ > which proves uniform convergence on 
m 

E-F. I 

Motivated by EgorofTs theorem we introduce the concept of 
almost uniform convergence. A sequence {/„} of a.e. finite 
valued measurable functions will be said to converge to the meas¬ 
urable function / almost uniformly if, for every e > 0, there 
exists a measurable set F such that m(F) < e and such that the 
sequence {/«} converges to / uniformly on F'. In this language 
EgorofTs theorem asserts that on a set of finite measure con¬ 
vergence a.e. implies almost uniform convergence. The following 
result goes in the converse direction. 

Theorem B. If [fn] is a sequence of measurable functions 
which converges to f almost uniformlyy then {/„} converges to f 
a.e. 

Proof. Let F» be a measurable set such that M(Fn) < “ 

Yl 

and such that the sequence {/»} converges to / uniformly on 
F/, « = 1, 2, • • •. If F = n»-i Fn, then 

AF) ^ m(F„) < -, 

n 

so that m(F) = 0, and it is clear that, for in F', {/n(*)} con¬ 
verges to/(x). I 

We remark that the phrase “almost uniform convergence” 
is a somewhat confusing (but unfortunately standard) misnomer. 
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which conflicts with the “almost everywhere" terminology. Some 
such phrase as “nearly uniform convergence" might come closer 
to suggesting the true state of affairs; as it stands, some care 
has to be exercised to distinguish between almost uniform con¬ 
vergence and almost everywhere uniform convergence. 

(1) If / is any real valued, Lebesgue measurable function on the real line, 
then there exists a Borel measurable function g such that /(x) = a.e. 
(Hint: write £r = {x*: /(x) < r] for every rational number r, and use 13.B to 
express Er in the form Fr A Nry where Ft is a Borel set and Nr has measure zero. 
Let iV be a Borel set of measure zero containing JJr iVr and define g by 

] 0 if xzN, 
l/(^) if xz'N. 

Cf. 18.2.) 

(2) If £ is a measurable set of positive finite measure, and if {/nj is a sequence 
of a.e. finite valued measurable functions which is fundamental a.e., then there 
exists a positive finite constant c and a measurable subset F of £ of positive 
measure such that, for every » == 1, 2, • • * and for every x in F, |/n(^) | ^ c 

(3) If F is a measurable set of <r~finite measure, and if {/n) is a sequence of 
a.e. finite valued measurable functions which converges a.e. on F to a finite 
valued measurable function /, then there exists a sequence (F,) of measurable 
sets such thatM(^ U<-i £») = 0 and such that the sequence j/n} converges 
uniformly on each F,-, / = 1, 2, * • (Hint: it is sufficient to prove the result 
if /x(F) < 00 . In this case apply EgorofFs theorem to find F,- so that 

n 


and so that \fn\ converges uniformly on F».) ^ 

(4) Let X be the set of positive int^ers, let S be the class of all subsets of 
and, for F in S, let be the number of points in F. If Xn is the character¬ 
istic function of the set {1, •••, «}, then the sequence {xn! converges to 1 
everywhere but it is not 4most uniformly fundamental. In other words, 
EgorofFs theorem is not true if F is not of finite measure. 

(5) For every essentially bounded function /, write ||/|| = ess. sup. |/|. 
If {/n} is a sequence of essentially bounded measurable functions, then the 
sequence {/«! converges to/ uniformly a.e. if and only if limn ||/n —/|| = 0. 

(6) Is the set 911 of all essentially bounded measurable functions a Banach 
space with respect to the norm described in (5) ? 


§ 22 . CONVERGENCE IN MEASURE 

In this section, as in the preceding one, we shall work through^ 
out with a fixed measure space (Jf,S,/i). 
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Theorem A. Suppose that / aftd /„, « = 1, 2, • • •, are real 
valued measurable Junctions on a set E of finite measure, and 
write, for every e > 0, 

£n(e) = 1/«W - Ax) 1 ^ K = 1, 2, • • •• 

The sequence {/«} converges to f a.e. on E if and only if 


lim„ n{E n Um-n = 0 


for every e > 0. 


Proof. It follows from the definition of convergence that the 
sequence {/nW} of real numbers fails to converge to the real 
number/(;f) if and only if there is a positive number e such that 
X belongs to £«(«) for an infinite number of values of ;/. In 
other words, if D is the set of those points x at which {/nW} does 
not converge to f{x), then 


o = U .>0 lim supn E.n{i) = U*-1 li”™ sup„ £„ 



Consequently a necessary and sufficient condition that H D) 
= 0 (i.e. that the sequence {/„} converge to / a.e. on E) is that 
m(£ n lim sup„ £„(«)) = 0 for every « > 0. The desired conclu¬ 
sion follows from the relations 

HlE n lim sup„ £n(e)) = AE 0 On-l Um-n-S'n(e)) = 

= lim„ /i(£ n Um-n | 

The desire to investigate the result of an obvious weakening 
of the condition of Theorem A motivates the definition of still 
another method of convergence which has frequent application. 
A sequence {/„} of a.e. finite valued, measurable functions con¬ 
verges in measure to the measurable function / if, for every 
e > 0, lim„ l/n(^) -/W 1 ^ «}) = 0- In accordance with 
our general comment on different kinds of convergence in the 
preceding section, we shall say that a sequence {/»} of a.e. 
■finite valued measurable functions is fundamental in measure 
if, for every e > 0, 

l/nW -fnfx) 1 ^ e}) 0 as « and w 
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It follows trivially from Theorem A that if a sequence of 
finite valued measurable functions converges a.e. to a finite 
limit [or is fundamental a.e.] on a set E of finite measure, then it 
converges in measure [or is fundamental in measure] on E. The 
following theorem is a slight strengthening of this assertion in 
that it makes no assumptions of finiteness. 

Theorem B. Almost uniform convergence implies conver¬ 
gence in measure. 

Proof. If {/«} converges to / almost uniformly, then, for 
any two positive numbers c and j, there exists a measurable set 
Fsuch that ju(F) < 8 and such that l/n(*) ~ fix) | < «, whenever 
X belongs to F* and n is sufficiently large. | 

Theorem C. If {fn\ converges in measure to /, then {/„} 
is fundamental in measure. If also {/„} converges in measure 
to gy then f — g a.e. 

Proof. The first assertion of the theorem follows from the 
relation 

{*: l/nW -fmix) I ^ C 

c {*: l/nW - fix) I ^ 5} U {x: |/„(x) - fix) I ^ | • 

To prove the second assertion, we observe that, similarly, 

{x: |/(x) - ^(x) I ^ e} c 

cjx; l/„(x) - fix) I ^ 1} U jx: |/„(x) - gix) I ^ ' 

Since, by proper choice of », the measure of both sets on the 
right can be made arbitrarily small, we have 

cd*: i/w - I s «ir-'o 

for every € > 0; this implies, as asserted, that/ = g a.e. | 

In addition to these comparatively elementary remarks, we 
shall present two slightly deeper properties of convergence in 
measure. 
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Theorem D. If \fn\ is a sequence of measurable functions 
which is fundamental in measure^ then some subsequence {/n*} 
is almost uniformly fundamental. 

Proof. For any positive integer k we may find an integer Hilt) 
such that if » ^ 7i(k) and m ^ n{k)y then 

#*({*: 1/«W -/mW 1 ^ ~ 

We write 

«i = «(1), «2 = («i + 1) U «(2), «3 = («2 + 1) U J?(3), • • •; 

then «i < «2 < «3 < • • • j so that the sequence {/„»} is indeed an 
infinite subsequence of {/„}. If 

Eu = [*: 1/..W I 6 i) 

and k ^ i ^ j, then, for every x which does not belong to Ek U 
Ek+i U Ek +2 U • • •, we have 

|/-hW -Mx) I ^ 'ZZ-i |/n„W -A.+,W I < ^> 

so that, in other words, the sequence {/„<} is uniformly funda¬ 
mental on .X” — (Ek U Ek+i U • • •)• Since 

u(Ek U Ek+t U. • ^ ZZ.k uiEJ < ^, 

the proof of Theorem D is complete. | 

Theorem E. If [fn] is a sequence of measurable functions 
which is fundamental in measurey then there exists a measurable 
function f such that {/»} converges in measure to f. 

Proof. By Theorem D we can find a subsequence {/„*} which 
is almost uniformly fundamental and therefore fundamental a.e.; 
we write f{x) = lim* for every x for which the limit existjs. 

We observe that, for every € > 0, 

l/nW -Ax) 1 ^ c 

cj^f: l/nW — fnfx) I ^ 2I ~ Ax) I S -| • 
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The measure of the first term on the right is by hypothesis arbi¬ 
trarily small if n and w* are sufficiently large, and the measure of 
the second term also approaches 0 (as ^ oo), since almost 
uniform convergence implies convergence in measure. | 

(1) Suppose that the measure space (X^Syfi) is totally finite, and let {/n} 
and be sequences of finite valued measurable functions converging in meas¬ 
ure to/ and g respectively. 

(la) If a and are real constants, then [afn + pgn] converges in measure to 
PS/ ■+■ Wfn !) converges in measure to |/|. 

(lb) If/ = 0 a.e., then [Jn] converges in measure to p, 

(l c) The sequence {Jng\ converges in measure to fg, (Hint: given a positive 
number 5, find a constant c such that if £ = {x: | g{x) | ^ ^), then ix{X — E) 
< 5, and consider the situation separately on E and X — £.) 

(l d) The sequence \Jn] converges in measure to/^ (Hint: apply (lb) to 
{/«-/(•) , , 

(le) The sequence [fngn] converges in measure to fg. (Hint: apply the 
identity which expresses a product in terms of sums and squares.) 

(l f) Are the statements (la)-(le) valid for measure spaces which are not 
totally finite? 

(2) Every subsequence of a sequence which is fundamental in measure is 
fundamental in measure. 

(3) If [fn] is a sequence of measurable functions which is fundamental in 
measure, and if {/»,} and (/«,} are subsequences which converge a.e. to the 
limit functions/ and g respectively, then f — g a.e. 

(4) If X is the set of positive integers, S is the class of all subsets of Xy and, 
for every E in S, ix{E) is the number of points in £, then, for the measure space 
(XySyn), convergence in measure is equivalent to uniform convergence every¬ 
where. 

(5) Is it necessarily true on a set of infinite measure that convergence a.e. 
implies convergence in measure? (Cf. 21.4 and (4).) 

(6) Let the measure space X be the closed unit interval with Lebesgue meas¬ 
ure. If, for « = 1, 2, • • •, 



and if Xn is the characteristic function of £n*> then the sequence {xiS X 2 S X 2 *, 
XaS X8*> X8*, • • •} converges in measure to 0, but fails to converge at any point 
ofX 

(7) Let 1 En} be a sequence of measurable sets and let Xn be the character¬ 
istic function of En ,« = 1,2, • • The sequence (xn} is fundamental in measure 
if and only if p(En,Em) 0 as » and fw 00 . (For the definition of p see 9.4.) 



Chapter V 

INTEGRATION 


§ 23. INTEGRABLE SIMPLE FUNCTIONS 

A simple function / = a,XEi o” * measure space (X,S,/x) 
is integrable if m(^<) < for every index i for which a,- 0. 

The integral of/, in symbols 


J/(x)^/fi(x) or J/4i 

is defined by= 2?-i It follows easily from the ad¬ 
ditivity of u that if / is also equal to then= 


ICf-i i.e. that the value of the integral is independent 

of the representation of/ and is therefore unambiguously defined. 
We observe that the absolute value of an integrable simple func¬ 


tion, a finite, constant multiple of an integrable simple function, 
and the sum of two integrable simple functions are integrable 


simple functions. 

If £ is a measurable set and/ is an integrable simple function, 
then it is easy to see that the function xe/ is an integrable simple 
function also; we define the integral of/ over E by 


f ^ J* 


The simplest example of an integrable simple function is the 
characteristic function of a measurable set E of finite measure; 


we have ^~ ^~ 
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In the sequel we shall define the notions of integrability and 
integral on a wider domain than the class of integrable simple 
functions. Some useful definitions and the statements of several 
important results (but very few proofs) depend only on such 
elementary properties of integration as we have already explicitly 
mentioned. In order to avoid unnecessary duplication, we shall 
therefore proceed as follows. Throughout this section we shall 
use the word “function” as an abbreviation for “simple function.” 
As a consequence of this policy all our definitions and theorems 
will make sense not only for simple functions but also for the 
wider class we shall subsequently consider. The proofs in this 
section will, however, apply to simple functions only; we shall 
complete the proofs, so that they will apply to the more general 
case also, a little later. 

The proofs of Theorem A and B below are omitted; these 
results are immediate consequences of the definitions and, in the 
case of Theorem A, an obvious and simple computation. 

Theorem A. Iff and g are integrable functions and a and 
/3 are real numbers, then 

J' {of + &g)dy. = a^fdn + ^jgdu. 

Theorem B. If an integrable function f is non negative 
a.e., then Jfdix ^ 0. 

Theorem C. Iff and g are integrable functions such that 
f ^ g then 

Jfdu ^ Jgdfi. 

Proof. Apply Theorem B to/ — ^ in place of/. | 

Theorem D. Iff and g are integrable functions, then 

Jl/+ ^^ Jl/kM + J| !■ 

Proof. Apply Theorem C to | /1 + | j: I and \ f + g \ in place 
of/ and g, respectively. | 
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Theorem E. Iff is an integrate function, then 

I \fW- 

Proof. Apply Theorem C first to |/| and/ and then to |/| 
and I 

Theorem F. Iff is an integrable function, a and 0 are real 
numbers, and E is a measurable set such that, for x in E, 
a ^ fix) ^ /3> then 

afiiE) ^ Cfdn g PuiE). 

Jjl 

Proof. Since the principal assumption is equivalent to the 
relation axs ^ Xsf ^ 0Xe, the desired result follows from 
Theorem C if (i(E) < oo; the case in which /i(£) = oo is easily 
treated by direct application of the definition of integrability. | 
The indefinite integral of an integrable function / is the set 

function v, defined for every measurable set E by y(£) = I fdfi. 

Jb 

Theorem G. If an integrable function f is non negative a.e., 
then its indefinite integral is monotone. 

Proof. If E and F are measurable sets such that E czF, 
then xjsf ^ XF/a.e., and the desired result follows from Theorem 
C. I 

A finite valued set function v defined on the class of all measur¬ 
able sets of a measure space iX,S,yl) is absolutely continuous if 
for every positive number e there exists a positive number 5 such 
that 1 y(£) | < « for every measurable set E for which /*(£) < 5. 

Theorem H. The indefinite integral of an integrable function 
is absolutely continuous. 

Proof. If c is any positive number greater than all the values 
of I/I, then, for every measurable set E, we have 
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Theorem I. The indefinite integral of an integrahle func¬ 
tion is countably additive. 

Proof. If f is the characteristic function of a measurable set 
E of finite measure, then the assertion of countable additivity for 
the indefinite integral of f is just a restatement of the countable 
additivity of /( on measurable subsets of E. The assertion of the 
theorem for arbitrary integrable simple functions is a consequence 
of the fact that every such function is a finite linear combination 
of characteristic functions. | 

If f and g are integrable functions, we define the distance, 
p(A?)> between them by the equation 

p(/>?) =^\f- gW‘ 

The function p deserves the name “distance” in every respect but 
one. It is true and trivial that 

pfJJ) = 0, p(J^) = p(f,/), and pifyg) ^ pisfi) + P(A,/). 

It is not true, however, that if p(J^ — 0, then f — g. The dis¬ 
tance between two integrable functions can, for instance, vanish 
if they are equal almost everywhere (but not necessarily every¬ 
where). In a subsequent section we shall study this phenomenon 
in some detail. 

(1) If one of two simple functions is integrable, then so is their product. 

(2) If E and F are measurable sets of finite measure, then pCx^jXf) = 
H(EAF). Cf. 9.4 and 22.7. 

(3) Let (XjS^) be the closed unit interval with Lebesgue measure, and, for 

some fixed point in write p(£) « x«(^o). Is the set function v absolutely 
continuous? v 

(4) If y is an absolurely continuous set function on the class of all measurable 
sets of a measure space (X^S^)^ then v(E) « 0 for every measurable set E for 
which pl(E) 0. 

(5) If a totally finite measure space X consists of a finite number of points, 
then every real valued measurable function on X is an integrable simple func¬ 
tion, and the theory of integration specializes to the theory of finite sums. 

§24. SEQUENCES OF INTEGRABLE SIMPLE FUNCTIONS 

We shall continue in this section to work with a fixed measure 
space (X,S,m), and to use the device of abbreviating “simple 
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function” to “function.” Since all the methods of this section 
(with only one minor exception, occurring at the end of the proof 
of Theorem D) are based on the general results of the preceding 
section, it will turn out that not only the statements but even the 
proofs of the following theorems will remain unaltered when we 
turn to the general case. 

A sequence {/»} of integrable functions is fundamental in the 
mean, or mean fundamental, if 

p(/n>/m) 0 as » and m -> oo. 

Theorem A. A mean fundamental sequence {/»} of integ^a- 
ble functions is fundamental in measure. 

Proof. If, for any fixed positive number e, 

Enm = {^: l/»(^f) —fm{x) 1 ^ f}, 

then 

pifnjrn) ~ J*|/"”■/'» l/n —/m \dn ^ eju(jE„m), 

so that niEnm) —> 0 as « and /»—»<». | 

Theorem B. If [fn] is a mean fundamental sequence of 
integrable functions, and if the indefinite integral of /„ is >>„, 

« = 1, 2, • • •, then 

v(E) = lim„ »>„(£) 

exists for every measurable set E, and the set function v is finite 
valued and countably additive. 

Proof. Since [ VniE) — Vm(E) j ^ J*|/n — fm \dn 0 as K and 

»i —> 00 , the existence, finiteness, and uniformity of the limit are 
clear, and it follows from the finite additivity of limits that v is 
finitely additive. If {£n} is a disjoint sequence of measurable sets 
whose union is E, then we have, for every pair of positive integers 
n and k 

U(£:)-EJ-iK£.)l ^ 

^ I I/(£) - VM 1 + I >'«(£) - Vi-l ^n(Ei) 1 

+ I £.) - KU?-. ED |. 
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The first and third terms of the right side of this inequality may 
be made arbitrarily small by choosing n sufficiently large, and, 
for fixed n, the middle term may be made arbitrarily small by 
choosing k sufficiently large. This proves that 

v{E) = Wmu a: v(Ed = I 

If {vn} is a sequence of finite valued set functions defined for 
all measurable sets, we say that the terms of the sequence are 
tmiformly absolutely continuous whenever for every positive num¬ 
ber c there exists a positive number 5 such that | Pn{E) | < e for 
every measurable set E for which ii(E) < 5, and for every positive 
integer «. 

Theorem C. If [fn] is a mean fundamental sequence of 
inteffrable functions, and if the indefinite integral of /„ is v„, 
n = 1,2, • • •, then the set functions are uniformly absolutely 
continuous. 

Proof. If 6 > 0, let «o be a positive integer such that, for 
u ^ »o snd m ^ no. 


^\fn ~fm \dlS ^ 2 * 

and let 8 be a positive number such that 



for every measurable set E for which n{E) < 8; (cf. 23.H). If 
£ is a measurable set for which it{E) < 8 and if » ^ no, then 

if, on the other hand, n > no, then 

I Vnffi) 1 ^ J*l/n -/«, \dn +jri/n, W < «• | 

Since the following theorem is of no particular importance in 
the general case, we shall restrict its statement and proof to the 
case of simple functions only. 
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Theorem D. If {fn\ <^nd are mean fundamental 
sequences of integrable simple functions which converge in meas¬ 
ure to the same measurable function f, if the indefinite integrals 
offn and gn are Vn and X„ respectively, and if, for every measur¬ 
able set E, 

v{E) = Hm„ Vn{E) and \{E) - Hm„ X„(£), 
then the set functions v and X are identical. 

Proof. Since, for every « > 0, 

■£n = {at: |/«W - gnix) I ^ C 

C |/„(a:) -f(x) I ^ U ^x: |/(*) - gnix) I ^ , 

it follows that lim„ n{En) = 0. Hence, if £ is a measurable set 
of finite measure, then in the relation 

f\fn-gn\dn^f \fn-gn\dtl + f |/n + f \ gn\dn 

t/jg tJE—En V E t\ En E n En 

the first term on the right is dominated by €n(E), and the last 
two terms can be made arbitrarily small by choosing n sufficiently 
large, because of the uniform absolute continuity proved in 
Theorem C. It follows that 

lim„ 1 r„(£) - X„(£) 1 = 0, 

and hence that v(E) = X(£). Since v and X are both countably 
additive, it follows that v(E) = X(£) for every measurable set 
E of <r-finite measure. 

Since the/n and g« are simple functions, each of them is defined 
in terms of a finite class of measurable sets of finite measure. 
If Eo is the union of all sets in all these finite classes, then £0 is 
a measurable set of <r-finite measure, and we have, for every 
measurable set E, 

Vn{E — £ 0 ) = Xb(£ ~ £ 0 ) = 0 

and therefore v{E — £ 0 ) = X(£ — £ 0 ) “ 0. Since this implies 
that v{E) = v{E n £ 0 ) and X(£) = X(£ 0 £ 0 ), the proof of 
Theorem D is complete. | 
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(1) Is the set of all integrable simple functions a complete metric space with 
respect to the distance p? 

(2) In the notation of Theorem B, if {En} is a disjoint sequence of measurable 
sets, then the series J^n^iv(En) converges absolutely. (Hint: the series con¬ 
verges unconditionally.) 


§25. INTEGRABLE FUNCTIONS 

An a.e. finite valued, measurable function / on a measure 
space (Jf,S,/x) is integrable if there exists a mean fundamental 
sequence {/n} of integrable simple functions which converges in 
measure to/. The integral of/, in symbols 

J/(x)Mx) or Jfdn 

is defined by*= lini„ It follows from 24.D (with E 

— Un^C/")) that the value of the integral of / is uniquely de¬ 
termined by any particular such sequence. We emphasize the 
fact that the value of the integral is always finite. We observe 
that it follows from the known an^ obvious properties of mean 
convergence and convergence in measure that the absolute value 
of an integrable function, a finite constant multiple of an in¬ 
tegrable function, and the sum of two integrable functions are 
integrable functions. The relations 

r=i(l/l+/) and /-- J(l/1-/) 

show also that if f is integrable, then and/“ are integrable. 

If £ is a measurable set and if {/»} is a mean fundamental 
sequence of integrable simple functions converging in measure 
to the integrable function/, then it is easy to see that the sequence 
{x«/n} is mean fundamental and converges in measure to xeJ> 
We define the integral of / over E by 


Xsfdn. 


We recall that the theorems of §§ 23 and 24 were stated for 
general integrable functions but were proved for integrable simple 
functions only. We are now in a position to complete their 
proofs. 




[Sec. 251 


INTEGRATION 


103 


The results 23.A and 23.B follow immediately from elementary 
properties of limits; 23.C-23.G follow from 23.B verbatim as 
before. 

To prove the absolute continuity of an indefinite integral, 
23.H, let [fn\ be a mean fundamental sequence of integrable 
simple functions which converges in measure to the integrable 
function /. We have 

I ^ I f/n^Ml + 1 r Indy. - f fdy\, 

Je 

for every measurable set E. Since the /„ are simple functions, 
the theorem 24.C on uniform absolute continuity may be applied 
to prove that the first term on the right becomes arbitrarily 
small if the measure of E is taken sufficiently small. The second 
term on the right approaches 0 as »—♦«>, by the definition of 

I Jd\x\ this completes the proof of 23.H. 
ds 

The proof of the countable additivity of an indefinite integral 
is even simpler. Indeed, using the notation of the preceding 
paragraph, the fact that the /„ are simple functions justifies the 
application of 24.B, which then yields exactly the assertion of 
23.1. 

The proofs of 24.A-24.C were based on the statements, and 
not on the proofs, of the results of § 23, and are therefore valid in 
the general case. This remark completes the proofs of all the 
theorems of the preceding two sections. 

We shall say that a sequence {/„} of integrable functions 
converges in tiie mean, or mean converges, to an integrable 
function / if 

= Jl/n -/kp -» 0 as n 00 . 

Our first result concerning this concept is extremely similar, in 
statement and in proof, to 24.A. 

Theorem A. If {fn\ is a sequence of integrable functions 
which converges in the mean to f, then {/„} converges to f in 
measure. 
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Proof. If, for any fixed positive number e, 

= {«: I/»M -/(.x) I ^ e}, 


then 


f \fn -/kM ^£j/n -/kM ^ 


SO that liiEn) —» 0 as -♦ 00. | 

Theorem B. Iff is an a.e. non negative integ^able function^ 
then a necessary and sufficient condition that^fdti = 0 is that 
/ = 0 a.e. 

Proof. If / = 0 a.e., then the sequence each of whose terms 
is identically zero is a mean fundamental sequence of integrable 
simple functions which converges in measure to /, and it follows 

thatj/tf/i = 0. To prove the converse, we observe that if {/„} 

is a mean fundamental sequence of integrable simple functions 
which converges in measure to /, then we may assume that 
/n ^ 0, since we may replace each /„ by its absolute value. The 

assumptionJ/c/#* = 0 implies that limn ^fndu — 0, i.e. that 

{/n} mean converges to 0. It follows from Theorem A that 
l/n} converges to 0 in measure and hence the desired result is 
implied by 22.C. | 

Theorem C. Iff is an integrable function and E is a set of 
measure zero, then 


//* 


= 0 . 


Proof. SinceJ *fdis — Jxefdit, and since the characteristic 

function of a set of measure zero vanishes a.e., the desired result 
follows from Theorem B. | 

Theorem D. Iff is an integrable function which is positive 
a.e. on a measurable set E, and djdt — 0, then n(E) = 0. 
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x:/(x) ^ -] , 
ni 

« = 1, 2, • • •; since the assumption of positiveness implies that 
£ — i^o is a set of measure zero, we have merely to prove that 
£ n jPo is one also. Since 

o = r ^-m(£ n £„) ^ 0, 

JsnFn n 


Proof. We write £o = > 0} and£„ = 


and since £o = the desired result follows from the 

relation ju(£ fl £o) S 12n-i m(^ H £„). | 


Theorem If f is an integrable function such that 
= 0 for every measurable set £, then / = 0 a.e. 

Proof. If £ = fix) >0}, then, by hypothesis,J* fd\x — 0, 

and therefore, by Theorem D, £ is a set of measure zero. Applying 
the same reasoning to —f shows that {a;: fix) <0} is a set of 
measure zero. | 

Theorem F. If f is an integrable function, then the set 
Nif) = {a?: fix) 0} has a-finite measure. 


Proof. Let {/„} be a mean fundamental sequence of integrable 
simple functions which converges in measure to /. For every 
» = 1, 2, • ■ A’C/n) is a measurable set of finite measure. If 
£ = W) - Un"-1 Nifn), and if £ is any measurable subset of 
£, then it follows from the relation 



and Theorem £ that / = 0 a.e. on £. In view of the definition 
of Nif) this implies that /«(£) = 0; we have 

iV(/)cUn”-iW«) U£. I 

It is frequently useful to define the symbolfor certain 
non integrable functions/. If, for instance,/is an extended real 
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valued, measurable function such that / ^ 0 a.e. and if / is not 
int^rable, then we write 


// 4 . 


00 . 


The most general class of functions / for which it is convenient 
to define is the class of all those extended real valued measur¬ 
able functions / for which at least one of the two functions 
and/“ is integrable; in that case we write 

jfdn —J/~dii. 

Since at most one of the two numbers,J/'^d/i and J/~d/ji, is 

infinite, the value of J/dn is always +«, — «>, or a finite real 

number—it is never the indeterminate form « — oo. We shall 
make free use of this extended notion of integration, but we shall 
continue to apply the adjective “integrable” to such functions 
only as are integrable in the sense of our former definitions. 

(1) If X is the space of positive int^ers (described, for instance, in 22.4), 

then a function/ is integrable if and only if the series 1 1 /(») | is convergent, 

and, if this condition is satisfied, then J/di* => 1 /(»)* 

(2) If/ is a non negative integrable function, then its indefinite integral is a 
finite measure on the class of all measurable sets. 

(3) If/ is integrable, then, for every positive number e, 

m({x; 1/(») I «})< «, 

(4) If; is a finite, increasing, and continuous function of a real variable, and 
Pf is the Lebesgue-Stieltjes measure induced by g (cf. 15.9), and if/ is a function 

which is integrable with respect to this measure, then the integral j/(x)iipf(x) 
is called the Lebevgue-Stleltjes integral of/ with respect to g and is denoted by 
If, in particular, g(x) » x, then we obtain the Lebesgue integral, 

denoted byJ* ^ J{x)dx. If/ is a continuous function such that N{J) is a bounded 
set, then / is Lebesgue integrable. 
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§ 26. SEQUENCES OF INTEGRABLE FUNCTIONS 

Theorem A. If [fn] is a mean fundamental sequence of 
integrable simple functions which converges in measure to the 
integrable function /, then 

pifyfn) =^j\f-fn\dll ^0 aS « 


hence, to every integrable function f and to every positive num¬ 
ber f, there corresponds an integrable simple function g such 
that p{J,g) < €. 

Proof. For any fixed positive integer w, f |/„ —/„ |} is a mean 
fundamental sequence of integrable simple functions which con¬ 
verges in measure to [ / —and, therefore, 


— liirin ^^1./** \dp' 


The fact that the sequence {/«} is mean fundamental implies the 
desired result. | 


Theorem B. If {fn\ is a mean fundamental sequence of 
integf'able functions, then there exists an integrable function f 

such that p{Jn,f) -* 0 {and consequently Jfndp —> Jfdp.) as 


n —y 00 . 


Proof. By Theorem A, for each positive integer n there is an 

integrable simple function gn such that p{fnygn) < “ • It follows 

that {!■»} is a mean fundamental sequence of integrable simple 
functions; let/ be a measurable (and therefore integrable) func¬ 
tion such that {!•«} converges in measure to/. Since 


0 ^ I Jfndp 1 ~ Pi/nyf) ^ 

^ P(jnygn) + p{gn,f)y 

the desired result follows from Theorem A. | 
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In order to phrase our next result in a concise and intuitive 
fashion, we recall first the definition of a certain kind of con¬ 
tinuity for set functions. A finite valued set function v on a class 
E of sets is continuous from above at 0 (cf. § 9) if, for every de¬ 
creasing sequence {£„} of sets in E for which lim„£n = 0, we 
have lim„ >»(£„) = 0. If {I'n} is a sequence of such finite valued 
set functions on E, we shall say that the terms of the sequence 
are equicontinuous from above at 0 if, for every decreasing se¬ 
quence {£„} of sets in E for which lim„ £„ = 0, and for every 
positive number e, there exists a positive integer »»o such that if 
m ^ Wo, then j y„(£m) | < e, « = 1, 2, • • •. 

Theorem C. A sequence {/„} of integrable functions con¬ 
verges in the mean to the integrable function f if and only if 
{/„! converges in measure to f and the indefinite integrals of 
l/n I, « = 1> 2, • • •, are uniformly absolutely continuous and 
equicontinuous from above at 0. 


Proof. We prove first the necessity of the conditions. Since 
convergence in measure and uniform absolute continuity follow 
from 25.A and 24.C respectively, we have only to prove the as¬ 
serted equicontinuity. 

The mean convergence of {/„} to/implies that to every positive 
number c there corresponds a positive integer »o such that if 

n ^ «o> then j\fn — f\dts Since the indefinite integral of 

a non negative integrable function is a finite measure (23.1), it 
follows from 9.E that such an indefinite integral is continuous 
from above at 0. Consequently, if {£„} is a decreasing sequence 
of measurable sets with an empty intersection, then there exists 
a positive integer Wq such that, for m ^ Wo, 


< I and J^lA » = 1> • • •> »o. 

Hence, if w ^ »»o> then we have 


J^l/. W s -/I* +X.I/I‘«‘ < • 
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for every positive integer », and this is exactly the desired equi- 
continuity result. 

We turn to the proof of sufficiency. Since a countable union of 
measurable sets of v-finite measure is a measurable set of c-finite 
measure, it follows from 25.F that 

= U:-1 ^ 0} 

is such a set. If {£»} is an increasing sequence of measurable 
sets of finite measure such that lim„ En = £oj and if Fn = 
£o “ Fn, « == 1, 2, • • •, then {F„} is a decreasing sequence and 
limn Fn = 0. The assumed equicontinuity implies that, for 
every positive number 3, there exists a positive integer k such that 

I \fn\dn<-, and consequently 
J Fk 2 

~ fn \dll ^ \dn + 

If for any fixed e > 0 we write 

G«n = l/m(*) -/n(A) 1 ^ «}> 

then it follows that 

{\U-fn\dy.^( \fm-/n\d^ + f J/» -/« l^M ^ 

•/Bk •/Bir’Omn Bht^Omn 

^ €ju(£i) + r I/m —/n \dll. 

JBtnOnH 

By convergence in measure and uniform absolute continuity, the 
second term on the dominant side of this chain of inequalities 
may be made arbitrarily small by choosing m and n sufficiently 
large, so that 

Urn SUPn,,„ I \/m-fn \dn ^ «#*(£*)• 

JEk 

Since e is arbitrary, it follows that 

lim«.n f 1/m -/n W = 0. 

J Bk 



no 


INTEGRATION 


[Sec. 26] 


Since 


f I/m “/n ^ 

= f I/m —/n kM + r I/m “ /n kM> 

U Eh *^Ek 

we have 

lim sup„,„ Jl/m -/n 
and therefore, since 5 is arbitrary, 

lini„,„ J*I/m -/n kM = 0- 

We have proved, in other words, that the sequence {/„} is funda¬ 
mental in the mean; it follows from Theorem B that there exists 
an integrable function g such that {/„} mean converges to g. 
Since mean convergence implies convergence in measure, we must 
have/ = ^ a.e. | 

The following result is known as Lebesgue’s bounded con¬ 
vergence theorem. 

Theorem D. -IJ {/„} is a sequence of integrable Junctions 
which converges in measure to f [or else converges to f a.e.], and 
if g is an integrable function such that |/n(>f) | ^ | gix) | a.e., 

« = 1, 2, • • •, then f is integrable and the sequence {/„} con¬ 
verges to f in the mean. 

Proof. In the case of convergence in measure, the theorem is 
an immediate corollary of Theorem C—the uniformities required 
in that theorem are all consequences of the inequality 

f l/n Id/i^ fig \dn. 

Jb •'E 

The case of convergence a.e. may be reduced to that of conver¬ 
gence in measure (even though the integrals are not necessarily 
over a set of finite measure, cf. 22.4 and 22.5) by making use of 
the existence of g. If we assume, as we may without any loss 
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of generality, that | g | gix) \ and |/(x) | ^ | ^(a') | for 

every x in X, then we have, for every hxed positive number e, 

En = Ut“-» {*• 1/»W -/(*) I ^ C 1^: I 1 ^ > 

and therefore fi(En) < <», « = 1 , 2, • • •. Since the assumption of 
convergence a.e. implies that MCflr-i E„) = 0, it follows from 
9.E that 

lim sup„ |/„(jf) —/(x) | ^ e}) ^ lim„ iu(£„) = 

= AtOinin E„) = 0. 

In other words, convergence a.e., together with being bounded 
by an integrable function, implies convergence in measure, and 
the proof of the theorem is complete. | 


(1) Is the set of all integrable functions a Banach space with respect to the 
norm defined by ||/|| = J*|/|4^? 

(2) If {/n} is a uniformly fundamental sequence of functions, integrable over 
a measurable set E of finite measure, then the function /, defined by /{x) ~ 

limn /nW, is integrable over E and I |/n —/ ► 0 as « —► oo. 

Je 

(3) If the measure space {X^Syfi) is finite, then Theorem C remains true even 
if the equicontinuity condition is omitted. 

(4) Let (XySyiJ.) be the space of positive integers (cf. 22.4). 

(4a) Write 


Mk) = 


1 

n 

0 


if I ^ k ^ ny 
if k > n. 


The sequence {/n} may be used to show that the equicontinuity condition may 
not, in general, be omitted from Theorem C. 

(4b) The sequence described in (4a) may be used to show also that if {/«} 
is a uniformly convergent sequence of integrable functions whose limit function 


/ is also integrable, then we do not necessarily have limn 


= J/4*; (cf. (2) 


above). 

(4c) Write 


Mk) 


\ if 1 g i ^ 
k 

0 if k> n. 


The sequence {/n} may be used to show that the limit of a uniformly convergent 
sequence of integrable functions need not be integrable. 
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(5) Let X be the closed unit interval with Lebesgue measure and let {£«») 

be a decreasing sequence of open intervals such that M(^n) “ -, » 1, 2, • • •. 

ft 

The sequence {nx«.) to show that the boundedness condition cannot 

be omitted from Theorem D. 

(6) If f/n) is a sequence of integrable functions which converges in the mean 
to the integrable function/, and if ; is an essentially bounded measurable func¬ 
tion, then {/ng] mean converges to /g. 

(7) If {/»} is a sequence of non negative integrable functions which converges 
a.e. to an integrable function/, and if » = 1, 2, •••, then {/n} 

converges to / in the mean. (Hint: write gn =*/n — / and observe that the 
trivial inequality |/n —/| ^/n +/ implies that 0 ^ gn~ ^/. The bounded 
convergence theorem may therefore be applied to the sequence {gn"|; the de¬ 
sired result follows from the fact that j'gn'*'4i —j'gn~4i = 0, » = 1, 2, • • •,) 


§ 27. PROPERTIES OF INTEGRALS 

Theorem A. If f is measurable^ g is integrabley and |/| ^ 

I Z I / i^ integrable. 

Proof. Consideration of the positive and negative parts of / 
shows that it is sufficient to prove the theorem for non negative 
functions/. If/ is a simple function, the result is clear. In the 
general case there is an increasing sequence {/„} of non negative 
simple functions such that lim„ fnix) — f{x) for all x in X. Since 
0 ^ /n ^ 1^1, each fn is integrable and the desired result follows 
from the bounded convergence theorem. | 

Theorem B. If [fn] is an increasing sequence of extended 
real valued non negative measurable functions and /lim«/„(jf) 

dn =Jfdn. 


‘fix) a.e.y then lim* jfn 


Proof. If / is integrable, then the result follows from the 
bounded convergence theorem and Theorem A. The only novel 
feature of the present theorem is its application to the not neces¬ 


sarily integrable case; we have to prove that if = *»> then 
lim* J/n^M = in other words, that if lim„ ^fndu < «, then 
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/ is integrable. From the finiteness of the limit we may conclude 
that 

lill^m,n ~~ | ” 0. 

Since—/» is of constant sign for each fixed m and », we have 

I- 1 =/|A -/« kM, 

so that the sequence {/„} is mean convergent and therefore 
(26.B) mean converges to an integrable function g. Since mean 
convergence implies convergence in measure, and therefore a.e. 
convergence for some subsequence, we have/ = g a.e. | 

Theorem C. A measurable junction is integrable if and only 
if its absolute value is integrable. 

Proof. The new part of this theorem is the assertion that the 
integrability of ] /1 implies that of/, and this follows from Theorem 
A with 1/1 in place of g. | 

Theorem D. Iff is integrable andg is an essentially bounded 
measurable function^ then fg is integrable. 

Proof. If 1^1 a.e., then \fg \ S c\f\ a.e. and therefore 

the result follows from Theorem C. | 

Theorem £. Iff is an essentially bounded measurable func¬ 
tion and E is a measurable set of finite measure^ then f is 
integyable over E. 

Proof. Since the characteristic function of a measurable set 
of finite measure is an integrable function, the result follows 
from Theorem D with x* and/ in place of/ and g. | 

Our next and final result is known as Fatou’s lemma. 

Theorem F. If {fn\ is a sequence of non negative integrable 
functions for which 

lim inf, {fnd\s < «>, 
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then the Junction /, defined by 
J{x) = lim 


is integrable and 


pdy- 


^ lim inf„ 



Proof. If gn{x) = inf {/.(jf): « ^ f < »}, then gn and 
the sequence {!•„} is increasing. SinceJ'g„dfji g J/ndu, it follows 
that 

lim„ J *gndfi g lim inf„ J/nd/s < oo. 


Since lim„|'„(») = lim inf„ /nW = fix), it follows from Theorem 
B that/ is integrable and 



lim» Jgndix ^ lim inf„ J/ndfi. 


(1) If / is a measurable function, g is an integrable function, and a and /3 
are real numbers such that a S /M S P a.e., then there exists a real number 7 , 

a ^ 7 ^ ) 8 , such that J/ 1 f kM = T • Ju W- (Hint; 

oi-^\g\dii^jf\g\dii^fi-^\g\dn.) 

This result is known as the mean value theorem for integrals. 

(2) If j/n} is a sequence of integrable functions such that 

then the series Sn-i/nU) converges a.e. to an integrable function/ and 

* //<»> = EH. I f/nd^‘ 

(Hint: apply Theorem B to the sequence of partial sums of the series 
5Zn-i l/n(-v) I and recall that absolute convergence implies convergence.) 

(3) If / and/n are integrable functions, w = 1 , 2 , • • •, such that |/n(Jt) | ^ 
|/(a’) I a.e., then the functions /* and /♦, defined by 

/♦(at) * lim supn /n(x) and /^(x) * lim inf» /n(x), 

are integrable and 

J/Vm S lim supnj/ndfi ^ lim infnj/ndfi ^ J/* 4 i* 
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(Hint: by considering separately the positive and negative parts, reduce the 
general case to the case of non negativeand then apply Patou’s lemma to 
{/+/n} and{/-/n}.) 

(4) A measurable function / is integrable over a measurable set E of finite 
measure if and only if the series 

converges. (Hint: use Abel’s method of partial summation.) What can be 
said if jii(£) = oo, or if the summation is extended from « = 0? 

(5) Suppose that {£nl is a sequence of measurable sets and m is any fixed 
positive integer, and let G be the set of all those points which belong to £„ 
for at least m values of «. Then G is measurable and 


(Hint: consider 2!?-i f 
yo 

(6) Suppose that / is a finite valued, measurable function on a totally finite 
measure space (J\^,S,/i), and write 


({^4</w s ^)) , «= 1,2..... 


Then 


^/dfx = limn 




in the sense that if/ is integrable, t^en each series Sn is absolutely convergent, 
the limit exists, and is equal to the integral, and, conversely, if any one of the 
series Sn converges absolutely, then all others do, the limit exists, / is integrable, 
and the equality holds. (Hint: it is sufficient to prove the result for non nega¬ 
tive functions. Write 


/nM = 


if k = 0,1,2, 


2n 

0 if Ax) = 0, 


and apply Theorem B. For the converse direction observe that 

A^)^yn{x)+fl{X), 


SO that/ is integrable and therefore the preceding reasoning applies.) 

(7) The following considerations are at the basis of an alternative popular 
approach to integration. Let/ be a non negative integrable function on a meas¬ 
ure space (XySyfi). For every measurable set E we write 

a(E) = inf {/(.v): ^ e £}, 

and for every finite, disjoint class C = {£i, • • £n} of measurable sets we write 


siC) = T^.iaiEMEi). 

We assert that the supremum of all numbers of the form j(C) is equal toJ/4** 
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If/ is a simple function, the result is clear. If; is a non negative simple function 
such that g S/> say ^ = Sf-i “OCaj» we write C - {£i, • • •, £»}. Then 

fgdti - E?-1 ctiniEi) ^ E?-. - r(C). 

It follows that if {^n) is an increasing sequence of non negative simple functions 
converging to/, then 

limn J^ sup j(C), 

and thereforeJ/dJx sup j(C). On the other hand, for every C, j(C) 

since s{C) is, in fact, the integral of a function such as g. 

(7a) Does the result of 4he preceding paragraph extend to non integrable, 
non negative functions? 

(7b) If/ is an int^rable function on a totally finite measure space (-Y,S,/i)> 
and if its distribution function g is continuous, (cf. 18.11), then 

J/4* 

(cf. 25.4). (Hint: assume/ ^ 0, and make use of (7) above by considering the 
^‘approximating sums” i(C) of both int^rals.) 
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§ 28. SIGNED MEASURES 

In this chapter we shall discuss a not too difficult but rather 
useful generalization of the notion of measure; the principal dif¬ 
ference between measures and the set functions we now propose 
to treat is that the latter are not required to be non negative. 

Suppose that and are two measures on a <r-ring S of sub¬ 
sets of a set X. If we define, for every set E in S, m(£) = mi(-£) + 
then it is clear that m is a measure, and this result, on the 
possibility of adding two measures, extends immediately to any 
finite sum. Another way of manufacturing new measures is to 
multiply a given measure by an arbitrary non negative constant. 
Combining these two methods, we see that if {mi> * * •> is ^ 
finite set of measures and {«!, •••,«„} is a finite set of non nega¬ 
tive real numbers, then the set function /i, defined for every set 
£ in S by 

m(£) = 

is a measure. 

The situation is different if we allow negative coefficients. If, 
for instance, mi M 2 are two measures on S, and if we define 
H by n{E) = mi(£) — M 2 (£)> then we face two new possibilities. 
The first of these, namely that n may be negative on some sets, 
is not only not a serious objection but in fact an interesting 
phenomenon worth investigating. The second possibility presents, 
however, a difficulty that has to be overcome before the investiga- 
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tion can begin. It can, namely, happen that ni{E^ = M 2 (-£) = 
what sense, in this case, can we make of the expression for m(-£) ? 

To avoid the difficulty of indeterminate forms, we shall agree 
to subtract two measures only if at least one of them is finite. 
This convention is analogous to the one we adopted in presenting 


the most general definition of the symbol(We recall that 
h is defined for a measurable function / if and only if at least 


one of the two functions/"*" and / is integrable, i.e. if and only 
if at least one of the two set functions v'^ and v~, defined by 


v^E) = rand v-{E) = 

Je 

is a finite measure.) The analogy can be carried further: if/ is 
a measurable function such that //* is defined, then the set func¬ 
tion defined by v{]E) = I is the difference of two measures. 

Je 

The definition that we want to make is sufficiently motivated 
by the preceding paragraphs. We define a signed measure as 
an extended real valued, countably additive set function p. on the 
class of all measurable sets of a measurable space (.Af,S), such that 
ju(0) = 0, and such that p assumes at most one of the values 
+00 and — 00 . 

We observe that implicit in the requirement of countable addi¬ 
tivity is the requirement that if {£„} is a disjoint sequence of 
measurable sets, then the series is either convergent 

or definitely divergent (to +oo or — oo)— in any case that the 
symbol /‘(■^») niakes sense. 

The words “[totally] finite” and “[totally] o^finite” will be 
used for signed measures just as for measures, except that p{E) 
has to be replaced by [ p(E) ], or, equivalently, p{E^ < oo has to 
be replaced by — oo < p(E) < oo. For instance, a signed measure 
p is totally finite if X is measurable and ] p{X) | < oo. 

One of our objectives in the following study is to prove that 
every signed measure is the difference of two measures. If this 
result is granted, it follows that we could have defined the concept 
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of signed measure on a ring and then attempted to copy the ex¬ 
tension procedure for measures; and it follows equally that it 
would have been a waste of time to do so, since we may, instead, 
reduce the discussion of signed measures to that of measures. 

It follows from the definition of signed measures, just as for 
measures, that a signed measure is finitely additive and, there¬ 
fore, subtractive. 

Theorem A. If E and F are measurable sets and n is a signed 
measure such that 


E <z F and | n{F) ] < oo, 
then I fi(E) | < «. 

Proof. We have n(F) — n(F — £) + is(E). If exactly one 
of the summands is infinite, then so is fi{F); if they are both 
infinite, then (since n assumes at most one of the values +oo and 
—oo) they are equal and again n(,F) is infinite. Only one possi¬ 
bility remains, namely that both summands are finite, and this 
proves that every measurable subset of a set of finite signed 
measure has finite signed measure. | 

Theorem B. If n is a signed measure and {£„} is a disjoint 
sequence of measurable sets such that | m(U»-i I *> 
the series y-{Fn) is absolutely convergent. 

Proof. Write 


and 

Then 

and 


+ = P" if /»(-£») ^ 

" lo if M(£n)<0, 

^ ^ f£„ if (siEn) ^ 0, 

" lo if ii{En) > 0. 


Since the terms of both the last written series are of constant 
sign, and since ju takes on at most one of the values +oo and — <», 
it follows that at least one of these series is convergent. Since 
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the sum of the two series is the convergent series 2n-i M(^n), 
it follows that they both converge, and, since the convergence of 
the series of positive terms and the series of negative terms is 
equivalent to absolute convergence, the proof of the theorem is 
complete. | 

Theorem C. If is a signed measure, if [En] is a monotone 
sequence of measurable sets, and if, in case {£„} is a decreasing 
sequence, ] M(^n) | < for at least one value of n, then 

Ai(lim„ En) = lim„ 

Proof. The proof of the assertion concerning increasing se¬ 
quences is the same as for measures (replacing {£„} by the disjoint 
sequence {E, — of differences, cf. 9.D); the same is true 

for decreasing sequences (reduction to the preceding case by 
complementation, cf. 9.E), except that Theorem A has to be used 
to ensure the finiteness of the subtrahends that occur. | 


(1) The sum of two [totally] <r-finite measures is a [totally] <r-finite measure. 
Is this assertion valid for infinite sums? 

( 2 ) A complex measure on the class of all measurable sets of a measurable 
space is a set function such that, for every measurable set E, ii{E) — ni(E) -l- 
fjU2(£), where i = \/—1, and where/xi and Ms are signed measures in the sense 
of this section. Are Theorems A, B, and C true for complex measures? 

( 3 ) If a signed measure m is the difference of two measures in two ways, 
M ““ Ml ~ Ms and m “ *'1 “ rj, then is it true that mi = H and m* = *'2? 

( 4 ) The fact that a signed measure assumes at most one of the values + «> 
and —00 follows from the requirement of additivity. (Hint: if m(£) = +“ and 
11(F) *■ — 00, then the right side of at least one of the relations 

m(£) =M(£-F)+M(£n F), 

M(F)-M(F-£)-|-M(£nF), 

ind 


*18 indeterminate.) 


§ 29. HAHN AND JORDAN DECOMPOSITIONS 

If M is a signed measure on the class of all measurable sets of a 
measurable space iX,S), we shall call a set E positive (with respect 
to m) for every measurable set F, £ fl F is measurable -and 
m(£ n F) ^ 0;. similarly we shall call E negative if, for every 



[Sec. 291 


GENERAL SET FUNCTIONS 


121 


measurable set F, £ fl F is measurable and n{E 0 F) ^ 0. 
The em/ty set is both positive and negative in this sense; we do 
not assert that any other, non trivial, positive sets or negative 
sets necessarily exist. 

Theorem A. If y. is a signed measurcy then there exist two 
disjoint sets A and B whose union is X, such that A is positive 
and B is negative with respect to y. 

The sets A and B are said to form a Hahn decomposition of X 
with respect to y. 

Proof. Since y assumes at most one of the values +« and 
— 00 , we may assume that, say 

— 00 < ju(F) ^ 00 

for every measurable set E. Since the difference of two negative 
sets, and a disjoint, countable union of negative sets are obviously 
negative, it follows that every countable union of negative sets 
is negative. We write /3 = ini y{B) for all measurable negative 
sets B. Let {F,} be a sequence of measurable negative sets such 
that lim< y{Bi) = if F = U*"-! ^»> F is a measurable 
negative set for which y{B) is minimal. 

We shall prove that the set — F is a positive set. 

Suppose that, on the contrary, Fq is a measurable subset of A 
for which y{Eo) < 0. The set Eo cannot be a negative set, for 
then F U Fo would be a negative set with a smaller value of y 
than m(F), which is impossible. Let ki be the smallest positive 
integer with the property that Fq contains a measurable set Fi 

for which y{Ei) ^ —. (Observe that, since yiEo) < 0, yiEo) 
ki 

and y(Ei) are both finite.) Since 

y(Eo — El) = yiEo) — yiEi) ^ yiEo) — — < 0, 

ki 


the argument just applied to Fo is applicable to Fo — Fi also. 
Let ^2 be the smallest positive integer with the property that 


Fo — Fi contains a measurable subset Fa with ^ t~ > and 

*2 

proceed so on ad infinitum. Since y is finite valued for measurable 
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subsets of £o (28.A), we must have lim„ — = 0. It follows that, 
/ kn 

for every measurable subset F of 

we have n{F) ^ 0, i.e. that Fq is a measurable negative set. 
Since Fq is disjoint from By and since 

m(Fo) = m(Fo) - E;-i m(F,) ^ m(Fo) < 0, 

this contradicts the minimality of By and we conclude that the 
hypothesis m(Fo) < 0 is untenable. | 

It is not difficult to construct examples to show that a Hahn 
decomposition is not unique. If, however, 

^ U and X = //2 U B^ 


are two Hahn decompositions of Xy then we can prove that, for 
every measurable set F, 

• ix{E n Ai) = m(F n A 2 ) and m(F D 5,) = n{E fl B 2 ). 

To see this, we observe that 

F n - /fa) c F n Au 

so that m(F n {Ai — A 2 )) ^ 0, and 

F n (/fl — A2) c F n F2, 

so that ix{E n {Ai — A^) ^ 0. Hence |i(F D {A\ — A^) = 0 
and, by symmetry, ju(F 0 {A 2 — Ai)) = 0; it follows that 

m(f n /fl) = n (/fl u A2)) = fi{E n A2). 

It follows from this result that the equations 

M+(F) = itt(F n /f) and m"(£) = -m(F fl B) 

unambiguously define two set functions and ju" on the class 
of all measurable sets, called, respectively, the upper variation 
and the lower variation of /i. The set function | ju |, defined 
for every measurable set F by | m |(F) = .u'^’fF) + m"'(F), is the 
total variation of it. (Observe the important notational distinc¬ 
tion between | it 1(F) and | /t(F) |.) 
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Theorem B. The upper^ lower^ and total variations of a 
signed measure fi are measures and ix{E) = — ix^{E) 

for every measurable set E. If is [totally] finite or Q-finite^ 
then so also are m"*” ^nd at least one of the measures and 
yT is always finite. 

Proof. The variations of /x are clearly non negative; if every 
measurable set is a countable union of measurable sets for which /x 
is finite, it follows from 28.A that the same is true for and 
The equation /n = follows from the definitions of ix'^ 

and /x””; the fact that /x takes on at most one of the values +» 
and —00 implies that at least one of the set functions /x"^ and fx'^ 
is always finite. Since the countable additivity of /x*^ and /Lt” 
is evident, the proof is complete. | 

It follows from Theorem B that every signed measure is the 
difference of two measures (of which at least one is finite); the 
representation of /x as the difference of its upper and lower varia¬ 
tions is called the Jordan decomposition of ju* 

(1) If /X is a finite signed measure and if [En\ is a sequence of measurable 
sets such that limn En exists, (i.e. such that lim supn En = lim infn jEn), then 

HiVimnEn) = limnM(^n). 

(2) A finite signed measure, together with its variations, is bounded. For 
this reason finite signed measures are often said to be of bounded variation. 

(3) If /X is a signed measure and if £ is a measurable set, then 

fi+{E) = sup {/x(F);£3FeS} and ix-{E) = - inf {m(F): £ 3 Fe S}. 

An alternative and frequently used proof of the validity of the Jordan decomposi¬ 
tion may be given by treating these equations as the definitions of /x"*" and fx’'. 

(4) Does the set of all totally finite signed measures on a <r~algebra form a 
Banach space with respect to the norm defined by || m || = I M |(^)? 

(5) If (XySyfx) is a measure space and / is an integrable function on then 

the set function p, defined by p(E) = I f{x)dyL{x)^ is a finite signed measure, and 

Je 

vHE) = f rdn. v-iE) = f rdn. 

Je Je 

What is I p |(£) in terms of/? 

(6) If /X and p are totally finite measures on a cr-algebra S and if £ is a set in 
S, then, corresponding to every real number /, there exists a set dt in S such that 
Ai^ZE and such that, for every set £ in S for which F Cl At [or for which 
F C £ — ^<] we have p{F) ^ //x(£)j [or p(F) ^ //x(£)]. 
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(7) If M is a signed measure and / is a measurable function such that / is 
integrable with respect to | /u |, then we may write, by definition, 

J/4x =//4^+ - 

This integral has many of the essential properties of the “positive” integrals 
discussed in Chapter V. If /x is a finite signed measure, then, for every measur¬ 
able set 

I M 1(£) = sup I l> 

where the supremum is extended over all measurable functions / such that 

( 8 ) By the separate consideration of real and imaginary parts, integrals such 

as //4i may be defined for complex valued functions/ and complex measures /i; 
(cf. 28.2). Motivated by (7) above, we define the total variation of a finite 
complex measure /t by | |(jE) = sup 1J* Jd{x |, where the supremum is extended 

over all (possibly complex valued) measurable functions/ such that |/| ^ 1 . 
What is the relation between | /i | and the total variations of the real and imagi¬ 
nary parts of fii 


§ 30. ABSOLUTE CONTINUITY 

Motivated by the properties of indefinite integrals, we intro¬ 
duced the abstract concept of signed measure, and we showed that 
the abstraction had several of the important properties of the 
concrete concept which it generalized. Indefinite integrals have, 
however, certain additional properties (or, rather, certain rela¬ 
tions to the measures in terms of which they are defined) that are 
not shared by general signed measures. In a special case we have 
already discussed one such property of very great significance 
(absolute continuity, §23); we propose now to examine a more 
general framework in which the discussion of absolute continuity 
still makes sense. 

If (-i^TjS) is a measurable space and n and v are signed measures 
on S, we say that v is absolutely continuous with respect to ju, 
in symbols v if v{E) = 0 for every measurable set E for 
which 1 M I (£) =0. In a suggestively imprecise phrase, y « 
means that v is small whenever is small. We call attention, 
however, to the lack of symmetry in the precise form of the defini¬ 
tion; the smallness of ix is expressed by a condition on its total 
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variation. Our first result concerning absolute continuity asserts 
that this asymmetry is only apparent. 

Theorem A. If ii and v are signed measures^ then the condi¬ 
tions 

(a) V « 

(b) <K M v~ ■ «M, 

(c) 1 ^ 1 « I M 1> 

are mutually equivalent. 

Proof. If (a) is valid, then viJE) = 0 whenever | /t | (£) = 0. 
\f X = A U B \s a. Hahn decomposition with respect to v, then 
we have, whenever j n ] (E) = 0, 

ogliul(£n^)glM|(£) = o 
and 

0^Ul(£n5)^l/xl(£) = 0, 

and therefore 

y-i-(E) = i>(£nA) = 0 and r-(E) = v(E fl fi) = 0; 
this proves the validity of (b). 

The facts that (b) implies (c) and (c) implies (a) follow from 
the relations 

I |(£) = v^{E) + v-{E) and 0 ^ | v{E) 1 ^ | 
respectively. | 

The following theorem establishes the relation between our 
present form of the definition of absolute continuity and the one 
we used (for finite valued set functions) in § 23. The theorem 
asserts essentially that another precise interpretation of "v is 
small whenever n i^ small,” which is apparently quite different 
from the definition of absolute continuity, is in the presence of a 
finiteness condition equivalent to it. 

Theorem B. If v is a finite signed measure and if n is a 
signed measure such that v « m> fhen, corresponding to every 
positive number «, there is a positive number 5 such that 
I V l(£) < e for every measurable set E for which 1 n | (£) < S. 
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Proof. Suppose that it is possible, for some 6 > 0, to find a 
sequence {£„} of measurable sets such that ] and 

Jm 

I V |(£„) ^ = 1, 2, • • •. If £ = lim sup« £«, then 

I M !(•£) ^ 2r-n I M l(^<) < > ” = 1> 2, • • •, 

and therefore | /* |(£) = 0. On the other hand (since v is finite) 

I V |(£) = lim „\p |(£„ U En+i U • • •) ^ hm sup„ | v |(£„) ^ e. 

Since this contradicts the relation v <SC the proof of the theorem 
is complete. | 

It is easy to verify that the relation “<SC” is reflexive (i.c. 

M m) and transitive (i.e. jui M 2 and me Ms imply that 
Ml Ms)* Two signed measures m and v for which both v <SC m 
and fi <!C.v are called equivalent, in symbols m — >'• 

The antithesis of the relation of absolute continuity is the rela¬ 
tion of singularity. If iX,S) is a measurable space and m and v 
are signed measures on S, we say that m and v are mutually singu¬ 
lar, or more simply that m and v are singular, in symbols n ± v, 
if there exist two disjoint sets A and B whose union is X such 
that, for every measurable set E, X r\ E and B Ci E are measur¬ 
able and \ ti\{X 0 £) = I»' 1(^ n £) =0. Despite the sym¬ 
metry of the relation, it is occasionally more natural to use an 
unsymmetric expression such as ‘V is singular with respect to m” 
instead of “m and v are singular.” 

It is clear that singularity is indeed an extreme form of non 
absolute continuity. If y is singular with respect to m, then not 
only is it false that the vanishing of | m | implies that of | v |, 
but in fact essentially the only sets for which | v [ does not neces¬ 
sarily vanish are the ones for which | m | does. 

We conclude this section with the introduction of a new nota¬ 
tion. We have already used the traditional and suggestive “al¬ 
most everywhere” terminology on measure spaces; this is perfectly 
satisfactory as long as we restrict our attention to one measure 
at a time. Since, however, in the discussion of absolute con¬ 
tinuity and singularity we have necessarily to deal with several 
measures simultaneously, and since it is clumsy to^ say “almost f 
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everywhere with respect to /i” very often, we shall adopt the fol¬ 
lowing convention. If, for each point x of a measurable space 
(XyS), ir(x) is a proposition concerning x, and if m is a signed 
measure on S, then the symbol 

ir(x) [m 1 or IT I/i] 

shall mean that ir(x) is true for almost every x with respect to 
the measure | jk |. Thus, for instance, if / and g are two functions 
on X, we shall write f — g[ii\ for the statement that {x: /(x) 
^(x)} is a measurable set of measure zero with respect to | iu |. 
The symbol [m] may be read as “modulo 

(1) If /i is a signed measure and / is a function integrable with respect to 
I M L and if v is defined for every measurable set E by v{E) = | JdyL (cf. 29.7), 
then 

(2) Let the measure space (X^Sy^l) be the unit interval with Lebesgue measure. 
Write F = {jc: 0 ^ ^ i}, and let/i and/2 be the functions defined by /i{x) « 

2xf W — 1 and/zW = x. If the set functions ju,* are defined by Hi(E) « f 

Jb 

I = 1, 2, then It is not, however, true that M2(F) = 0 whenever 

HiiE) = 0. If M2 were defined by M2(^) * I (/s — then even this stronger 

Jb 

condition would be satisfied. 

(3) For every signed measure m> the variations and arc mutually 
singular, and they are each absolutely continuous with respect to m* 

(4) For every signed measure M = I M |* 

(5) If M is a signed measure and £ is a measurable set, then \fx |(£) « 0 

if and only if m(F) = 0 for every measurable subset F of E, 

(6) If M and v are any two measures on a <r-ring S, then + v, 

(7) Let /i and /z be integrable functions on a totally finite measure space 

(XySyfi) and let /it be the indefinite integral of/,-, i *=* 1, 2, If =* Oj A 

{*:/2(x) = 0}) = 0, then in = /aj. 

(8) Let }[/ be the Cantor function (cf. 19.3), and let mo be the Lebesgue- 

Stieltjes measure, on the Borel subsets of the unit interval, induced by 
(cf. 15.9). If M is Lebesgue measure, then mo and m are mutually singular. 

(9) If M and v are signed measures such that v is both absolutely continuous 

and singular with respect to m, then v = 0. 

(10) If viy V 2 y and m are finite signed measures such that both vi and vt are 
singular with respect to Mi then v — vi + V 2 is also singular with respect to fi, 
(Hint: if AT *« U Fi and X ^ ^ 2 ^ B 2 are decompositions such that [ n | 
is identically zero for measurable subsets of Ai and | v,* | is identically zero for 
measurable subsets of 1 = 1, 2, then 

X »[{Ai n Ai) u {Ai n Bi) u {Ai n bo] u (Fi n ft) 

is such a decomposition for m and v,) 




128 


GENERAL SET FUNCTIONS 


[Sec. 31) 


(11) If M and v are measures on a <r-algebra S such that ft is finite and 

then there exists a measurable set E such that A* — £ is of <r-finitc measure with 
respect to v, and such that, for every measurable subset F of E, p(F) is either 
0 or 00 . (Hint: use the method of exhaustion (cf. 17.3), to find a measurable set 
E with the property that, for every measurable subset F of £, p(F) is either 0 
or 00 , and such that is maximal; another application of the method of ex¬ 
haustion shows that A' — £ is of cr-finite measure with respect to v.) 

(12) Theorem B is not necessarily true if p is not finite. (Hint: let X be the 
set of all positive integers, and, for every subset £ of X, write 

= K£) = Z«e«2».) 


§31. THE RADON-NIKODYM THEOREM 

Theorem A. ^ fi and v are totally finite measures such 
that v <K ju and v is not identically zero, then there exists a posi¬ 
tive number c and a measurable set A such that ix(A) > 0 and 
such that A is a positive set for the signed measure v — e/i. 

Proof. Let X = An Bn be a Hahn decomposition with 

respect to the signed measure p -M> » = 1> 2, • • •, and write 


Xo = Un-l •®0 *= fln-l Bn‘ 
Since Bq c B«, we have 


0 g piBo) ^ - m(5o), » = 1,2, • • •, 

n 

and consequently p(Bo) = 0. It follows that piAo) > 0 and 
therefore, by absolute continuity, that ft{Ao) > 0. Hence we 
must have n(,An) > 0 for at least one value of n; if, for such a 

value of », we write A = An and e = -, the requirements of the 

fl 

theorem are all satisfied. | 

We proceed now to establish the fundamental result (known 
as the Radon-Nikodym tiieorem) concerning absolute continuity. 

Theorem B. If (X,S,n) is a totally o-finite measure space 
and if a o-finite signed measure v on S is absolutely continuous 
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vaith respect to n, then there exists a finite valued measurable 
function f on X such that 


viJE) = f fd^s 
Jb 


for every measurable set E. The function f is unique in the sense 
that if also v{E) = J* gd/i, E eS, then / = ^ [/*]• 

We emphasize the fact that f is not asserted to be integrable; 
it is, in fact, clear that a necessary and sufficient condition that 

f be integrable is that v be finite. The use of the symbol Jfdii 

implicitly asserts, however (cf. § 25), that either the positive or 
the negative part of f is integrable, corresponding to the fact that 
either the upper or the lower variation of p is finite. 

Proof. Since Jlf is a countable, disjoint union of measurable 
sets on which both n ^^d v are finite, there is no loss of generality 
(for both the existence and the uniqueness proofs) in assuming 
finiteness in the first place. Since if v is finite, / is integrable, 
uniqueness follows from 25.E. Since, finally, the assumption 
<3C M is equivalent to the simultaneous validity of the conditions 


<?C M Jind 


«M> 


it remains only to prove the existence of / in the case in which 
both n and v are finite measures. 

Let X be the class of all non negative functions /, integrable 

with respect to /i, such thatj* fd/i ^ p(E) for every measurable 

set E, and write 


a s= sup 


j JyaM;/ e jc 


Let {/n} be a sequence of functions in X such that 


lim, 


, Jfndfl = a. 


If £ is any fixed measurable set, n is any fixed positive integer, 
and g* = /i U • • • U /«, then E may be written as a finite, disjoint 
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union of measurable sets, jE = jBi U • • • U so that fn(*) = 
fj{x) for X in = 1, •••,«. Consequently we have 

r gndu = £y-i f ^ Si-i »'(■£>) = 

If we write /o(x) = sup {/„(x): « = 1, 2, •••}, then /o(x) = 

liiUn gnM and it follows from 27.B that fot X andj/od/i = ot. 

Since /o is integrable, there exists a finite valued function / such 

that fo =f M; we shall prove that if = v(E^ -/m., 

then the measure pq is identically zero. 

If i>o is not identically zero, then, by Theorem A, there exists a 
positive number c and a measurable set such that fi(/4) > 0 
and such that 

€fi(E n ^ ^ Po(£ n yf) = >»(£ D /^) — f Jdy. 

jBnA 

for every measurable set E. 1( g = f exx, then 
J* gdii =* J* /dll + tii(E fl A) ^ JT ^dn + p{E f\ A) ^ v(E) 
for every measurable set E, so that g eX. Since, however, 

Jgdy- = > “> 

this contradicts the maximality of jfdyy and the proof of the 
theorem is complete. | 

(1) If {XJ&ji) is a measure space and if v(E) = | /4i for every measuraoie 

^ •'if 

set £, then 

X - {x;/M > 0) U lx:/(x) S 0} 

is a Hahn decomposition with respect to v. 

(2a) Suppose that (X,S) is a me^urable space and n and v are totally finite 

measures on S such that v<K/i* if “ I for every 

measurable set £, then 0 2 /(x) < 1 \fi], 

(2b) If fgdp ^ ^fgdjit for every non negative measurable function then 
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v(E) « f ■ for every measurable set E, (Hint; rewrite the hypothesis 

Jif 1 — y 


■/ 

in the formJ*^(l — J)dv = and, given write g = ) 

(3) Let (XS>m) he the unit interval with Lebesgue measure and let M be a 
non measurable set. Let (ai,j3i) and be two pairs of positive real numbers 

such that oti + jSi = a 2 + ft = 1 , and let j 2 » be the extension of /i, determined 
by (a,A)) to the <r-ring S generated by S and Af, / = 1 , 2 (cf. 16.2). There 
exist measurable functions /i_and Ji such that 


= f /i 4 f 2 and M 2 (£) - f / 2 ^mi 
Je Jb 

for every measurable set E. What are the functions f\ and / 2 ? 

(4) The Radon-Nikodym theorem remains true even if /i is only a signed 
measure. (Hint; let X = yf U jB be a Hahn decomposition with respect to 
M and apply the Radon-Nikodym theorem separately to v and in yf and to v 
and fJL^ in B.) 

(5) Let /i be a totally (r-finite signed measure. Since both and /i- are 
absolutely continuous with respect to both m and | /i |, we have 




The functions /+, g^, /-, and g^ satisfy the relations /+ =* g+ [/i] and /_ = 
[m 1« What are these functions? 

( 6 ) If /i is a signed measure and if v(E) = I fdtx and 11(£) = ( gd\fi\ for 

•'B Jb 

every measurable set then ^ = !/| [m 1 « 

(7) The Radon-Nikodym theorem remains true even if v is not cr-finite, but, 
in this case, the integrand/ is not necessarily finite valued. (Hint; it is sufficient 
to consider the case in which is a measure and m is finite; in this case apply 
30.11.) 

( 8 ) The Radon-Nikodym theorem is not necessarily true if m is not totally 
<r-finite, even if v remains finite. (Hint: let X be an uncountable set and let 
S be the class of all those sets which are either countable or have countable 
complements. For every E in S, let n{E) be the number of points in E and let 
i'(£) be 0 or 1 according as £ is countable or not.) 

(9) If (A',S) is a measurable space and n and v are ^-finite measures on S 

such that then the Radon-Nikodym theorem may be applied to each 

measurable set separately. The question might be raised whether or not a 
function/ may be defined once for ail on the whole space AT so as to serve as a 
suitable integrand simultaneously for every measurable set. The answer is no, 
as the following pathological example shows. 

Let X be any uncountable set (with, say, cardinal number a), and let B be a 
set of cardinal number > a. Let X be the set of all ordered pairs (tf,A) with 
at A and AeB. It is convenient to call a set of the form {(tf,Ao): azX] ^ 
horizontal line, and a set of the form {(«0i^): ^ e B) a vertical line. We shall 
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call a set E full on a horizontal or vertical line L if L — £ is countable; (cf. 12.1). 
Let S be the class of all sets which may be covered by countably many hori¬ 
zontal and vertical lines, and which are such that on every horizontal and vertical 
line they arc either countable or full. For every £ in S let be the number of 
horizontal and vertical lines on which E is full, and let v{E) be the number of 
vertical lines on which E is full. Clearly fi and v are or-hnite measures and 

Suppose now that there exists a function/on X such that p(E) « J* /dfi 

for every E in S. It is easy to see that the set {4f:/(Af) * 0} has to be count¬ 
able on every vertical line and full on every horizontal line. The first require¬ 
ment implies that the cardinal number of this set is at most aKo a, and the 
second requirement implies that the cardinal number of this set is at least 
0(a - «o) ^ /3; 

(10) There is a condition on measure spaces, which is more general than 
total <r-finiteness and more restrictive than <r-finiteness, in the presence of which 
the Radon-Nikodym theorem is still true. The condition is that the space be 
the union of a disjoint class D of measurable sets of finite measure with the 
property that every measurable set may be covered by countably many sets of 
D and a set of measure zero. The following is an example of a non totally 
<r-finite measuire space satisfying this condition. 

Let X be the Euclidean plane, and let S be the class of all those sets which 
may be covered by countably many horizontal lines and which are Lebesgue 
measurable on each such line. If £ is a Lebesgue measurable subset of a hori¬ 
zontal line, define niE) to be the Lebesgue measure of £; for the general £ in 
S, /i is thereby uniquely determined by the requirement of countable additivity. 

(11) If, in (9) above, B ^ A and the cardinal number of this set is (=* the 

smallest uncountable cardinal), then the proof breaks down, i.e. there exists in 
that case a subset EofX which is countable on every vertical and full on every 
horizontal line. (Hint: well order Ay i.e. assign to every a in A an ordinal 
number ^{a) < S2(» the smallest uncountable ordinal) so that the correspondence 
is one to one between all points of A and all ordinals less than 12, and write 
E « ^{a) > {(^)}. 

(12) If M is A totally finite measure and v{E) » j fdtx for every measurable 

Je 

set £, then the set 


B{t) - {*:/(*) g /} 


is a negative set for the signed measure v — tfi; (cf. (1) above). A proof of the 
Radon-Nikodym theorem may be based on an attempt to reconstruct / from 
the sets £(/); (cf. 18.10). The main complication of this approach is the non 
uniqueness of negative sets. A tool for partially dealing with this complication 
is to select £(/), for each /, so as to maximize the value of ;x(£(/)). 


§32. DERIVATIVES OF SIGNED MEASURES 

There is a special notation for the functions which occur as 
integrands in the Radon-Nikodym theorem, which is frequently 




(Sec. 32] 


GENERAL SET FUNCTIONS 


very suggestive. If n is a totally «r-finite measure and if v{E) = 
f/dufor every measurable set E, we shall write 


/ = — or dv = fdix. 

dn 


All the properties of Radon-Nikodym integrands (which we may 
also call Radon-Nikodym derivatives), which are suggested by 
the well known differential formalism, correspond to true theorems. 

Some of these are trivial it.%. ^ ^ ^ , while 

\ dfi dfi dfi/ 

others are more or less deep properties of integration. Examples 
of the latter kind of result are the chain rule for differentiation 
and, as an easy corollary, the substitution rule for the differentials 
occurring under an integral sign; both these results are precisely 
stated and proved below. It is, of course, important to rehiember 

dv . . 

that a Radon-Nikodym derivative — is unique only a.e. with 

dv- 

respect to v, and that, therefore, in the detailed verbal interpreta¬ 
tion of a differential formula, frequent use has to be made of the 
qualifying “almost everywhere.” 

Theorem A. 1/ \ and v totally a-finite measures such 
that /I <5i X and if v is a totally a-finite signed measure such that 
V Vi then 

^ ^ ^ r , 

d\~ dvd\ ^ 


Proof. Since the validity of the desired equation for the upper 
and lower variations of v infplies its validity for v itself, we may 
and do assume that v is a measure; for simplicity of notation we 

write ^ = / and ^ — g- Since v is non negative, it follows from 

dv d\ 

25.D that/ ^ 0 [m] and therefore that there is no loss of generality 
in assuming that/ is everywhere non negative. 

Let {/*} be an increasing sequence of non negative simple 
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functions converging at every point to /, (20.B); then, by 27.B, 
we have 


lini„ r J^dyi = f /dfi and lim« f fngdK = f fgdK 
Jb •^b 

for every measurable set E. Since, for every measurable set F, 


f xpdn = m(f n F) = r gdk - f XFgdx, 

V B V B n F J B 

It follows that I fndtk = f /ngdk, n = 1,2, • • •, and therefore that 
Jb ds 

viE) = f/dF^ = f/gd\. I 
Je 

Theorem B. If \ and ft are totally a-finite measures such 
that n ■<^\, and if f is a finite valued measurable function for 

which jfdn is definedy then 


Proof. We write v(E) = | fdn for every measurable set F, 

.-/m 


and apply Theorem A. It follows that v 


-f/i 


d\ for every 


measurable set E; the desired result follows by putting E = X. | 
Our next and final result concerning the relations among signed 
measures treats the Lebesgue decompOEdtion of a totally (r-finite 
signed measure into an absolutely continuous part and a singular 
part with respect to another totally cr-finite signed measure. 


Theorem C. If (X,S) is a measurable space and n and v 
are totally a-finite signed measures on S, then there exist two 
uniquely determined totally a-finitq signed measures po and vi 
whose sum is v, such that vo ± is and vi it. 


Proof. As usual we may assume that n and v are finite. Since 
Vi{i 0,1) will be absolutely continuous or singular with respect 
to n according as it is absolutely continuous or singular with 
respect to | /i |> we may assume that m is a measure. Since, finally, 
we may treat p"^ and p~ separately, we may also assume that p 
is a measure. 
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The proof of the theorem for totally finite measures is a useful 
trick, based on the elementary observation that v is absolutely 
continuous with respect to n + v. There exists, accordingly, a 
measurable function / such that 

K£) = f + r Jdv 
Jb ^b 

for every measurable set E. Since 0 ^ v{E) ^ yL{E) + v{E), 
we have 0 ^ ^ 1 [/it + ri and therefore 0 ^ ^ 1 [»/]. If we 
write= {x:/{x) = 1} and £ = {jf:0 ^f(x) < 1}, then 

v{A) = J* = + v(A) 

and therefore (since v is finite) n(/f) = 0. If 

vo(E) = v{E n A) and viiE) = v(^E fl B) 

for every measur^le set E, then it is clear that pq X /u; it remains 
to prove that Pi fi. 

If m(£) = 0, then 


I dy p(E n B) =‘ \ Jdv 
a/jffnJ? J B n B 

and therefore f (1 — = 0. Since 1 — / ^ 0 H, it fol- 

JBnB 

lows that yi(E) = y(E fl 5) = 0; this completes the proof of the 
existence of vq and vi. 

If == “H = Po “f“ two Lebesgue decompositions 

of Vy then j/q — i'o = j'l J'l* Since vo — i^o is singular (cf. 30.10) 
and Vi — vi is absolutely continuous with respect to /x, it follows 
that Po = Po and pi ^ pi; (cf. 30.9). | 

(1) Using the concept of integration with respect to a signed measure, the 
definition of Radon-Nikodym derivatives may be extended to the case in which 
p is a signed measure, and Theorem A remains true if X and p are signed measures. 
(Hint: consider a Hahn decomposition with respect to each of the three signed 
measures X, m> and v, and construct the decomposition of X into the eight sets ob¬ 
tained by taking one set from each decomposition and forming the intersection 
of these three sets. On measurable subsets of each of the eight sets each of the 
functions, X, m> and v, is of constant sign and therefore, after an obvious, slight 
modification. Theorem A applies.) 
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(2) If n and v are totally o^finite signed measures such that then 

^ \/— 
dP “ Vm’ 

(3) If n and v are totally «r-finite signed measures such that v^/t, then 


({x:|w=0))=0. 


dn 

(4) If fit, fii, and are totally finite measures, and if dixo •= /idQio + ni) = 
fidino + Ms) “ /d(jto + Ml + Ms), then we have, almost everywhere with respect 
to Mo + Ml + Ms, 

f /i(*)/sW 


/W 


if /iWsW 7^ 0, 


j/iW +/sW -/i(*)/i(*) 

I 0 if /i(*) =/sW = 0. 

(S) Given two sequences {mh} and {v*) of totally finite measures, write 

/In = 23"-1 Pn •• 23"-1 *'»■> M “ Z )*-1 M<» »' = 23"-1 •'<> 

and assume that m and v are finite measures. If Fn^/In, » 1, 2, ■ • then 

ixJCm and 

dt>» , 

The prcxif of this assertion may be based on the following lemmas. 

(5a) If {£n} is a sequence of measurable sets such that jQ[n(-£n) = 0, w = 1, 2, 
• • •, then M(lim supn En) « 0. (Hint: ;Jn(U?-n Ek) ^ J^kmnPk(Ek).) 

(5b) If {0n} and {^n} are sequences of functions such that 0n = [Mn], 

» *= 1, 2, • • •, then, for a.e. x [/x], 

lim supn0n(^) = lim supn^n(^) and lim in(n^n{x) « lim infn^n(^). 

(Hint: write En ** {at: <l>n(x) 5^ ^n(jr)} and apply (5a).) 

In view of the result (5b) it is sufficient to prove (5) for any fixed determina¬ 
tion of the derivatives If 

dSln 




and ^ » =■ 1> 2, 


then it follows from Theorem A that one such determination is 
/i H— • 4-/n 


gi-i - \-gn 


w ** I> 2, 


dv 


(5c) 23?- i/n - ^ and 23?- 1 - 1 M- (Hint; smce 


and 


Z:r-iMK£)-f Ui+‘"+gnW 

je 

Zr-1 •'<(£)“ f (/l + • • • +/nW, «- 1, 2, 

*'B 


the desired result follows from 27.B and 25.E.) 
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PRODUCT SPACES 


§33. CARTESIAN PRODUCTS 

If X and Y are any two sets (not necessarily subsets of the 
same space), the Cartesian product AT X T is the set of all ordered 
pairs ix,y)y where x eX andy e Y. The best known example of a 
Cartesian product is the Euclidean plane, which is most often 
viewed as the product of two coordinate axes. Most of the 
development in the sequel uses the words and concepts suggested 
by this example. Thus, for instance, if X c X and 5 c F, we 
shall call the set E = X X B (a subset of X X Y) a. rectangle 
and we shall refer to the component sets X and B as its sides. 
(Observe that our usage here differs from the classical terminology 
which speaks of rectangles only if the sides are intervals.) 

Theorem A. X rectangle is empty if and only if one of its 
sides is empty. 

Proof. If X X B 9 ^ Oy say (x,v) tX X B, then x eX and 
y s By so that X 9^0 and B 9^0. If, on the other hand, neither 
X nor B is empty, then there is a point {Xyy) such that (*,y) e 
XX By so that XX B 9^0. f 

Theorem B. If E\ ^ X\X Bi and E^ — X^X Ba are 
non empty rectanglesy then E\C.Eiif and only if 

Xx c Xa and Bi c Ba. 

Proof. The “if” is obvious. To prove the converse, let (xyi) 
be a point in X\ X Bi and suppose that there exists a point xi 
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in A\ such that e' A^. Then 

(# 1 ,^) zAiXBi and {xi,y) c' A^ X 5a; 

it follows that no such point Xi can exist and therefore A\ C. A2- 
The same proof with only notational changes shows that 
5x C ^a* I 

Theorem C. If A\Y. B\ — A^Y, Ba is a non empty rec¬ 
tangle, then A\ = Aa and B\, = ^a. 

Proof. It follows from Theorem B that 

Aid AaC. Ai and Bid Bad Bi. | 

Theorem D. If E — A Y B, Ei — AiY Bi, and Ea = 

Aa X Ba are non empty rectangles, then a necessary and suffi¬ 
cient condition that E be the disjoint union of Ei and Ea, is 
that either A is the disjoint union of Ai and Aa, and 5 = 5i = 
Ba, or else B is the disjoint union of Bi and Bay and A — Ai — 
Aa» 

Proof. We prove first that the condition is necessary. Since 
El d E and Ea d E, it follows from Theorem B that Ai d A 
and Aa d A, and therefore that Ai \} Aad A\ similarly 
BiU Bad B. Since 

El U Ea d i,Ai U A^ X {Bi U 5a)> 

it follows that A d Ai U Aa and B d Bi\i Ba, and therefore 
A Ai\J Aa and B = Bi V Ba. Since, finally, a similar argu¬ 
ment shows that 

0 = El n Ea 3 {Ai n /fa) X {Bi D 5a), 

it follows from Theorem A that at least one of the two sets 
Ai n Aa and Bi 0 5a is empty. 

Suppose, for instance, that /fi PI /fa = 0 ; we are to show that 
in this case 5 = 5i = 5a. (The case 5i 0 5a = 0 is treated 
similarly.) Suppose on the contrary that there exists a point 
y in 5 — 5i. Then, if x is any point in Ai, we have {x,y) e E, 
but (since y c' 5i), {x,y) e' £ 1 , and (since x e' Aa)y ix,y) e' Ea. 
Since this contradicts the assumption £ » £1 U £ 3 , it follows 
that 5 — 5i ” 0 and also, by a similar argument, 5 — £3 «■ 0. 
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The sufficiency of the condition is easier. If, for instance, A 
is the disjoint union of A\ and A-i and B = B\ = B2, then A Zi A\, 
A Z> A2, B 3 5 i, B Z 3 B2, so that £ 3 £1 U E2. Also if {x,y) e £, 
then 

{x^) e £, or (:v,y) e £2 

according x z Ai or x z A2, so that £ is indeed the disjoint 
union of £1 and £2. | 

Theorem E. If S and T are rings of subsets of X and Y 
respectively^ then the class R of all finite, disjoint unions of 
rectangles of the form A 'K B, where A z^ and £ e T, is a ring. 

Proof. We observe first that the intersection of two sets of 
the form /f X £ is another set of that form. If either of the two 
given sets, or their intersection, is empty, this result is trivial. If 

El — AxY. £1, £2 = /^2 X £2, and (x,y) e £1 fl £2, 

then X zAi A2 and y z Bi C\ £2, so that 

£1 n £2 c {Ai n A2) X (£1 n £2). 

On the other hand, by Theorem B, {Ai D Af) X (£i 0 £2) is 
contained in £1 and £2 and therefore in £1 D £2, so that 

E\ n £2 ~ i/ii fl Af) X (£1 n £2). 

Since S and T are rings, A\ 0/^2 6 8 and £i fl £2 e T. It follows 
immediately that the class R is closed under the formation of 
finite intersections. 

Since 

{.Ai X £1) — {A2 X £2) = 

= \iAi n Af) X (£1 £2)] U \{Ai A^ X £i], 

we see that the difference of two sets of the given form is a disjoint 
union of two other sets of that form; since 

u?-. Bi - ur-. Bj - ur-. a*. (B< - B,). 

it follows, using the result of the preceding paragraph, that the 
class R is closed under the formation of differences. Since R is 
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obviously closed under the formation of finite, disjoint unions, 
the proof of the theorem is complete. | 

Suppose now that in addition to the two sets X and Y we are 
also given two o^rings S and T of subsets of X and Y respectively. 
We shall denote by S X T the oaring of subsets of X XY gener¬ 
ated by the class of all sets of the form A X B, where A zS 
and B zT. 

Theorem F. If {XyS) and (y,T) are measurable spaces, 

then (.ST X y, S X T) is a measurable space. 

The measurable space {X XY, S X T) is the Cartesian 
product of the two given measurable spaces. 

Proof. If ix,y) zX XY, then there exist sets A and B such 
that X z A zS and y e JB e T; it follows that ix,y) zA X B z 
SXT. I 

We observe that this is the first time we ever referred to the 
fact that a measurable space is the union of its measurable sets; 
in the present chapter we shall make essential use of this property 
of measurable spaces. 

We shall frequently use the concept of measurable rectangle. 
Two equally obvious and natural definitions of this phrase suggest 
themselves. According to one, a rectangle in the Cartesian 
product of two measurable spaces (A’jS) and (y,T) is measurable 
if it belongs to S X T, and, according to the other, A X B is 
measurable .if A zS and B zT. It is an easy consequence of 
the results we shall obtain that for non empty rectangles the two 
concepts coincide; for the time being we adopt the second of our 
proposed definitions. We may say, accordingly, that the class 
of measurable sets in the Cartesian product of two measurable 
spaces is the oaring generated by the class of all measurable 
rectangles. 

(1) The intersection of any countable class of [measurable] rectangles is a 
[measurable] rectangle. Does this statement remain true if the word “count¬ 
able” is omitted? 

(2) The “only iP' part of Theorem B, Theorem C, and the necessity of the 
condition in Theorem D are all false for empty rectangles. 

(3) Under the hypotheses of Theoj-em E, the class P of all sets of the form 
A X B, where e S and B e T, is a semiring. Is this statement true if S and T 
are not necessarily rings, but merely semirings? 
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(4) If the rings S and T in (3) each contain at least two different non empty 
sets, then P is not a ring. 

(5) A necessary and sufficient condition that S X T be a (T-algebra is that 
both S and T be <r-algebras. 

(6) If (Ar,S) and (y,T) are measurable spaces, then every measurable set in 
AT X y is contained in a measurable rectangle. (Hint: the class of all those 
sets which may be covered by a measurable rectangle is a <r-ring.) 


§ 34. SECTIONS 

Let iX,S) and (y,T) be measurable .spaces and let {X X Y, 
S X T) be their Cartesian product. If E is any subset o{ X 'KY 
and X is any point of X, we shall call the set £» = {y: e £} 

a section of E, or, more precisely, the section determined by x. 
At times when it is important to call attention not so much to 
the particular point which determines the section as merely to 
the fact that the section is determined by some point of the space 
X (and is therefore a subset of Y), we shall use the phrase 
JY-section. The main point is to distinguish such a section from 
a Y-section determined by a pointy in Y; the latter is defined, of 
course, as the set £" = {a;: {x,y) c£}. We emphasize that a 
section of a set in a product space is not a set in that product space 
but a subset of one of the component spaces. 

If/ is any function defined on a subset E of the product space 
X y.Y and x is any point of X, we shall call the function /*, 
defined on the section Ex by 

Uy) =/(^,y), 

a section of /, or, more precisely an JT-section of /, or, still 
more precisely, the section determined by x. The concept of a 
Y-section of/, determined by a point y in Y is defined similarly 
by/"(^) =/(^,y). 

Theorem A. Every section of a measurable set is a measur¬ 
able set. 

Proof. Let E be the class of all those subsets of AT X Y which 
have the property that each of their sections is measurable. If 
E = Ax B \s a. measurable rectangle, then every section of E 
is either empty or else equal to one of the sides, {A or B according 
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as the section is a y-section or an Jt-section), and therefore 
£ e E. Since it is easy to verify that E is a <r-ring, it follows that 
S X T c E. I 

Theorem B. Every section of a measurable function is a 

measurable function. 

Proof. If f is a measurable function on X X y, if x is a point 
of X, and if M is any Borel set on the real line, then the measur¬ 
ability of N(Jx) n fx~^(M) follows from Theorem A and the 
relations 

fz~\M) = \y'.fx{y) zM\ = {y.f{.x,y) zM] = 

(Observe that N{fx) = {N(J))x-) The proof of the measurability 
of an arbitrary y-section of/ is similar. | 

(1) If X is the characteristic function of a subset E oi X 'XYy then x* and x*' 
arc the characteristic functions of Ex and E^ respectively. If, in particular, x 
is the characteristic function of a rectangle A y, then 

Every section of a simple function is a simple function. 

(2) Let X = Y ^ any uncountable set, and S = T = the class of all count¬ 
able subsets. If D = ^ is the “diagonal” in A' X then every 

section of D is measurable but D is not; in other words the converse of Theorem 
A is not true. 

(3) If an extended real valued function /defined on the Cartesian product of 
two measurable spaces X and F has the property that, for every Borel set M on 
the real linc,/“^(Af) intersects every measurable set in a measurable set, then 
every section of / also has that property. Does this assertion remain valid if 
the definition of measurable space is altered by omitting from it the requirement 
that the space be the union of its measurable sets? What arc the implication 
relations between this property and measurability? 

(4) A non empty rectangle is a measurable set if and only if it is a measurable 
rectangle. (Hint: \i Ay B is measurable, then every section oi A y B \s 
measurable.) 

(5) Let (.^,S) be a measurable space such that e S (i.e. such that S is a 
<r~algebra); let Y be the real line, and let T be the class of all Borel sets. If/ is 
a re^ valued, non negative function on Xy then the upper ordinate set of / is 
defined to be the subset 

y*(J) - {(».y)-.xeX, O^y^Ax)) 

of XXY, and the lower ordinate get of/ is 

^♦(/) “ { (xjf)txeX, O^y <f(x)}. 
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(Observe that, for instance, the lower ordinate set of the function identically 
equal to zero is empty.) The following considerations are at the basis of an 
alternative treatment of measurable functions. 

(5a) If/is a non negative simple function, then V'^U) and ^*(7) are measur¬ 
able. (Hint: each of the sets is the union of a finite number of measurable 
rectangles.) 

(5b) If / and g are non negative functions such that J{x) ^ ^(jf) for all x, 
then V*U) C fn^) and V^U) C V^{g). 

(5c) If [Jn] is an increasing sequence of non negative functions converging 
at every point to/, then {is an increasing sequence of sets whose union 
is ^*(7); similarly if {/n} is decreasing to/> then {/^*(7n)} is a decreasing se¬ 
quence of sets whose intersection is y*{f)* 

(5d) If / is a non negative measurable function, then y*{J) and ^*(7) are 
measurable sets. (Hint; if/ is bounded, then there exist sequences {^n} and 
{^n} of simple functions such that 

^ ^ gn ^ gn-^-1 ^7 ^ ^n+l ^ ^n> W = I> 2, • • • 

and such that limn^n = limn An = /.) 

(5e) If E is any measurable set \n X X Yy and if a and P are real numbers 
such that a > 0, then the set {(;f,^); (x^ay + p) e E} is a measurable subset of 
X X Y. (Hint; the conclusion is true if £ is a measurable rectangle, and the 
class of all sets for which the conclusion is true is a (r-ring.) 

(5f) If/is a non negative function such that y*i/) [or y*{/)] is measurable, 
then / is measurable. (Hint: it is sufficient, for the proof of the unparenthetical 
statement, to show that /(x) > c\ is measurable for every positive real 
number c. If E = y*(/)y then 

U ?-1 (•’f. ^->' + ‘^) ^ > e,y > 0 }; 

the desired result follows from the fact that the sides of a measurable rectangle 
are measurable.) 

(5g) If the graph of a (not necessarily non negative) function / is defined as 
the set 1 (a;,^); /(x) = ^|, then the graph of a measurable function is a measur¬ 
able set. 


§ 35. PRODUCT MEASURES 


Continuing our study of Cartesian products, we turn now to the 
case where the component spaces are not merely measurable 
spaces but measure spaces. 


Theorem A. If (A',S,m) (y,T,p) are a-finite measure 

spaces^ and if E is any measurable subset of X then the 
fnyictions f and gy defined on X and Y respectively by f{x) = 
p{Ejr) and g{y) = ijl{E^), are non negative measurable func¬ 


tions such that 


'jfdii = J* gdv. 
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Proof. IfM is the class of all those sets E for which the con¬ 
clusion of the theorem is true, then it is easy to see that M is 
closed under the formation of countable, disjoint unions. We 
observe that the c-finiteness of n and v implies that every set in 
S X T may be covered by a countable disjoint union of measur¬ 
able rectangles, both sides of each of which have finite measure. 
If, therefore, we could prove that every measurable subset of 
every measurable rectangle with sides of finite measure belongs 
to M, it would follow (as stated) that every measurable set belongs 
to M. In other words, we have reduced the proof to the case of 
finite measures; we shall complete the proof (for finite measures) 
by showing that every measurable rectangle (and therefore every 
finite, disjoint union of measurable rectangles) belongs to M, 
and that M is a monotone class. 

If E — A y. B is a non empty measurable rectangle, then 
/ = v{B)xa and g = h(A)xb‘ It follows that/ and g are measur¬ 
able and thsLtJ/dn = n(A)-v(B) = JW*'* 

The fact that M is a monotone class is a consequence of the 
standard theorems on the integration of sequences of functions, 
specifically 26.D and 27.B. (The finiteness of the measures n 
and V is used in justifying the application of these results.) 

Since the class of all finite, disjoint unions of measurable rec¬ 
tangles is a ring (33 .E), and since, by definition, the class of 
measurable sets is the <r-ring generated by this ring, it follows 
(6.B) that every measurable set is in M, and the proof of ^he 
theorem is complete. | 

Theorem B. If (XyS,ix) and (y,T,»') are a-finite measure 
spaces, then the set function X, defined for every set E /« S X T 
by 

HE) = fviEMx) = J HE^)dpiy), 

is a <r-finite measure with the property that,for every measurable 
rectangle A y B, 

HA X 5) = HX)-HB). 

The latter condition determines X uniquely. 
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- The measure X is called the product of the given measures n 
and Vy in symbols \ — fiX v; the measure space (A" X T, S X T, 
(I X v) is the Cartesian product of the given measure spaces. 

Proof. The fact that X is a measure is a consequence of the 
theorem on the integration of monotone sequences (27.B; cf. also 
27.2). The ff-finiteness of X follows from the fact that every 
measurable subset of X X Y may be covered by countably many 
measurable rectangles of finite measure; uniqueness is implied 
by 13.A. I 

(1) Let -Y = y be the unit interval, and let S = T be the class of Borel sets; 

let n(E) be the Lebesgue measure of £, and let v(E) be the number of points in 
E, If D = X = y]y then D is a measurable subset of Y X y such that 

Jv{Px)dfi{x) = 1 and J* y.{P^)dv{y) = 0. In other words, Theorem A is not 

true if the condition of (r-finiteness is omitted. 

(2) The Cartesian product of two <r-finite and complete measure spaces 
need not be complete. (Hint: let Y = y be the unit interval, let Af be a non 
measurable subset of Y, let be any point of y, and consider the set A/ X {; 
cf. 34.4.) 

(3) Suppose that (Y,S,iii) is a totally <r~finite measure space and that (y,T,j') 
is the real line with T ~ the class of all Borel sets and v == Lebesgue measure; 
let X be the product measure fi Xv. We have already seen (34.5) that for any 
non negative, measurable function, and a fortiori for any non negative, integrable 
function /on Y, the ordinate sets V*{f) and y*(/) are measurable subsets of 

Y X y; we now assert that X(y*(/)) = X(y*(/)) = jfdfi, (Hint: in view 

of the known results on approximation of functions by simple functions and 
integration of sequences of functions, it is sufficient to establish the equation 
for simple functions /.) This equation is sometimes used, in an alternative 

approach to integration theory, as the definition ofJ/Z/i; it is a precise formula¬ 
tion of the statement that “the integral is the area under the curve.” 

(4) Under the hypotheses of (3), the graph of a measurable function has meas¬ 
ure zero. (Hint: it is sufficient to consider non negative, bounded, measurable 
functions on totally finite measure spaces, and to these the result of (3) applies.) 

(5) If (Y,S,ju) and (y,T,p) are <r-finite measure spaces, and if X = /i X i', 
then, for every set E in H(S X T), X*(£) is the infimum of sums of the type 
^n-iX(£n), where {£n} is a sequence of measurable rectangles covering £. 
(Hint: cf. 33.3, lO.A, and 8.5.) 


§ 36. FUBINI'S THEOREM 

In this section we shall study the relations between integrals 
on a product space and integrals on the component spaces. 
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Throughout this section we shall assume that 

iX,Syn) and (T’,T,i') are o-finite measure spaces and X is the 
product measure /a X v on S X T. 

„ If a function h on X X Y is such that its integral is defined 
(i.e. if, for instance, h is an integrable function or a non negative 
measurable function), then the integral is denoted by 

jh{xyy)d\{xyy) or jh{xyy)d{ji X 

and is called the double integral of If hx is such that 

Jhx(y)My) =/W 

is defined, and if it happens that J/dfi is also defined, it is cus¬ 
tomary to write 

f/dfi ^ ffh(xyy)eiv(y)dn(x) =- jMx)j'A(Xyy)My)- 


The symbols h(xyy)dn(x)dv(y) andj* dp{y) Jh(Xyy)dn(x) are de¬ 
fined similarly, as the integral (if it exists) of the function g on 
Y, defined by g(y) = Jh^(x)dn(x), The integrals JJhdfidv and 

jjhdvdit are called the iterated integrals of h. To indicate the 

double and iterated integrals of h over a measurable subset E 
of X X Yy i.e. the integrals of x«A, we shall use the symbols 


hd\y ff hdtidvy and ff hdvdp.. 

E JJb JJe 

Since J?'-sections (of sets or functions) are determined by points 
in Xy it makes sense to assert that a proposition is true for almost 
every AT-section, meaning, of course, that the set of those points 
X for which the proposition is not true is a set of measure zero in X. 
The phrase “almost every y-section” is defined similarly; if a 
proposition is true simultaneously for a.e. AT-section and a.e. 
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y-section, we shall simply say that it is true for almost every 
section. 

We begin with an elementary but important result. 

Theorem A. A necessary and sufficient condition that a 
measurable subset E of X X Y have measure zero is that almost 
every X-section [or almost every Y-section] have measure zero. 

Proof. By the definition of product measure we have 


ME) = 


fM(£‘')d.(y). 


If \(E) = 0, then the integrals on the right are in particular 
finite and hence (by 25.B) their non negative integrands must 
vanish a.e. If, on the other hand, either of the integrands 
vanishes a.e., then X(jE) =0. | 

Theorem B. If h is a non negative., measurable function on 
AT X y, then 


J’hd(jx X y) = JJ'hdfidi' = JJ'hdi'dfi. 


Proof. If h is the characteristic function of a measurable set 
E, then 

J’h(x,y)dr(y) = v(£,) and Jh(x,y)dM(x) = m(E’'), 


and the desired result follows from 35.B. In the general case we 
may find an increasing sequence {A„} of non negative simple 
functions converging to h everywhere, (20.B). Since a simple 
function is a finite linear combination of characteristic functions, 
the conclusion of the theorem is valid for every h„ in place of h. 

By 27.B, lim„J'h„d\ =J’hd\. If/n(^) - J’h„(x,y)di>(y), then 

it follows from the properties of the sequence {A„} that {/«} 
is an Increasing sequence of non negative measurable functions 
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converging for every x to/(x) = J* h{x,y)dv{y)’^ (cf. 27.B). Hence 

f is measurable (and obviously non negative); one more applica¬ 
tion of 27.B yields the conclusion that 


lim, jfndu = jfdii. 


This proves the equality of the double integral and one of the 
iterated integrals; the truth of the other equality follows simi¬ 
larly. I 

Both Theorems A and B are sometimes referred to as parts of 
Fubini’s theorem; the following result is, however, the one most 
commonly known by that name. 


Theorem C. If h is an integrablefunction on X then 
almost every section of h is integrable. If the functions f and g 

are defined by f(x) = jh{xyy)dv{y) andg{y) = jh{xyy)dn{x), 

then f and g are integrable and 


j'hdlji X v) — ^fdu — J* zdv. 


Proof. Since a real valued function is integrable if and only 
if its positive and negative parts are integrable, it is sufficient to 
consider only non negative functions h. The asserted identity 
follows in this case from Theorem B. Since, therefore, the non 
negative, measurable functions / and g have finite integrals, it 
follows that they are integrable. Since, finally, this implies that 
/ and g are finite valued almost everywhere, the sections of h 
have the desired integrability properties, and the proof is com¬ 
plete. I 


(1) Let Xhc SL set of cardinal number Mi, let S be the class of all countable 
sets and their complements, and, for X in S, let ti^A) be 0 or 1 according as A 
is countable or not. If (y,T,p) ** (A',S,m)> if ^ is a set \nX XY which is count¬ 
able on every vertical line and full on every horizontal line (cf. 31.11), and if h 
is the characteristic function of £, then A is a non negative function such that 

*“ 1 and ^h{x^)dv[y) ^ 0, 

Why is this not a counter example to Theorem B? 
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(2) If (XySyfi) and (YyTyV) are the unit interval with Lebesgue measure, and 
if £ is a subset of -Y X K such that Ex and AT — are countable for every x 
Andy (cf. (1)), then E is not measurable. 

(3) The following considerations indicate an interesting extension of the 
results of this section. Let (A^,S,/i) be a totally finite measure space and let 
(y,T) be a measurable space such that y e T. Suppose that to almost every 
x \n X there corresponds a finite measure Vx on T so that if <l>{x) = Px{B)y then, 
for each measurable subset B o(Yy<t> is a measurable function on X. If v{B) = 


Jvx(B)i/jjL(x)y if g is a non negative measurable function on y, and if /(x) = 
J* SKy)^x(y)y then/is a non negative measurable function on X and 


(4) The proof of Fubini’s theorem sometimes appears to be slightly more 
complicated than the one we gave—the complication is caused by completing 
the measure X. In other words, the theorems of this section remain true if X 
is replaced by X. (Hint; every function which is measurable (S X T) is equal 
a.e. [X] to a function which is measurable (S X T); (cf. 21.1)). 

In (5)-(9) below, we shall assume that the measure spaces (XySyfx) and 
(y,T,i') are totally finite. It is easy to verify that the results obtained may be 
extended to totally (r-finite measure spaces, and, therefore, to each measurable 
set in the product of two (r-finite measure spaces. 

(5) If E and F are measurable subsets of A' X y such that v{Ex) = v{Fx) 
for [almost] every x in Xy then \(E) ~ X(F). (Certain usually not rigorously 
stated special cases of this assertion are known as Cavalieri’s principle.) 

(6) If / and g are integrable functions on X and Y respectively, then the 
function A, defined by h{Xyy) — f{x)g(y)y is an integrable function on X X y 
and 


jhd(p, X v) — j/dn- jgdy. 


(7) Suppose that m(X) = v(y) = 1 and that //o and Bo are measurable sub¬ 
sets of X and Y respectively such that m(Xo) = v{Bo) = Let x he the char¬ 
acteristic function of (Jq X Y) A (X X -So) and write /(Xyy) = 2x(^,^). If, 
for every measurable set S in X X y. 


X(£) = f /(xyy)d\(x,y), 
je 


then X is a finite measure on S X T with the property that X(-^ X T) = m(X) 
and X(X X S) = i'(S), whenever X e S and S e T. In other words, the product 
measure X is not uniquely determined by its values on such special rectangles. 

(8) The existence of the product measure is often proved by the following 
direct but combinatorially somewhat complicated method. The class of all 
finite, disjoint unions of measurable rectangles is a ring R, (33.E); if 

\j7^iiAiXBi) and \jT-i(QXDj) 
are two representations of the same set in R, then since 

U?-i ur-iiu< n c,) X {£< n dj)] 
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18 another representation of the same set, we have 

In other words, a set function X is unambiguously defined on R by 

X(U?- 1 (^< X Bi)) - E?. 1 -yiBi). f 

It can be shown (essentially by proving a weakened form of Fubini's theorem 
for the sets of R) that X is a measure to which the extension theorem (13.A) 
may be applied. 

(9) If and B are arbitrary (not necessarily measurable) subsets of X and Y 
respectively, then 

X 5) » 

(Hint: if and B* are measurable covers of A and B respectively, then the 
relation A X B d A* X B* implies that \*{A X B) ^ fi*{A)-v*{B), The re¬ 
verse inequality may be proved by considering a measurable cover E* of A X B, 
Since E* fl (A* X B*) is also a measurable cover of A X By it is permissible to 
assume that_£* Cl A* X 5*. It follows from Fubini’s theorem that 

X(£*) ^ 


§37. FINITE DIMENSIONAL PRODUCT SPACES 

In the preceding sections we have developed the theory of 
product spaces for two factors; our next task is to investigate 
how this theory may be extended to any finite number of factors. 
We suppose that« (>1) is a positive integer, and that Xiy —yXn 
are sets; we define the Cartesian product of these sets to be the 
set of all ordered «-tuples of the form {xi, • • •, x„), where Xi e Xiy 
f = 1, • • •, ». We shall denote this Cartesian product by 

XiX “XXn or or X {^.•-* = 1, •, »}• 

If Ai is any subset of Xiy i = 1, •••,», the set X"-i ^ 
rectangle. 

It is worth while to ask about Cartesian product, as about 
every algebraic operation, whether or not it is associative. If, 
for instance, Xi, Xiy and X^ are three sets, then, without changing 
the order in which they are presented, we may form the three new 
sets (^1 X JGj) X Xzy X\ X iXi X X^y and X\ X Xi X Xz. In 
what sense may we consider these three Cartesian products to 
be equal? Clearly they do not consist of the same elements; 
it is incorrect to confuse the ordered pair ((xi,« 3 ),X 3 ), ^whose first 
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element is itself an ordered pair, with the ordered triple (*i,X 2 j^ 8 )- 
Just as clearly, however, there is a “natural” one to one corre¬ 
spondence between any two of the three Cartesian products 
under discussion, namely the one which makes the points 

((^l>* 2 ),* 3 ), (^l,(^ 2 yV 3 )), and 

correspond to each other. Since it will turn out that this corre¬ 
spondence preserves all those structural properties of product 
spaces which are of interest to us, we shall wilfully fall into the 
trap we just pointed out and we shall consistently treat the three 
products described above as identical. We shall carry this identifi¬ 
cation procedure to its logical conclusion, and in the case, for 
instance, of seven factors, we shall consider the element 

of the set ((Xi X X 2 ) X ^ 3 ) i ((^4 X X,) X (X^ X ^ 7 )) to be 
the same as the element 

(Xl,X2,X3yX4fXi,X%)Xj') 

of the set Xi X X 2 X Xz X X^ X Xz X .^3 X Xj. 

The identification just described simplifies the language of 
many proofs. Since, for instance, we may view Xi X • * • X 
as a repeated product 

(•••((ZiXA-2)XJ^f3)X---)XX, 

of two factors at a time, we may prove the analogs of the theorems 
of § 33 by mathematical induction on n. Some slight care has to 
be exercised in the formulation of the results. The correct version 
of the generalization of 33.D, for example, is the assertion that if 

E = }Q.^Ai, F^XUBi, and G^Xl^iCi 

are non empty rectangles, then E is the disjoint union of F and 
G if and only if there is a J, 1 ^ J ^ », such that A, is the dis¬ 
joint union of and Q and such that 


Ai => Cif for i 7 ^ j. 
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The concept of a section (of a set or a function) also requires a 
minor modification; an Jlf-section, determined by a point Xj 
in of a set in X"-i ‘s a subset of 


If (XijSf), i = 1 , •••,», are measurable spaces, we shall denote 
by 

SiX-**XS„, or X"-iS.> or X {S«: < = ‘ 

the <r-ring generated by the class of all those rectangles X?-i 
for which /f< eSj, / = 1 , •••,«, and we define the Cartesian 
product of the given measurable spaces as the measurable space 
(Xi X • • • X Xn, Si X • • • X S»). It follows that every section 
of a measurable set [or a measurable function] is a measurable 
set [or a measurable function]. Proceeding by mathematical 
induction, it is now trivial to define the Cartesian product of 
v-finite measure spaces i = 1, •••>”> there is one and 

only one measure ft (denoted by /ii X * X Mn) on Si X * • • X S* 
such that 

for every measurable rectangle X • • • X Xn- The extension of 
Fubini’s theorem is also immediate, so that the integral of any 
integrable function in a product space may be evaluated by form¬ 
ing the iterated integral in any order. 

It is customary to refer to a product space X = X”-i 
n-dimensional. This terminology is not meant to define dimen¬ 
sion, nor to assert that »-dimensionality is an intrinsic structural 
property of a space; it serves merely to remind us of the way in 
which X was built from the components Xi. A measure space 
might appear as three dimensional in one context and two di¬ 
mensional in another; if, for instance, n — 3 , then we may view 
X as Xt X X2 X Xz or as Xq X Xzt (where Xo — Xi X Xz). 

In (l)-(5) below we shall assume that Xi is the real line, S{ is the class of all 
Borel sets, and /m is Lebesgue measure, i 1, • • •,»; we write 

(x,sjt) - xr-i (XijSijti). 
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(1) Sets of the <r-ring S are called the Borel sets of ^-dimensional Euclidean 
space. The class of all Borel sets coincides with the <r-ring generated by the 
class of all open sets. 

(2) If 0 is a Borel measurable function on AT, and if/i, * • - j/n are real valued, 

measurable functions on a measurable space (T,T) for which y e T, then the 
function /, defined by7(^) = <l>{/i(y)t is a measurable function on 

Y; (cf. 19.B). 

(3) The completed measure fl is called n-dimensional Lebesgue measure; 
most of the results of §§ 15 and 16 are valid for /Z. If, in particular, U and C 
are the class of all open sets and the class of all closed sets respectively, then, for 
every set E \n 

= inf \ijl{U): E d U eJJ] and = sup {/i(C): £ 3 Ce C). 

(4) If T is any linear transformation defined by 

T{xu • ■ *n) = (yi, • • J'n), yi = Z "-1 + ii, »• = 1, • • •, », 

then, for every set E in Xy 

M*(r(£)) = and M.(r(£)) = lA|-,x.(£), 

where A is the determinant of the matrix (aij). (Hint: it is sufficient to prove 
the assertion for measurable rectangles E whose sides are intervals. Treat first 
the following special cases. 

(4a) yi = Xi + hiy / = 1, • • •, «. 

(4b) yi - Xi if i j and i k\yj = Xk and^fc « 

(4c) yi = Xi if i 9^ j; y, = Xj ± Xky where k 5 ^ j, 

(4d) yi = Xi if i yj = cxj. 

The general case follows from the fact that T may be written as the product 
of transformations of the types (4a)-(4d).) 

(5) The function on Xy defined by , 

<t>jixiy • • •, Xn) = xjy i = 1, • •w, 

is measurable. 

(6) There is a way of defining ^-dimensional Lebesgue measure which does 
not make use of the general theory of product spaces. To indicate this method, 
we shall consider the space Xi X • • • X Xn, where Xi = X = the unit interval. 
For every x in X, let x = .aia 2 a 3 * • • be a binary expansion of x and write 

Xi = .a<an+»a2n+i- • 1 = 1, • • •, ». 

(For each x which has twqbinary expansions, select a definite one of them, say for 
instance the terminating o^) The transformation T from X to Xi X * • • X Xn, 
defined by T{x) = (xi, •••,Xn), has the property that if a set £ in A!*! X • • • X Xn 
is measurable, then T^K^) = {'V: T(x) e £) is a measurable subset of X, (For 
the proof, consider the case in which £ is a rectangle whose sides are intervals 
with binary rational end points.) The equation (mi X • • • X Mn)(£) ~ 

(where n is Lebesgue measure in X) may be used as the definition of the product 
measure m X - * * X this definition is consistent with our earlier one. 




154 


PRODUCT SPACES 


[Sec. 38) 


(7) By the familiar zig-zag diagonal process, i.e. by writing 

= MiOlTfWLT • 


X2 = .a3«6«8ai2“', 


Xz = • •, 

» 

Xi = .ai(ficuamn- * *, 


the procedure of (6) may be extended to yield a definition of product measure 
in an “infinite dimensional” analog of Euclidean space. 


§38. INFINITE DIMENSIONAL PRODUCT SPACES 

The first step of an extension of product space theory to 
infinitely many dimensions suggests itself naturally. If is 
a sequence of sets, the Cartesian product 

is defined as the set of all sequences of the form (xi, X2, • • •) where 
Xi eXi, / = 1 , 2 , • • •. If each Xi is a measure space, with a 
ff-ring S,- of measurable sets and a measure it is not quite 
clear, however, how the concepts of measurability and measure 
should be defined in X. In this section we shall show how this 
may be done, under the assumption that the spaces Xi are totally 
finite measure spaces such that miXi) = 1 , / = 1 , 2, • • •. We 
observe that the measure on every totally finite measure space 
(J^l,S,m)> for which n{X) 0 , may be trivially altered (by divid¬ 
ing the measure of every measurable set by )t,{X)') so that the 
measure of the entire space is 1 . We shall see, however, that 
since the number 1 plays a distinguished role in the formation of 
products (particularly of infinite products), the condition /t»(.X’,) 

1 is not merely an inessential normalization. 

Suppose then that, for each / = 1 , 2 , • • •, Xi is a set, S,- is a 
<r-algebra of subsets of Xi^ and m is a measure on such that 
mi.Xi) — 1 . In this case we define a reotanj^e as a set of the 
form X"-i where Ai c Xi for all i and Ai = Xi for all but a 
finite number of values of i. We define a measurable rectangle 
as a rectangle X^-i which each Ai is a measurable subset 

of in view of the preceding definition, this condition is a 
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restriction on only a finite number of the A'%, A subset of 
X”-! Xi will be called measurable if it belongs to the cr-ring S 
(which is in fact a <r-algebra) generated by the class of all measur¬ 
able rectangles; we shall write S == Xt*-! S,-. 

Suppose that J is any subset of the set / of all positive integers; 
we shall say that two points 

* = (-vi, X2, • • •) and y = (yi.jva, • • •) 

agree on J, in symbols x ^ y (J), if Xj = y, for every j in /. 
A set £ in A” is called a 7 -cylinder \i x = y (J) implies that x and 
y belong or do not belong to E simultaneously. In other words, 
£ is a /-cylinder if altering those coordinates of any point whose 
index is not in J cannot remove the point from £, nor insert it 
into £ if it was not already there (cf. 6.5d). If, for instance, 
J = {1, ••;,«} and Aj is an arbitrary subset of Xjyj = !,•••,«, 
then the rectangle X • • • X X Xn+i X Xn +2 X • • • is a 
/-cylinder. 

We shall write 

= Xr.«+iX-, « = 0,1,2 ,...; 

in view of our identification convention for product spaces, we 
may write X = X»"-i Xi = (Xi X • • - X X„) X X^’*\ Since eadh 
space X^"^ is an infinite dimensional product space such as 
X(= X'°^), the considerations applied (above and in the sequel) 
to X, may also be applied to For every point (,vi, • • •, Afn) 

in Xi X - • - X Xn and every set £ in X, we shall denote by 
^(*1) * • ^n) the section of £ (in X^"^) determined by (xi, •.., Ar„). 

We observe that every such section of a [measurable] rectangle 
in X is a [measurable] rectangle in X^^K 

Theorem A. j/ / = { 1 , • • •, «} and if a subset E cf X is a 
[measurable] f-cyUndery then E = A X where A is a 
[measurable] subset of Xi X • • • X Ar„. 

Proof. Let ( 3 fn+ij 3fn+2> •..) be an arbitrary point of X^”^ and 
let A be the 7 f^"^-section (in Tfi X • • • X Xf) of £, determined by 
this point. Since both the sets £ and A X X^"^ are /-cylinders, 
it follows that if a point (xi, X2, "■) of X belongs to either of them, 
then so does the point (xi, Xny ^n+i) ^n+2> • • *)• It is clear, 
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however, that if a point of this latter form belongs to either one 
of the sets E and A X then it belongs also to the othen. 
Using once more the fact that both these sets are /-cylinders, 
and hence that if (jfi, • • •, ^n+i, Sn+ 2 > • • •) belongs to either 
of them, then so does (xi, Xn, J^n+i, ^n+ 2 ) • * •)> we conclude 

that E and A X consist of the same points. The fact that 
the measurability of E implies that of A follows from 34.A. | 

If m and n are positive integers, m < n, then it may happen 
that a non empty subset £ of X is simultaneously a {1, • • •, mj- 
cylinder and a {1, • • •, »}-cylinder. By Theorem A we conclude 
that 

E = AXX^”^^ and E = B X 

where A cz Xi X - • - X Xm and B c Xi X •• 'X Xn- Since we 
may rewrite the first of these relations in the form 

E^ {AX X„+i X• • • X Xn) X 

it follows from 33.C that B = A X Xm-^i X • • • X Xn- Conse¬ 
quently if E is measurable, so that both A and B are measurable, 
then 

(mi X • • • X Mm)(^ = (mi X • • • X Hn){B). 

It follows that a set function m is unambiguously defined for 
every measurable {1, • • •, w}-cylinder A X X^"^ by the equation 

m(A X = (m, X • • • X Mn)(A). 

We shall denote the domain of definition of n, i.e. the class of all 
measurable sets which are {1, •••, «}-cylinders for some value 
of «, by F; the sets of F may be referred to as the finite dimen¬ 
sional subsets of X. It is easy to verify that F is an algebra, 
that S(F) = S, and that the set function m on F is finite, non 
negative, and finitely additive. 

We shall denote the analogs of F ■ and m in the space X^'^\ 
» = 1, 2, • • •, by F^"^ and m^“^ respectively. It follows from our 
results for finite dimensional product spaces that if E belongs to 
F, then every section of the form £(*i, • • •, Jfn) belongs to F^“\ 
and 

M(£) = J*- • ' J* M^’*’(£(*1» • • •» X,^)dni{xi) • • • dyLn{Xn)- 
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Theorem B. If is a sequence of totally finite 

measure spaces with lifXi) = 1, then there exists a unique 
measure n on the <r-algebra S =* X*"-! the property 

that, for every measurable set E of the form A X 

m(£) = (M1 X • • • X fin)(A). 

The measure ft is called the product of the given measures 
fit, fi = xr- 1 fXi; the measure space 

/Woo 'y Woo Q Woo \ 

A»-i At-iMtv 

is the Cartesian product of the given measure spaces. 

Proof. In view of 9.F and 13.A, all we have to prove is that 
the set function ft on the algebra F of all finite dimensional measur¬ 
able sets is continuous from above at 0, i.e. that if {£„} is a 
decreasing sequence of sets in F such that 0 < e ^ ft{E,),j = 1, 
2, • • •, then n“_i Ej 7 ^ 0. 

If Fj = jxi: , then it follows from the relation 

ft{E,) = jfi^\Ei{x,))dftM = 

= r + f fi^^KEi{Xy))dM 

jFj jFj' 

that ft{Ej) ^ fii(Fj) + ^, and therefore that 

fiiiFj) ^ 

Since {Fy} is a decreasing sequence of measurable subsets of Xi, 
and since (being countably additive) is continuous from above 
at 0, it follows that there exists at least one point in Xi such 

that yi^^^(Fy(3fi)) ^ ^ = 1, 2, • • •. Since {£>(^ 1 )} is a decreas- 

ing sequence of measurable subsets of X^^^, the argument just 
applied to X, {£>}, and e may be repeated for X^^\ {£y(Si)}, 

and - . We obtain a point ^2 in X 2 such that ft^^\Ej(xi, X 2 )) ^ -, 
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j =* 1, 2, • • •. Continuing in this manner, we obtain a sequence 
1 ^ 1 ) * * *} such that c X%y ti, 1, 2, * * * j and 

y = 1,2, .... 

The point (3?i, S 2 , •••) belongs to To prove this 

assertion, we consider any particular Ej and we select the positive 
integer n so that Ej is a {1, •••, -cylinder. The fact that 
•••, Sn)) > 0 implies that Ej contains at least one 
point (xiy X2y • • *) such that Xi = Xi for i = 1, . •., n. The fact 
that is a {1, • • •,«}-cylinder implies then that (xu X 2 y • • •) itself 
belongs to Ej. | 

(1) It is not essential for the results of this section that the index set / is 
the set of positive integers; any countably infinite set may be used for 7. (The 
space -Y = X 1-^*^ ^ ® consists, by definition, of all functions x defined on I 
and such that their value x(J) at each index i is a point of Xi,) The proof of this 
assertion may be carried out by an enumeration of 7, i.e. by establishing an 
arbitrary but fixed one to one correspondence between the given set 7 and the 
set of positive integers. The case, for instance, in which 7 is the set of all integers 
has many applications. 

(2) The generalization of product space theory to uncountably many factors 
is surprisingly easy. If 7 is an arbitrary index set, and if, for each / in 7, 

is a totally finite measure space with Hi(Xi) — 1, then we may define 
X «* X [Xixiz I] as in (1), and the concepts of rectangle, measurable rectangle, 
and measurable set verbatim as in the countable case. Since the class of all 
those sets which are /-cylinders for a countable subset / of 7 is a <r-algebra 
containing all measurable rectangles, it follows that each measurable set £ is a 
/-cylinder for a suitable /. If fi(£) is defined to be (X^ then m is a 

measure on the class of all measurable sets and fi has the product property which 
justifies its being denoted by Xi e /Mt* 

(3) It is trivial to combine the theories of finite and infinite dimensional 
product spaces and thus to produce a theory of product spaces in which a finite 
number of the factors is not required to be a totally finite measure space but 
allowed to be <r-finitc. 

(4) If AT «* Xi*-i is a product space such as the one described in Theorem 

B, and if, for each 1 , Ei is a measurable set in Xi^ then £ » X^*^ ^ measur- 

able^set in X and ^ 

/*(£) “ nr-iP<(£.) - liin.n?-iMi(£<). 

(Hint: if F, >» X • • • X £. X X^'‘\ then {F»} is a decreasing sequence of 
measurable sets in X such that 


n:-iF--Xr-»F< and m(F.)- n?-i M<(£.).) 
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(5) It is possible to use the theory of product spaces to give a completely non 

topological construction of Lebesgue measure on the real line (cf. the proof of 
8.C), and hence on /^-^dimensional Euclidean space (cf. 37.6). To obtain such a 
construction let (Ao,So,/jio) be the measure space whose points are the two real 
numbers 0 and 1, with So ~ the class of all subsets of ATo, and mo({0} ) » no({ 1 }) 
» i. For each i =* 1,2, • • •, write = (Afo>So,Mo), and form the product 

space 

= xr.is,, xr-iM.). 

(5a) For each point x = (^i, X 2 y •••) in Xy the set {;if} is measurable and 
Hi{x])^0. (Hint: cf. (4).) 

(5b) The set E of all points x = (xiy X 2 y •••) in X for which * 1 for all 
but a finite number of values of i immeasurable and has measure zero. (Hint: 
E is countable.) We shall writ£ X = X — Ey and, in v^at follows, we shall 
consider the measure space (Af,Sj2), where § = S fl AT and p{E fl .5?) « 
M(£),£eS. . r- . 

(5c) If for each x = (^i, X 2 y •••) in X v/e write zix) = Sir i 
function z establishes a one to one correspondence between X and the interval 
Z « {z: 0 ^ 2 < 1}. (Hint: consider the binary expansion of each z in Z with 
the agreement that, if the expansion is not unique, the terminating expansion 
is selected in preference to the infinite one.) 

(5d) If X — [z: 0 ^ a ^ z < b ^ l]y and E = [x; z{x) e/f}, then E is 
measurable and p(E) = b -- a, (Hint: it is sufficient to consider the case in 
which a and b are binary rational numbers.) 

(5e) If A is any Borel set in Z and E — [x: z{x) e A\y then E is measurable 
and p{E) is equal to the Lebesgue measure of A. (Hint: the set function v, 
defined by v{A) = p{E)y is a measure which coincides with Lebesgue measure on 
intervals.) 

The considerations of (5a)“(5e) serve to construct Lebesgue measure on the 
interval Z. Lebesgue measure on the entire real line may be obtained by con¬ 
sidering the line as a countable, disjoint union of such intervals. Alternaitively 
we may consider the space / of all integers (with the class of all subsets of / 
playing the role of the class of measurable sets and the measure of a set defined 
to be the number of its points), and observe the existence of an obvious one to 
one correspondence between the real line and the product space / X Z. 

(6) A construction similar to the one in (5) may be obtained by considering 
the space (Afo,So,Mo), where Xo is the set of all positive integers. So is the class of 
all subsets of Ao, and mo(E) = c £ We form as before the product space 
X « X*-1 whose points this time are sequences of positive integers. For 
each X * (^i, X 2 y • • •) in X we write 

2 (;.) = 

By the consideration of binary expansions it may be proved that the conclusions 
of (5c), (5d), and (5e) are valid for this z. 

(7) Suppose that Xi ^ fx: 0 ^ Xo < 1} is tlie semiclosed unit interval; let 
So be the class of all Borel sets in Afo and let Mo be Lebesgue measure on So. 
We write 


(XtySiyMt) - (XOySoyMo), ^ * 1 , 2 , * * *, 
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and we form the product space X = X?-! Xi, There exists a one to one corre- 
spondence between X and Xo such that every Borel set in Xo corresponds to a 
measurable set (i.e. to a set belonging to X ^-1 S») in X^ and such that corre¬ 
sponding sets have equal measures. (Hint: if Yo is the two-point space described 
in (5) and denoted there by Xoy and if Yij « Yo for / = 0, 1, 2, • • • and j « 1, 
2, • • •, then Xi Xr-I Yii, i = 0, 1, 2, • • •. The correspondence is based on 
the usual correspondence between doubly infinite sequences, i.e. elements of 
^-xr.,x = xr-ixr. 1 Yijt and simple sequences, i.e. elements of 

Xo - xr-i n,.) 
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TRANSFORMATIONS AND FUNCTIONS 


§ 39 . MEASURABLE TRANSFORMATIONS 

In every mathematical system it is of interest to investigate 
the transformations that leave some or all structural properties 
of the system invariant. While it is not our intention to study in 
great detail the transformations that occur in measure theory, we 
shall in this section discuss some of their fundamental properties. 

A transfonnation is a function T defined for every point of a 
set X and taking values in a set Y. The set X is called the 
domain of T"; the set of those points of Y which are of the form 
T{x) for some ^ in .X" is the range of T. A transformation whose 
domain is X and whose range is in Y is often described as a 
transformation from X into Y ; if the range of T \sY, T is called a 
transformation from X onto Y. For every subset E of X, the 
image of E under T, in symbols T(£), is the range of the trans¬ 
formation T from E into Y ; for every subset F of Y, the inverse 
image of F under T, in symbols T~^{F), is defined to be the 
set of all those points of X whose image is in F; i.e. 

T-\F) = {x: Tix) eF}. 

A transformation T is one to one if T{xi) = Tix^ occurs when 
and only when X\, = x^. The inverse of a one to one transforma¬ 
tion Ty denoted by T“', is the transformation which is defined 
for every y = T{x) in the range of T by — x. 

If r is a transformation from X into Y and ^ is a transformation 
from Y into Z, the product of ^ and T, in symbols ST, is the 
transformation from X into Z defined by {ST)\x) = S{T{x)), 
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A transformation T from X into Y assigns in an obvious way 
a function / on A” to every function gonY;/ is defined hy/(x) = 
g(T{x)). It is convenient and natural to write/ *= gT. 

Theorem A. If T is a transformation from X into Y, if 
g is a function on Y, and if M is any subset of the space in which 
the values of g lie^ then 

{x: igT)ix) e M} = eM}). 

Proof. The following statements are mutually equivalent: (a) 
;f0 e {a:: igT){x) eM}, (b) g(Tixo)) eM, (c) if yo = T{xo), then 
g(,yo) e M, and (d) T(xo) e {y: g{y) tM\. The equivalence of 
the first and last ones of these statements is exactly the assertion 
of the theorem. | 

If (XS) and (F,T) are measurable spaces and if T is a trans¬ 
formation from X into T, how should the concept of measurability 
be defined for T? Motivated by the special case in which Y 
is the real line, we shall say that T is a measurable trausformatioii 
if the inverse image of every measurable set is measurable. We 
observe that this language is inconsistent with our earlier one 
concerning measurable functions; because of the special role of 
the real number 0, a measurable function is not necessarily a 
measurable transformation. This slight inconsistency is amply 
repaid by convenience in applications; confusion can always be 
avoided by use of the proper one of the terms “function” and 
“transformation.” In the important case in which X itself be¬ 
longs to S and Y is the real line, the two concepts, measurable 
transformation and measurable function, coincide. 

If T is a measurable transformation from (A',S) into (y,T), 
we shall denote by r“‘(T) the class of all those subsets of X 
which have the form T~‘(F) for some F in T; it is clear that 
r"‘(T) is a (T-ring contained in S. 

Theorem B. If T is a measurable transformation from 
(A',S) into (y,T), and if g is an extended real valued measurable 
function on y, then gT is measurable with respect to the a-ring 
r-‘(T). 

Proof. Theorem A implies that, for every Borel set M on the 
real line. 
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N{gT) n (gT)-KM) = {x: {gT)(x) eM - {0}} = 

= T-\{y:g{y) zM- {0}}) = T-KN{g) ^ g-\M))\ 

it follows from the measurability of T that the set on the left 
belongs to | 

A measurable transformation T from (X,S) into (y,T) assigns 
in an obvious way a set function on T to every set function 
H on S; y is defined for every F in T by v{F) = ix{T~^{F)). It is 
convenient and natural to write v = 

Theorem C. If T is a measurable transformation from a 
measure space into a measurable space (y,T), and if g 

is an extended real valued measurable function on Y, then 

= f (gT)dfi, 

in the sense that ij either integral existsy then so does the other 
and the two are equal. 

Proof. It is sufficient to treat non negative functions g. If g 
is the characteristic function of a measurable set F in Yy then it 
V follows from Theorem A that gT is the characteristic function 
of and therefore 

fgdinT-^) = = M(r-HF)) ^'j{gT)dy.. 

It follows from this relation that the asserted equality is valid 
whenever ^ is a simple function. In the general case let {^„} be 
an increasing sequence of simple functions converging to g; then 
{I'nT’} is an increasing sequence of simple functions converging 
to gT and the desired conclusion follows by taking limits. | 

If, in the notation of Theorem C, F is a measurable subset of 
y, then an application of Theorem C to the function XFg yields 
the relation-' 


£g(y)^MT-\y) = £_^^^g(T(x))dM(x). 

We observe that either side of this equation may be obtained from 
the other by the formal substitution y = T(x). 
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Theorem D. If T is a measurable tran^ormation from a 
measure space {X,S,n) into a totally o-finite measure space 
(y,T,i»), such that nT~^ is absolutely continuous with respect 
to Vf then there exists a non negative measurable function ^ on 
Y such that 


JV(7’W)4‘W = jgiy)<bi.y)dv{y) 


for every measurablefunction g, in the sense that if either integjral ■ 
extsts, then so does the other and the two are equal. 

The function 0 plays the role of the Jacobian (or, rather, the 
absolute value of the Jacobian) in the theory of transformations 
of multiple integrals. 

Proof. Write 0 = ^, (cf. § 32), and apply 32.B to the 

av 

result of Theorem C. | 

If T is a one to one transformation from a measurable space 
(J^r,S) onto a measurable space (y,T), and if both T and T”* 
are measurable, we shall say that T is measurability preserving. 
A measurability preserving transformation T from a measure 
space iX,S,u) onto a measure space (yiT,!/) is measure preserving 
ifMT"‘=v. 

(1) The product of two measurable transformations is measurable. 

(2) If 7 is a measurable transformation from (A',S) into (y,T), and if a func¬ 
tion/on X is measurable with respect to r"*(T), then/(xi) =/(x*) whenever 
T{xi) “ r(xj). (Hint: if Fi is a measurable set in Y containing Tixi), then 
there exists a measurable set F in Y such that 

{*:/(*) =/(*!)} n T-m) - r->(F). 

The fact that xi e T~^(F) implies that at* c r~*(F).) 

(3) If 7 is a measurable transformation from (XS) onto (y,T), and if a real 
valued function/on X is measurable with respect to 7~‘(T), then there exists a 
unique measurable function ; on T such that / » gT. (Hint: in view of (2), g 
is unambiguously defined for every y ■= 7 (ac) by g(y) “/(*). The fact that we 
have, for every ^rel set Ai on the real line, 

T-\{y-giy)eM]) « {xi/{x)bm\, 

implies, since T(X) « y, that N{g) fl |^: g{y) e Af) e T.) Does this result re¬ 
main true if 7 maps X info Yi 
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(4) Suppose that = V - the unit interval, S = the class of all Borel sets, 
and T = the class of all countable sets. If the transformation T is defined by 
TW *= Af, then T is a one to one, measurable transformation from X onto Y, 
but T is not measurability preserving. Is it possible to construct such an exam¬ 
ple for which (:ir,S) = (y,T) ? 

(5) If 7* is a measurable transformation from (A',S) into (V,T), and if p 
and V are two measures on S such that ixJC then vT~^ <K 

§ 40. MEASURE RINGS 

A Boolean ring is a ring in the usual algebraic sense, with the 
property that every element is idempotent. Equivalently, a 
Boolean ring is a set R and two algebraic operations (called addi¬ 
tion and multiplication) defined for pairs of elements of R, sub¬ 
ject to the following restrictions, (a) Both addition and multipli¬ 
cation are commutative and associative, and multiplication is 
distributive with respect to addition, (b) There exists in R a 
unique element (denoted by 0) such that the result of adding 0 
to any element E is E. (c) The result of adding any element to 
itself is 0. (d) The result of multiplying any element E by itself 
is E. 

A typical example of a Boolean ring is a ring of subsets of a set 
X with £ A F and F fl F playing the roles of the sum and the 
product of E and F, respectively. Since our introduction of 
Boolean rings is motivated exclusively by rings of sets, we shall 
adopt the mnemonic device of always denoting addition and 
multiplication in Boolean rings by A and D. 

Most of the concepts we introduced and results we established 
for rings of sets carry over without change to Boolean rings in 
general. If, in particular, the formation of unions and differences 
is defined by 

F U F = (FAF)A(F n F) 
and 

F-F = FA(FnF), 

then these operations are subject to the same formal identities 
as the corresponding operations on sets. A similar statement is 
true about the inclusion relations F c F and F Z) F, defined by 

F n F = F and F fl F = F 


respectively. 
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We recall that the union of any class of sets is the smallest set 

containing them all and their intersection is the largest set con¬ 
tained in them; similar statements are true about unions atfd inter¬ 
sections (as far as they can be formed) in every Boolean ring. 
If, for instance, E and F are elements of a Boolean ring R, then 
£ U F is indeed the smallest element containing both E and Ff 
i.e. EcEUF, FcEUF, and, if G is an element of R for which 
E CZ G and £ c G, then E U F cz G. For an infinite set of 
elements in a Boolean ring, however, there need not be any ele¬ 
ment that contains them all, and, even if there is one, there need 
not be a smallest one. A Boolean a-ring is a Boolean ring S 
with the property that every countable set of elements in S has 
a union; it is easy to verify that every countable set of elements 
in a Boolean «r-ring has an intersection. A typical example of a 
Boblean <r-ring is, of course, a cr-ring of subsets of a set X. 

A Boolean algebra is a Boolean ring R in which there exists an 
element different from 0 (which, for obvious reasons, we shall 
denote by X), with thet property that E <z X for every E Ip R. 
A Boolean <r-algebra is a Boolean <r-ring which is a Boolean 
algebra. 

The definitions of the concepts of additivity, measure, v-finite- 
ness, etc. for functions defined on a Boolean ring are the same 
as the corresponding definitions for set functions on a ring of sets. 
A measure m on a Boolean ring is positive if it vanishes for the 
zero element only. 

A measure ju on a <r-ring S of subsets of a set X is usually 
not positive. There are, however, several well known procedures 
which have the effect of making a positive measure out of y.. One 
such procedure is to consider the class N of measurable sets of 
measure zero and then, after observing that N is an ideal in the 
ring S (these words being used in their customary algebraic 
sense) to replace S by the quotient ring S/N. Another (equiva¬ 
lent) procedure is to write E^^F whenever y(E A £) = 0 and 
then, after observing that the relation "n-” is reflexive, sym¬ 
metric, and transitive, to replace S by the set of all equivalence 
classes with respect to the relation 

The n^t usual and most convenient procedure in measure 
theory (which is the one we shall adopt) is still another one. 
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We shall not replace S by another system—the elements of the 
Boolean <r-ring that we propose to consider are to be measurable 
sets. 'We shall, however, redefine the concept of equality; if 
two sets E and F in S are such that /i(F A F) = 0, then we shall 
consider them equal and we shall write £ = F [/*!• If £n = F„ [m], 
» = 1,2, • • *, then 

£i — Fi = £2 — F 2 and UX-i En = Un-i 

so that even with the altered concept of equality, S is a Boolean 
<r-ring with respect to the familiar set operations. If £ = F [/i], 
then /u(£) = /i(F), so that even with the altered concept of 
equality, the measure n is unambiguously defined on S. Since 
the statements /t(£) = 0 and £ = 0 [/a] are obviously equivalent, 
we see that, after the alteration of the concept of equality, ju 
becomes a positive measure. 

If (,X,S,n) is a measure space, we shall use the symbol S(jt) 
to denote th^ oaring S with equality interpreted modulo as 
described above. 

A measure ring (S,ju) is a Boolean v-ring S and a positive meas¬ 
ure JU on S. The preceding considerations show that if (,X,S,n) 
is a measure space, then (Sip),ft) is a measure ring; we shall call 
it the measure ring associated with X or simply the measure ring 
of X. A measture algebra is a Boolean algebra which is at thi' 
same time a measure ring. The phrases [totally] finite and 
(T-finite are used for measure rings and measure algebras in the 
same way as for measure spaces. 

An isomorphism between two measure rings (S,ju) and (T,i') 
is a one to one transformation T from S onto T such that 

T{E - F) = T(£) - TiF), En) = U:-i TiEn), 

and 

■ m(£) = KT(£)), ^ 

whenever £, F, and £n are elements of S, w = 1, 2, • • •. Two 
measure rings are isomorphic if there exists an isomorphism be¬ 
tween them. Two measure spaces (A’,S,ju) and ^,T,i') are 
isomorphic if their associated measure rings (S(m),ju) ihd (T(i'),>>) 
are isomorphic. 
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An atom of a measure ring (S,m) [or of a measure ju] is an ele¬ 
ment E different from 0 such that \i F d E, then either F = 0 
or F = E; a measure ring with no atoms is non atomic. If 
(X,S,n) is a measure space whose measure ring is non atomic, 
then both the measure space X and the measure /j, are called non 
atomic. 

If (S,m) is a measure ring, we shall denote by S [or sOi)] the set 
of elements of finite measure in S and, for any two elements E 
and F in S, we shall write 

p{FyF) = it(E A F). 

It is easy to verify that the function p is a metric for S; we shall 
call S the metric space associated with (S,p), or, simply, the 
metric space of (S,p). We shall also use the symbol s(m) for the 
metric space associated with the measure ring (S(/i),p) of a measure 
space {X,S,n). A measure ring or a measure space is called 
separable if the associated metric space is separable. 

Theorem A. 1/ & is the metric space of a measure ring (S,p), 
and if 

f{EfF) = £ U F and g{EfF) = F n F, 

then /, gy and also p, are all uniformly continuous functions of 
their arguments. 

Proof. The desired results are immediate consequences of the 
relations 

m((F, U Fi) - (£2 U F*)) + p((F 2 U Fa) - (£x U Fi))j 
p((£i n Fx) - (£2 n Fa)) -b m((£ 2 n Fa) - (£x n Fx))j - 

^ m(Fx — £2) + p(Fx — Fa) -f pfFa — £1) + ^(Fa — Fx) 
and 

I m - m(F) 1 = I p(£ - F) - m(F - £) I ^ 

^m(£-F)-}-m(F-£). I 

Theorem B. If (A!',S,p) is a <r-finite measure space such 
that the o-ring S has a countable set of generatorsy then the metric 
space 8(p) of measurable sets of finite measure is separable. 
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Proof. Let. {£n} be a sequence of sets in S such that S = 
S({-En}). Because of the <r-finiteness of jn, there is no loss of 
generality in assuming that M(^n) < for every » = 1, 2, • • •. 
Since (5.C) the ring generated by {£„} is also countable, we 
may assume that the class {En* n — \y •••} is a ring. It 
follows from 13.D that, for every E in S(jLi) and for every positive 
number €, there exists a positive integer n such that p(£,£n) ^ 
Since this means that a countable set is dense in S(/x), the proof 
of the theorem is complete. | 

(1) The metric space S of a measure space (A!',S,m) is complete. (Hint: if 
{£n} is a fundamental sequence in S, and if Xn is the characteristic function of 
Eny » = 1, 2, • • •, then {xn} is fundamental in measure and therefore 22.E may 
be applied.) 

(2) Is the metric space of a measure ring complete? 

(3) There is a concept of completeness for Boolean rings which is related to 
but not identical with the concept of the same name for metric spaces. A Boolean 
ring R is complete if every subset E of R has a union. Clearly every complete 
Boolean ring is a Boolean (r-algebra; in the converse direction it is true that 
every totally finite measure algebra is complete. (Hint; le^£ be the set of all 
finite unions of elements of E. Write a = sup {m(£): £eE}, find a sequence 
{£n} of elements of E such that limnM(-£n) == a, and set E = U«-i 

(4) The result of (3) remains true for totally cr-finite measure algebras. 

(5) If p is the metric on the metric space S of a measure ring (S,p), then p 
is translation invariant in the sense that p(iSAG, FAG) = p(F,F) whenever 
Ey Fy and G are in S. 

(6) If a one to one transformation T from a measure ring (S,p) onto a measure 
ring (Tyv) is such that T{E - F) = T(E) - r(F), T{E U F) = TiE) U r(F), 
and n{E) = v{T{E))y whenever E and F are in S, then T is an isomorphism. 

(7) If a one to one transformation T from a measure ring (S,m) onto a measure 
ring {TyV) is such that p(F) = v{T{E)) and F C F if and only if T{E) C ^(F), 
then T is an isomorphism. 

(8) A metric space S with metric p is convex if, for any two distinct elements 
E and F in S, there exists an element G, different from both E and F and such 
that 

piEyF) ^ p{EyG) + piGyF). 

The metric space of a or-finite measure ring is convex if and only if the measure 
ring is non atomic. 

(9) An isomorphism between two measure rings is an isometry between their 
metric spaces. 

(10) A totally (r-finite measure ring has (at most) countably many atoms. 

(11) If S is the metric space of a measure space (XySyp) and if v is a finite 
measure on S such that v <3C p, then the function v is unambiguously defined 
and continuous on S. 

(n) If {XySyp) is a cr-finite measure space and {I'n} is a sequence of finite 
signed measures on S such that each v» is absolutely continuous with respect to 
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H and such that limn Vn{E) exists and is finite for every E in S, then the set 
functions Vn are uniformly absolutely continuous with respect to /k. (Hint: 
let S be the metric space of (A^,S,/ji) and write, for each fixed positive number €, 

e* = n?-» n».» {£: £ e s, I v»(£) - v„(£) | g |} • 

Since, by (11), each 6* is closed, and since, by (1), S is a complete metric space, 
the Baire category theorem implies that there exists a positive integer ko, a 
positive number ro, and a set Eq in S such that {£: p(EyEo) < ro) C Sjcq. Let 

5 be a positive number such that 5 < ro and such that | Vn(E) | < ~ whenever 

O 

piE) < B and » = 1, • • •, Observe that if /z(£) < 5, then 

p(£o — £,£o) < ro and p(£o U £,£o) < ro, 
and 

\Pn{E)\^ 

S I v,,{E) I + 1 PniEo U £) - v,,iEo U £) I + I Vn(£o - £) - p,o(Eo - E) |.) 

(13) If, in the notation of (12), viE) = limn Vn(£), then v is a finite signed 
measure and p<Kp. 

(14) If {vn} is a sequence of finite signed measures such that limnVn(£) == 
v(E) exists and is finite for every measurable set £, then v{E) is a signed measure. 

(Hint: if | v«(£) | ^ fn, « “ 1, 2, • • •, write n{E) = LJT-i ^ 1 "n |(£) and 

apply (13).) 

(15a) Every Boolean ring R is isomorphic (in the customary algebraic sense 
of that word) to a ring of subsets of some set X. (Hint: consider the Boolean 
algebra Ro of two elements 0 and 1, and let X be the set of all homomorphisms 
of R into Ro. If, for every E in R, 

' r(£) = 6 :?,*(£) = Ij, 

then T is a homomorphism from R into the algebra of all subsets of X^ all that 
remains to be proved is that if £ e R and £ 3 ^ 0, then there exists an in X for 
which x{E) « 1. If R is finite, this result is easy. In the general case let X* 
be the set of all functions from R into Ro; in the customary product topology 
X* is a compact HausdorfF space. If ft is any finite subring of R such that 
£ 8 ft, and if A’*(ft) is the set of all those functiqns x* in X* which are homo¬ 
morphisms on ft and for which ;if*(£) «= 1, then the relation 

(where ft is the ring generated by fti, • • •, ftn) shows that the class (Ar*(ft)} of 
sets has the finite intersection property^) This result is known as Stone’s 
diporeiEU 

(15b) The proof of Stone's theorem, outlined above, shows that R is isomorphic 
to a ring of open-closed sets in a compact HausdorfF space. If R is a Boolean 
algebra, then R is isomorphic to the ring of all open-closed sets in a compact 
HausdorfF space. (Hint: changing the notation of (15a) slightly, let X be the^ 
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set of all those homomorphisms ofR intoRo which map the maximal element of 
R on 1. Then the image of R under T contains a base for the topology of X. 
If a class of open-closed subsets of a compact Hausdorff space is a base and is 
closed under the formation of finite unions, then it contains every open-closed 
set.) 

(15c) Every Boolean cr-algebra S is isomorphic to a (r-algebra of subsets of 
some set X modulo a (r-ideah (Hint: map S by an algebraic isomorphism T 
on the algebra of all open-closed sets in a compact Hausdorff space X\ let So 
be the <r-ring generated by the class of all open-closed subsets of X and let No 
be the class of all sets of the first category in So. If {£n} is a sequence of open- 
closed sets, write E == T({Jn..i T‘~^(£n)); it follows that £ — 
nowhere dense. In other words, the class of all open-closed sets is closed, modulo 
No, under the formation of countable unions. The only essential thing that is 
still lacking is the fact, which ensures that T remains an isomorphism even after 
reduction modulo No, that no non empty open-closed set belongs to No; this 
result is, however, a special case of the Baire category theorem, which is just as 
valid for locally compact spaces as for complete metric spaces.) 


§41. THE ISOMORPHISM THEOREM 

The purpose of this section is to prove that the concept of a 
measure ring is not as general as it might appear. We shall show, 
in fact, that every measure ring, subject to certain not too restric¬ 
tive conditions, is the measure ring of a measure space. Of the 
many theorems of this type we shall discuss only a rather special 
one, which we selected because it is important both historically 
and in current applications. 

In what follows we restrict our attention to totally finite meas¬ 
ure algebras. If (S,/i) is a totally finite measure algebra, then, 
unless we explicitly say otherwise, the symbol X will denote the 
maximal element of S; the algebra S and the measure m are called 
normalized if ju(X) = 1, A partition of an element £ of S is a 
finite set P of disjoint elements of S \whose union is £, The 
norm of a partition P == • • •, denoted by | P ], is the 

maximum of the numbers /x(£i), • • •,fji(Ek)> If P = {^i, * • *> -Efc} 
is a partition of E and if F is any element of S contained in £, 
we shall write P fl £ for the partition {£i fl £,•••, £* 0 £} 
ofF. 

If Pi and P 2 are partitions, we shall write Pi ^ P 2 if each 
element of Pi is contained in some element of P 2 ; a sequence 
{Pn} of partitions is decreasing if Pn+i ^ Pn for w = 1, 2, • • •, 
A sequence {Pn} of partitions is dense if to every element £ of S 
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and to every positive number e there corresi^onds a positive integer 
n and an element £o of S which is equal to a union of elements of 
P„ and is such that p(E,Eo) = niE A Eo) < e. 

Theorem A. 1/ is a totally finite, non atomic measure 
algebra, and {Pn} is <s dense, decreasing sequence of partitions 
of X, then lim„ [ Pn 1 =0. 

Proof. Since {1 Pn I} is a decreasing sequence of positive 
numbers, it has a limit; we shall derive a contradiction from the 
assumption that this limit is a positive number 5. 

If Pi = [El, Eh], then at least one of the elements jB,- 
must be such that 

1 P„ n £,• 1 ^ 8 for w = 1, 2, • • •. 

Let Fi be such an element and consider the sequence {Pn 0 Fi} 
of partitions of Ft. By a repetition of the argument just used 
we may find an element F of the partition P 2 such that F C F 
and 

1 Pn n Fa 1 S 5 for » = 1, 2, • • •, 

and we may proceed so on ad infinitum. 

If F = On-i F«, then p{F) ^ 5 > 0, and therefore, since F is 
not an atom, there exists an element Fo such that Fq c F and 
0 < m(Fo) < m(F). We observe that the element Fq is either 
contained in or disjoint from every element of each of the parti¬ 
tions Pn> » = 1, 2, • • •• It follows that if e is a number smaller 
than either of the numbers m(Fo) and y.(F) — p(Fo), then no 
element of S which is a union of such partition elements can have 
a distance less than e from Fq. Since this contradicts the density 
of {P«}, the proof of the theorem is complete. | 

Theorem B. If Y is the unit interval, T is the class of all 
Borel subsets of Y, and v is Lebesgue measure on T, and if 
{Q-} is a sequence of partitions into intervals of the maximal 
element Y of the measure algebra (T,j'), such that lim„ { Q» | 

= 0, then IQ-} is dense. 

Proof. To every positive number c, there corresponds a posi¬ 
tive integer n such that 1 Q» 1 < ^. If F is any subinterval of Y, 
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let El be the uniquely determined interval of the partition Q„ 
with the property that the left end point of E is contained in Ei. 
If El does not contain the right end point of E, let E 2 be the inter¬ 
val of Q„ which is adjacent to Ei on the right, and proceed so on a 
finite number of times until the process terminates with an 
interval Ek of Q„ which does contain the right end point of E. 
The union of the intervals Ei, • • •, jE* is at a distance less than t 
from E\ this proves that every subinterval of Y may be approxi¬ 
mated by unions of elements of { Qn}- Since the class of all finite 
unions of intervals is dense, the proof of the theorem is com¬ 
plete. I 

Theorem C. Every separable, non atomic, normalized meas¬ 
ure algebra {S,n) is isomorphic to the measure algebra (^,v) of 
the unit interval. 

Proof. Let {£„} be a dense sequence in the metric space 
S(m) of (S,/x). For each « = 1, 2, • • •, the set of elements of the 
form n<-i where, for each » = 1, ••*,«, Ai is either E, or 

X — Ei, is a partition P„ of X. It is clear that the sequence 
{P„} of partitions is decreasing; the density of {£„} implies that 
the sequence {P„} of partitions is dense. It follows from Theorem 
A that lim„ 1 P» 1 =0. 

To each element E of the partition Pi we may make correspond 
a subinterval T(£) of Y so that ju(£) = v{T{E)) and so that 
these intervals constitute a partition of Y. Separately within 
each of these intervals we imitate similarly the behavior of P 2 , 
and we proceed so on by induction. We obtain in this manner a 
sequence {Qn} of partitions of Y into intervals; the fact that the 
transformation T, from partition elements of {P„} into intervals, 
is measure preserving implies that lim„ | Qn I =0, and therefore, 
by Theorem B, that {Qn} is dense. 

If we define T not only for partition elements occurring in 
{Pn} but also for finite unions of such elements by assigning to 
each such finite union the corresponding finite union of partition 
elements of { Qn}> then the transformation T is an isometry from 
a dense subset of the metric space S(m) onto a dense subset of 
Ziy). It follows that there is a unique isometric transformation 
T from &(ji) onto S(y) which coincides with T everywhere that 
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the latter is defined. Since T preserves unions and differences, 
and since these operations are uniformly continuous functions of 
their arguments, it follows that T is an isomorphism. | 

(1) If (S^) is a (T-finite, non atomic measure ring and if .EocS, Eq 9 ^ 0, 

then, for every positive number €, there exists an element £ of S such that 
Ed Eq and 0 < ii{E) < c. (Hint: if and if E\ is an element of S 

such that El d Eo and 0 < fi(Ei) < then either /ji(Ei) g ili(Eo) or 

m(£o - £ 1 ) ^ fM(£o).) 

(2) If (S,iLi) is a cr-finite, non atomic measure ring, and if £0 e S, then, for 

every extended real number a with 0 ^ a ^ there exists an element E 

in S such that E d Eo and fi{E) = a. (Hint: since the case a = 00 is trivial, 
there is no loss of generality in assuming that fi^Eo) < The desired result 
follows by a transfinite exhaustion process. The method is similar to the one 
used in proving that any two poiiils in a complete, convex metric space may be 
joined by a segment, and in fact the present assertion is a special case of this 
general theorem in metric geometry; (cf. 40.2 and 40.8).) 

(3) If (S,m) is a totally <r-finite, non atomic measure algebra, and if Eo e S, 

then, for every extended real number a with fi(Eo) ^ a ^ there exists an 

element in S such that Eod E and fx(E) = a, (Hint: if a is finite, apply (2) 
to X Eo and m(X) — a.) 

(4) If (S,/i) is a totally finite measure algebra, then the set of all values of /z 
is a closed set. 

(5) If a <r~finite, non atomic measure ring (Syju) contains at least one element 
different from 0, then its metric space SQi) has no isolated points. Is it true that, 
conversely, if S(m) has no isolated points, then (S,/l() is non atomic? 

(6) Every separable, non atomic, totally (r-finite measure algebra (S,m) such 

that /i(X) a® 00 , is isomorphic to the measure algebra (T,v) of the real line. 
(Hint: it follows from (2) that there exists a sequence of elements in S 
such that X « U»-i M(-^n) ~ 1, » = 1, 2, • * *, and hence such that 

Theorem C is applicable, for each w, to the algebra of subelements of Xn>) 

(7) Every measure algebra is isomorphic to the measure algebra of a measure 
space; (cf. 40.15c). 


§42. FUNCTION SPACES 

There are certain metric spaces associated with an arbitrary 
measure space (Ar,S,M) which are similar to the space sOiQ of 
measurable sets of finite measure. The one lying nearest at hand 
is the class (or £i(m)) of all (extended real valued) integrable 
functions. If for f in we write 

ll/ll - f\AM 

and for/ and g^in jBj we write p(/^) “ 11/ — Z" II) (cf. § 23), then 
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the function p has all but one of the usual properties of a metric. 
The missing property is, of course, the positiveness of p; if pCAf) 
= 0, it does not necessarily follow that f = g. We know what 
does follow; by 25.B, p(f,g) = 0 is equivalent to f = g [p]. We 
adopt again the same attitude as in the case of the space of 
measurable sets of finite measure. Two elements (i.e. functions) 
in jBi are to be regarded as equal if their distance is zero, or, 
equivalently, if they are equal almost everywhere [p]; with this 
understanding £1 becomes a metric space which (cf. 26.B) is 
even known to be complete. 

For some purposes in analysis it is desirable to generalize these 
considerations. If p is a real number, /> > 1, we shall denote by 
£p (or £p(p)) the class of all those measurable functions / for 
which 1/1^ is integrable. In analogy with the situation in £1 
we shall identify two elements of £p if they are equal almost 
everywhere [p]; up to a certain point the theory of £p imitates 
that of £1 very closely. We define, for instance, for/ in £p, 

and we write, if/ and g are in ■Cp, Pp(/,g) = 11 / - ^ Up- At this 
stage we run into difficulties. While it is clear that Pp(J,g) = 
Pp(g,/) ^ 0, and while it is equally clear that Pp{/,g) = 0 if and 
only lif = g [p], it is not clear that the triangle inequality is valid, 
nor yet, and this is much more serious, that Pp is always finite. 
In order to settle these difficulties we proceed now to present 
proofs of two classical results; the following one is known as 
Holder’s inequality. 

Theorem A. If p and q are real numbers greater than 1 
such that - + - = 1, and if f e £,p and g e £„ then fg e £1 
andWfgW ^\\f\\p-\\g%. 

Proof. We consider an auxiliary function 4> defined for all 

/P f—9 

posi|ive real numbers t by 4>if) “ ^ -* Differentiating we 

obtain 
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SO that 1 is (in the domain under consideration) the only critical 
value of <l>. Since 

limj_»o<A(^) = lim,_«<^(/) = <», 


it follows that the value of 0 at 1 is a minimum, and therefore 
that 

[P /-« 1 1 

- + —= 0(/)^0(l)=- + - = l. 

p q p q 


If a and b are any two positive numbers, and if we write t — 
a^l<ifi,ilp^ it follows that 


1 ^ — -1-or ab —I-, 

bp aq Pi 


and it is clear that the latter inequality remains valid even if a 
and b are allowed to be 0. 

We turn now to the proof of the theorem. If either ||/ ||p = 0 
Of II Z lla = the result is trivial; in all other cases we may 

write 



and 



Applying the last written inequality we obtain 

l/g| \f\^ ,1 Ul^ 


Since^ is measurable, this inequality shows already that 
by integrating it we obtain the desired result. • | 

Our next result is known as Minkowski’s inequality. 

Theorem B. If p is a real number greater than 1, and iff 
and g are in £„ then f + g^&p and 

ll/+^llp^ll/IU+lklU- 

Proof. Holder’s inequality for a measure space containing 
two points, each of measure 1, yields the elementary inequality 

1 aA + (14*11' + 1 fla ^i |» + | b^ 
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where; as before, - + - = 1. It follows that 
P q 


^ (1/1' + k (21 /+g !«(•>-»)»/«, 


and hence that 


|/ + ^l*’^2'-/«(l/l»’ + lf|»>). 

This implies that / + ^ e £p; the desired inequality follows from 
the relations 

(ll/ + irllp)* -/l/ + jrl’*S 

sj"l/l■l/+^l’“'4‘ +J'uil/+j|'“‘4‘ i 
s(/|/N»)'"(/|/ + irN,.)''* 

+(Junm) (/ly+iI"^*) = 

Since it follows from Theorem B that if/, and h are in JSp, 
then 

PpCA^) = 11/ -\\p ^\\J-h\\p+\\h-g \\, = Pp(/,A) + Pp{hS, 

we see that £p is indeed a metric space; the proof that serves to 
establish the completeness of £i carries over with only trivial 
changes and establishes the completeness of £p. 

(1) The metric space £p(p) on a measure space (XySyti) is separable if and 
only if the space SGu) of measurable sets of finite measure is separable. (Hint: 
if a class of sets is dense in S(/x), then the set of all finite linear combinations with 
rational coefficients of the characteristic functions of these sets is dense in JCpOu)*) 

(2) Another occasionally useful space is the set 911 of all essentially bounded 
measurable functions. If we write, for any / in 911, 

ll/IU ” MS- sup- 11/W |: Jfe.X’} 
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and, for/ and g in M^ p^i/jg) * || / — I! ooi then 311 (with our by now familiar 
conventions as to wnat constitutes equality for two elements of a measure 
theoretically defined function space) becomes a complete metric space. 

(3) The space £2 is deservedly the most extensively studied of the function 
spaces we described; it is in a legitimate sense the most direct and fruitful 
generalization of ordinary, finite dimensional, Euclidean space. A linear 
jfunctional on £2 is a real valued function A on £2 such that 

A(a/ + ^^)=aA(/)+/3A(^) 

whenever a and are real numbers and/ and g are in £ 2 . A linear functional A 
is bounded if there exists a positive, finite constant c such that \ A(/) | ^ 
HI/II 2 for every/ in £ 2 . It is an elementary geometric property of £2 (whose 
proof depends on nothing deeper than that £2 is complete) that corresponding 
to every bounded linear functional A there exists an element g of £2 such that 

A(/) — j/g^p for every / in £ 2 . This fact may be used to prove the Radon- 

Nikodym theorem (of which, incidentally, it is in turn a reasonably easy conse¬ 
quence). For the sake of simplicity we shall restrict our outline of this proof 
to the case of finite measures. Suppose then that p and v are two finite measures 
such that p<Kp and write \ ^ p + v, 

(3a) If, for every / in £ 2 (X), A(J) « J/dp, then A is a bounded linear func¬ 
tional on £ 2 (X)* 

(3b) If A(/) =* J/gdXf then 0 ^ ^ ^ 1 [X]. (Hint: if / is the characteristic 

function of a measurable set £, then A(/) = p{E) g X(£).) 

(3c) If E - {x:g(x) « 1}, thenX(£) * 0. (Hint:X(£) = p{E),) 

(3d) J/(l - g)Ji> - for every non negative measurable function/. 

(3e) If ^0 , then, for every measurable set £, p(E) = f godp. (Hint: 

1 — j? Js 

(4) Suppose that {XyS^p) is a finite measure space and write, for any two real 
valued measurable functions/ and gy 

The function po is a metric; convergence with respect to po is equivalent to con¬ 
vergence in measure. 


§ 43. SET FUNCTIONS AND POINT FUNCTIONS 

In this section we shall study the connection between certain 
functions of a real variable and finite measures on the real line. 
Throughout this section we shall assume that 
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X is the real line, S is the class of all Borel sets, and fi is 
Lebesgue measure on S. 

We shall consider monotone, non decreasing functions / on X, 
i.e. functions/ for which /{x) ^ /(y) whenever x ^ for brevity 
of expression we shall simply call such functions monotone. If/ 
is a bounded monotone function, then it is easy to see that 

lim,__.^(x) and lim,_+.^(x) 

always exist and are finite; it is customary to denote these limits 
by/(—oo) and/(+oo) respectively. 

Theorem A. If v is a finite measure on S and if, for every 
real number x, 

fAx) = v{[t\ -00 < / < x}), 

then f, is a bounded monotone function, continuous on the left 
and such that /»(—oo) = 0. 

Proof. The boundedness and monotoneness of fy follow from 
the corresponding properties of v. Since fy{ — n) = ><((— 00 , —«)), 
w = 1, 2, • • •, it follows that 

fy{-<x>) = lim„/,(-«) = Kfln-o -» < / < -»}) = 

= KO) = 0. 

To prove that/, is continuous on the left at each x, suppose that 
{x„} is an increasing sequence of numbers such that lim„ x„ = x; 
we have 

0 = "(H"-! l*n,^)) = lim„ J'([x„,x)) = limn (/,(*) -/i-(^n)). I 

The following result goes in the converse direction. 

Theorem B. Iff is a bounded monotonefunction, continuous 
on the left and such that /(—<») = 0, then there exists a unique 
finite measure v on S such thatf = fy. 

Proof. In all details this proof parallels the construction of 
Lebesgue measure. If, in other words, we define v for every 
semiclosed interval by v({a,b)) = f(b) — f{a), then the results of 
§ 8 are valid for v in place of ju and hence the extension theorem 
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13.A may be applied. The only argument which needs modifica¬ 
tion is the one used to establish 8.C. We are to prove that if 
\aoJ>f^ is a semiclosed interval contained in the union of a sequence 
of semiclosed intervals, then 

If «o = Ki the result is trivial; otherwise let e be a positive number 
such that e < ^0 “ Since / is continuous on the left at 

to every positive number 5 and every positive integer i there 
corresponds a positive number «,• such that 

/(«<)-/(«*•-*.)< I, / = 1,2, •... 

If Fo = [<»oA — t] and Ui — («< — «,A), » = 1, 2, • • •, then 
Fo c Ui-i therefore, by the Heine-Borel theorem, there 

is a positive integer n such that 

Fo c U?-i Ui. 

From the analog of 8.B for v we obtain 

/A - €) -/(«o) ^ E?-1 (/(.ii) -fifli - c,)) = 

= 2?-i -/(«.)) + (/(«.) -/(«.• - «.)) ^ 

^ zr-i (/(^<) -/(«<)) + 8. 

Since € and 5 are arbitrary, the desired result follows from the 
fact that / is continuous on the left at bo. | 

Theorems A and B establish a one to one correspondence be¬ 
tween all finite measures i* on S and some functions f, of a real 
variable; the following two theorems show how certain measure 
theoretic properties of v may be characterized in terms of the 
corresponding function 

Theorem C. If v is a finite measure on S, then a necessary 
and sufficient condition thatf, be continuous is that =0 

for every point x. 

Proof. If {«»} is a decreasing sequence of numbers such that 
limn Xn » Xf then 

K{«}) “ Kfir-l * lim, * limn(/,(jfn) -Mx)). 
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The proof is completed by the observation that /, is continuous 
at X if and only if the last term of this relation vanishes. | 

A real valued function / of a real variable is called absolutely 
continuous if to every positive number e there corresponds a 
positive number i such that 

Zr.ilM)-/(«.•)!<• 

for every finite, disjoint class * = 1, •••,«} of bounded 

open intervals for which (^t <*») < 

Theorem D. If v is a finite measure on S, then a necessary 
and sufficient condition that be absolutely continuous is that 
V be absolutely continuous with respect to n. 

Proof. If V then to every positive number e there corre¬ 
sponds a positive number 5 such that v{E) < e for every Borel 
set E for which n{E) < 5. Hence if f = 1, •••,»} is a 

finite, disjoint class of bounded open intervals for which 

m(U"-i = Si-i A “ <*<) < 

then 

lAA) -fM) I = E?.i Kk-A)) = ^ 

= KU?-xkA))<e- - 

Suppose, conversely, that f, is absolutely continuous. Let • 
be any positive number and let 5 be a positive number such that 
A “ <*«•) < 3 implies lAA) — Ak) I < ft If £ is a 
Borel set of Lebesgue measure zero, then there exists a disjoint 
sequence {[<7«A)} of semiclosed intervals such that 

£c:Ur-ikA) and S."-! A - «<)< «. 

Since it follows that Sf-i lAA) “/»(«»•) | < « for every positive 
integer n, we have 

m ^ Er-xKi«.A)) = sr-i \Mfi) -Mai) \ ^ e. 

Since e is arbitrary, we must have riE) = 0. | 

For the statement of the next result (which is an easy but 
frequently useful consequence of the Lebesgue decomposition 
theorem) we need one more definition. We shall say that a finite 
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measure p on S is purely atomic if there exists a countable set C 
such that i/(X — C) = 0. 

Theorem E. 1/ v is a finite measure on S, then there exist 
three uniquely determined measures v^, and on S whose 
sum is V and which are such that vi is absolutely continuous 
with respect to ju> *'2 is purely atomic^ and is singular with 
respect to n but »' 3 ({^}) =0 for every point x. 

Proof. According to the Lebesgue decomposition theorem 
(32.C) there exist two measures I'd and vi on S whose sum is v 
and which are such that pq is singular and is absolutely con¬ 
tinuous with respect to /x. Let C be the set of those points x 
for which »'o({Af}) 7 ^ 0; the finiteness of t> implies that C is count¬ 
able. If we write 

= j<o(£ n C) and vsi-E) = vq{E — C), 

then it is clear that the decomposition v — v\ + V 2 has all 
the desired properties. Uniqueness follows from the uniqueness 
of the Lebesgue decomposition and the easily verifiable unique¬ 
ness of C. I 

(1) All the results of this section remain true for signed measures v if the condi¬ 
tion that Jp be monotone is replaced by the condition that it be of bounded 
variation. (Hint: every function of bounded variat’win is the difference of two 
monotone functions.) 

(2) Several of the well known properties of monotone functions and absolutely 
continuous functions may be proved by using the methods of this section; we 
indicate two examples. 

(2a) A monotone function has (at most) countably many discontinuities. 
(Hint: for bounded monotone functions/ which are continuous on the left and 
such that /(— 00 ) = 0, apply Theorem B and the reasoning in the proof of 
Theorem C. The general case can be reduced to this special case by some obvious 
transformations.) 

(2b) If a bounded monotone function / is absolutely continuous and such 
that /(— 00 ) = 0, then there exists a non negative Lebesgue integrable function 

^ such that J{x) 0W4*(O* (Hint: apply Theorems B and D.) 

(3) The purpose of the following considerations is to show that the results of 
15.C and 15.1 can be extended to a very wide class of measures including the 
ones discussed in this section. ( 

(3a) If two finite measures and v on a, <r~ring S of subsets of X agree on a 
lattice L of sets in S» then m and v agree on the <r~ring S(L) generated by L. 




[Sec, 431 


TRANSFORMATIONS AND FUNCTIONS 


183 


(Hint: if £ eL, FeL, and £ C F, then /i(F — £) = v(F — £). Apply 5.2, 8.5, 
and 13.A.) 

(3b) If two fiiiite measures n and v are defined on the class of Borel subsets 
of a metric space X and agree on the class U of open subsets of Xy then they agree 
for all Borel sets. 

(3c) If /i is a finite measure defined on the class of Borel subsets of a metric 
space Xy and U is the class of open subsets of Xy then niE) “ inf [ti{U): E 
C t/e U} for every Borel set £. (Hint: the set function v* defined by v*iE) = 
inf £ CI C7e U} is a finite metric outer measure which defines a measure 

V on the class of Borel sets, and v agrees with ju on U.) 

(3d) If ju is a measure on the class of Borel subsets of a metric space Xy 
and C is the class of closed subsets of X that have finite measure, then ijl(E) «» 
sup {fJiiC): £ 3 CeCj for every Borel set £ of (r-finite measure. (Hint: it is 
sufficient to consider sets £ of finite measure. Write v{F) *« /i(£ 0 F) and 
apply (3c) to v and X — £.) 

(3e) If /X is a measure on the class of Borel subsets of a separable, complete, 
metric space Xy and Co is the class of compact subsets of X that have finite 
measure, then fx(E) = sup {iJL{C): £ 3 Ce Co) for every Borel set £ of (r-finite 
measure. (Hint: apply (3d) and 9.10.) 

(4) If V is a finite measure on S and if a Borel set £o is an atom of Vy then there 
exists a point xo in Eq such that v{Eq — {jto}) =* 0. (Hint: by means of (3) the 
general case may be reduced to the case in which £o is closed and bounded.) 

(5) If V is a finite measure on S, then a necessary and sufficient condition that 

be continuous is that v be non atomic. 

(6) Most of the results of this section remain true for measures and signed 
measures v which are not necessarily finite; what is essential is that v(E) be 
finite whenever £ is a bounded interval. 

(7) In connection with (6) and for the purpose of constructing counter exam¬ 
ples, it is interesting to observe that there exist o’-finite measures on S which 
are absolutely continuous with respect to /n, but for which v{E) « « for every 
intervkl £ with a non empty interior. (Hint: let / be a positive, Lebesgue 

integrable function such thatj* « w for every positive number c; for 

example write /(x) = (tf^**\/| x \ )“^ If {ri, r 2 , • • •} is an enumeration of the 
set of all rational numbers, if, for every Xy 


and if, for every Borel set £, v(£) = f then v has all the desired properties. 

Jb 

Observe that sinceJW m = the function^is finite valued a.c. [/i]0 
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§44. HEURISTIC INTRODUCTION 

The purpose of this section is to give an intuitive justification 
for the measure theoretic treatment of probability. 

The principal undefined term in the theory of probability is 
“event.” Intuitively speaking, an event is one of the possible 
outcomes of some physical experiment. To take a rather popular 
example, consider the experiment of rolling an ordinary six-sided 
die and observing the number x (= 1, 2, 3, 4, 5, or 6) showing 
on the top face of the die. “The number x is even”—“it is less 
than 4”—“it is equal to 6”—each such statement corresponds to 
a possible outcome of the experiment. From this point of view 
there are as many events associated with this particular experi¬ 
ment as there are combinations of the first six positive integers 
taken any number at a time. If, for the sake of aesthetic complete¬ 
ness and later convenience, we consider also the impossible event, 
“the number x is not equal to any of the first six positive integers,” 
then there are altogether 2* admissible events associated with the 
experiment of the rolling die. For the purpose of studying this 
example in more detail let us introduce some notation. We write 
{2,4,6} for the event “x is even,” {1,2,3} for “x is less than 4,” 
and so on. The impossible event and the certain event (== 
{1,2,3,4,5,6}) deserve special names; we reserve for them the 
symbols 0 and X respectively. 

Everyday language concerning events uses such phrases as 
these: “two events E and F are incompatible or mutually exclu- 
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sive,’* “the event E is the opposite of the event F or complemen¬ 
tary to Fy' “the event E consists of the simultaneous occurrence 
of F and G,” and “the event E consists of the occurrence of at 
least one of the two events F and G.” Such phrases suggest that 
there are relations between events and ways of making new events 
out of old that should certainly be a part of their mathematical 
theory. 

The notion of complementary event is probably closest to the 
surface. If E is an event, we denote the complementary event by 
E'x an experiment, one of whose outcomes is £, will be said to 
result in E’ if and only if it does not result in E. Thus if £ = 
{2,4,6}, then E' = {1,3,5}. We may also introduce combina¬ 
tions of events suggested by the logical concepts of “and” and 
“or.” With any two events E and F we associate their “union” 
£ U £ and their “intersection” £ D £; here £ U £ occurs if 
and only if at least one of the two events £ and £ occurs, while 
£ n £ occurs if and only if both £ and £ occur. Thus if £ = 
{2,4,6} and £ = {1,2,3}, then £ U £ = {1,2,3,4,6} and £ 0 £ 

The considerations of the preceding paragraphs, and their 
obvious generalizarions to more complicated experiments, justify 
the conclusion that probability theory consists of the study of 
Boolean algebras of sets. An event is a set, and its opposite event 
is the complementary set; mutually exclusive events are disjoint 
sets, and an event consisting of the simultaneous occurrence of 
two other events is a set obtained by intersecting two other sets— 
it is clear how this glossary, translating physical terminology into 
set theoretic terminology, may be continued. 

For the traditional theory of probability, concerned with simple 
gambling games such as the rolling die, in which the total number 
of possible events is finite, the above heuristic reduction of the 
class of all pertinent events to a Boolean algebra of sets is ade¬ 
quate. For situations arising in modern theory and practice, 
and even for the more complicated gambling games, it is neces¬ 
sary to make an additional assumption. This assumption is that 
the system of events is closed under the formation of countably 
infinite unions, or, in the technical language we have already used, 
that the Boolean algebra is in fact a c^-algebra. 
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Perhaps an example, though a somewhat artificial one, might 
illustrate the need for the added assumption. Suppose that a 
player determines to roll a die repeatedly until the first time that 
the number showing on top is 6. Let £„ be the event that the 
first 6 appears only on the «th roll. The event E = U".i £« 
occurs if and only if the game ends in a finite number of rolls. 
The occurrence of the opposite event E' is at least logically (even 
if not practically) conceivable, and it seems reasonable to want 
to include a discussion of it in a general theory of probability. 
Numerous examples of this kind, together with some rather deep 
lying technical reasons, justify the statement that the mathemati¬ 
cal theory of probability consists of the study of Boolean c-alge- 
bras of sets. 

This is not to say that all Boolean <r-algebras of sets are within 
the domain of probability theory. In general, statements con¬ 
cerning such algebras and the relations between their elements 
are merely qualitative; probability theory differs from the general 
theory in that it studies also the quantitative aspects of Boolean 
algebras. We proceed now to describe and motivate the introduc¬ 
tion of numerical probabilities. 

When we ask “what is the probability of a certain event?”, 
we expect the answer to be a number, a number associated with 
the event. In other words, probability is a numerically valued 
function m of events E, that is of sets of a Boolean cr-algebra. On 
intuitive and practical grounds we demand that the number n{E) 
shoxild gjve information about the occurrence habits of the event 
E. If, in a large number of, repetitions of the experiment which 
may result in the ey^nt E, we observe that E actually occurs only 
a quarter of the time (the remaining three quarters of the experi¬ 
ments resulting therefore in ^^7 attempt to summarize 

this fact by saying that J* Even this very rough first 

approximation to what is desired yields some suggestive clues 
concerning the nature of the function ju. 

If, to begin with, n{E) is to represent the proportion of times 
that E is expected to occur, then n{E) must be a non negative 
real number, in fact a number in the unit interval [0,1]. If E 
and F are mutually exclusive events—say £ =» {1} and F = 
{2,4,6} in the example of the die—then the proportion of times 
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that the union jE U F(= {1,2,4,6} in the example) occurs is 
clearly the sum of the proportions associated with E and F 
separately. If an ace shows up one sixth of the time and an even 
number half the time, then the proportion of times in which the 
top face is either an ace or an even number is | It follows 

therefore that the function n cannot be completely arbitrary; 
it is necessary to subject it to the condition of additivity, that is 
to require that if £ fl F = 0, then n{E U F) should be equal to 
ju(£) + ii{F). Since the certain event X occurs every time, we 
should also require that (i{X) — 1. 

We Are now separated from the final definition of probability 
theory only by a seemingly petty (but in fact very important) 
technicality. If /a is an additive set function on a Boolean 
0 —algebra of sets, and if {£n} is an infinite disjoint sequence of 
sets in the algebra, then it may or may not be true that 
M(Un-i ^«) “ 53^-1 V’i.En). The general condition of countable 
additivity is a further restriction on n —a restriction without 
which modern probability theory could not function. It is a 
tenable point of view that our intuition demands infinite additivity 
just as much as finite additivity. At any rate, however, infinite 
additivity does not contradict our intuitive ideas, and the theory 
built on it is sufficiently far developed to assert that the assump¬ 
tion is justified by its success. To sum up; 

numerical probability is a measure ju on a Boolean <r-algebra 

S of subsets of a set X, such that n{X) = 1. 

In our development of measure theory in the preceding chapters, 
the concepts “measurable function,” “integral,” and “product 
space” played important roles; in the immediately following 
paragraphs we shall introduce the probability meaning of these 
concepts. 

We begin with the frequently used term “random variable.” 
“A random variable is a quantity whose values are determined 
by chance.” What^ Hoes that mean? The word “quantity” 
suggests magnitude—numerical magnitude. Ever since rigor has 
come to be demanded in mathematical definitions, it has been 
recognized that the word “variable,” particularly a variable whose 
values are “determined” somehow or other, means in precise 
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language a function. Accordingly a random variable is a func¬ 
tion: a function whose numerical values are determined by chance. 
This means, in other words, that a random variable is a function 
attached to an experiment—once the experiment has been per¬ 
formed the value of the function is known. We have seen that 
the analytic correspondent of an experiment is a measure space 
X\ it follows that a function of outcomes is a function of the 
points X o{ X. A random variable is a real valued function on the 
measure space X. 

The preceding sentence does not yet fully describe the cus¬ 
tomary usage of “random variable.” A function/ on the measure 
space X is called a random variable only if probability questions 
concerning the values of/ can be answered. An example of such 
a. question is “what is the probability that / lies between a and 
0?” In measure theoretic language: “what is the measure of the 
set of those points x for which the inequality a ^f{x) ^ j8 is 
satisfied?” In order for all such questions to be answerable, it 
is necessary and sufficient that the sets that occur in them belong 
to the basic <r-algebra S of A!"; in other words a random variable 
is a measurable function. 

Let us consider in detail the random variable/ associated with 
an honest die by the definition J(x) — x. The possible values of 
/ are the first six positive integers. The arithmetic mean of these 
values, that is the number ^(1 + 2 + 3 + 4 + 5 + 6), is of con¬ 
siderable interest in probability theory; it is called the average, 
or mean value, or expectation of the random variable /. If the 
die is loaded, so that the probability px associated with x is not 
necessarily i, then the arithmetic mean is replaced by a weighted 
average; in this case the expectation of / is 1-pi + ••• + S'pt. 
The analogs of such weighted sums, in cases where the number of 
values of the function need not be finite, are given by integrals; 
if the measurable function is integrable, then its expectation 
is by definition the value of its integral. 

We see thus that measurable functions and their integrals have 
their probability interpretations; in order to find such an inter¬ 
pretation of product spaces, we continue to study the example of 
the die. For simplicity we make again the classical assumption 
that any two faces are equally likely to turn up and that conse- 
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quently the probability of any particular face showing is 
Consider the events £« {2,4,6} and F= {1,2}. The first 
notion we want to introduce, the notion of conditional probability, 
can be used to answer such questions as these: “what is the 
probability of E when F is known to have occurred?” In the 
case of the example: if we know that x is less than 3, what can 
we say about the probability that x is even? The adjective 
“conditional” is clearly called for in the answer to a question of 
this type: we are evaluating probabilities subject to certain 
preassigned conditions. 

To get a clue to the answer, consider first the event G = {2} 
and ask for the conditional probability of E, ^ven that G has 
already occurred. The intuitive answer is perfectly clear in this 
case, and is independent as it happens of any such numerical 
assumptions as the equal likelihood of the faces. If x is known 
to be 2, then x is certainly even, and the probability must be 1. 
What made the answer easy was the fact that G was contained in 
E, The general question of conditional probability asks us to 
evaluate the extent (measured by a numerical probability or 
proportion) to which the given event F is contained in the un¬ 
known event E. Phrased in this way, the question almost sug¬ 
gests its own answer: the extent to which F is contained in E 
can be measured by the extent to which E and F are likely to 
occur simultaneously, that is by n(E D F). Almost—not quite. 
The trouble is that n(E fl F) may be very small for two reasons: 
one is that not much of F is contained in £, and the other is that 
there is not very much of E altogether. In other words it is not 
merely the absolute size of E r\ F that matters: it is the relation 
or proportion of this size to the size of F that is relevant. 

We are led therefore to define the conditional probability of 
E, given that F has already occurred, in symbols upfE), as the 
ratio n{E 0 F)/n{F). For E = {2,4,6} and G = {2}, this gives 
the answer we derived above, mo(-B) =* 1; for £ = {2,4,6} and 
F “ {1,2}, we get the rather reasonable figure mf(F) = In 
other words if it is known that x is either 1 or 2, then x is odd or 
even 0.e. equal to 1 or equal to 2) each with probability J. 

Consider now the following two questions: “F happened, what 
is the chance of £?” and simply “what is the chance of £?” 
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The answers of course are nr{E) and )t{E) respectively. It might 
happen, and it does happen in the example g^ven above, that 
the two answers are the same, that, in other words, knowledge of 
F contributes nothing to our knowledge of the probability of E. 
It seems natural in this situation to use the word “independent”: 
the probability distribution of E is independent of the knowledge 
of F. This motivates the precise definition: two events E and F 
are independent if hf{E) = ii(E). The definition is transformed 
into its more usual form and at the same time gains in symmetry 
if we recall the definition of hf(E). In symmetric form, E and F 
are independent in the ‘ sense of probability (statistically or 
stochastically independent) if and only if n{E fl F) = n(E)n(F). 

Suppose now that we wish to make two independent trials of 
the same experiment—say, for example, to roll an honest die 
twice in succession. In a compound experiment such as this one, 
we do not expect the rep>orted outcome of the experiment to be a 
number, but rather a p:ur of numbers ixi,X 2 ). The points of the 
measure space associated with the compound experiment are, 
in other words, the points of the Cartesian product of the original 
measure space with itself; the problem is to determine how the 
probability is distributed among these points. For a clue to the 
answer, consider the events E = “xi < 3” and F = “xa < 4.” 
Wehave/u(£) = l-andMC^) = i;ifwe interpret the independence 
of trials to mean the independence of any two events such as E and 
F, we should have n{E 0 F) «= J. 

On the basis of the preceding paragraph we shall say that, if 
the analytic description of an experiment is given by a measure 
space {X,S,ix), then the analytic description of the experiment 
consisting of two independent trials of the given one is the 
Cartesian product of (XJSyn) with itself. 

What we can do once we can do again. Just as two repetitions 
of an experiment give rise to two dimensional Cartesian products, 
similarly any finite number of repetitions (say n) give rise to 
»-dimensional Cartesian products. The procedure can be ex¬ 
tended also to infinity: the analytic model of an infinite sequence 
of independent repetitions of an experiment is an infinite dimen¬ 
sional Cartesian product space. Even if an actually infinite 
sequence of repetitions of an experiment is practically unthinkable. 
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there is a point in considering infinite dimensional product spaces. 
The point is that many probability statements are assertions con- 
cerning what happens in the long run—assertions which can be 
made precise only by carefully formulated theorems concerning 
limits. Hence even if practice yields only approximations to 
infinity, it is the infinite sequence space that is the touchstone 
whereby the mathematical theory of probability can be tested 
against our intuitive ideas. 

We leave now these heuristic considerations and, in the next 
section, turn to the detailed investigation of the basic concepts 
and results of probability theory. 

§ 45. INDEPENDENCE 

A probability space is a totally finite measure space 
for which n(X) — 1; the measure m on a probability space is 
called a probability measure. 

If E is a finite or infinite class of measurable sets in a probability 
space (Ar,S,ju), the sets of the class E are (stochastically) inde¬ 
pendent if 


for every finite class {£<:/ = !, •••,»} of distinct sets in E. 
In case the class E contains only two sets E and F, the condition 
of independence is expressed by the equation 

m(£ n F) = m(£)a*(F). 

An illuminating example of two independent sets E and F is 
obtained by taking for X the unit square with Lebesgue measure, 
^ — {(*0')* O^Af^l, Ogy^l}, and writing E = {(xj'): 
O^xgl, and F =» {Ogy^l}, 

where a, r, and d are arbitrary numbers in the closed unit 
interval. We remark that it is not sufficient for the independence 
of the sets of a class E (even if E is a finite class) that any two 
distinct sets of E be independent. 

If e is a finite or infinite set of real valued measurable functions 
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on a probability space the functions of the set 8 are 

(stochastically) independent if 

M(nr-i eM,.}) = eM,}) 

for every finite subset {/<: f = 1, • • •, »} of distinct functions in 
8 and every finite class {M<: i = 1, •••>»} of Borel sets on the 
real line. An equivalent way of expressing this condition is to 
say that if, for each/ in 8, M/ is a Borel set on the real line, then, 
for every possible choice of the Borel sets Mf, the sets of the class 
E *= e 8} are independent. An illuminating example 

of two independent functions / and g is obtained by taking for 
X the unit square, as in the preceding paragraph, and defining 
/ and g \yyf{xyy) = x and gix^) = y. 

As our examples of independent sets and functions might 
indicate, there is a very close connection between the concepts 
of stochastic independence and Cartesian product. Suppose, in 
fact, that Ji and are two independent functions on a probability 
space (XfSyn) and consider the transformation T from X into the 
Euclidean plane, defined by 

Tix) = (/i(x),/a(x)). 

If measurability in the plane is interpreted in the sense of Borel, 
then the facts that Xha. measurable set and /i and /a are measur¬ 
able functions imply that T is a measurable transformation; simi¬ 
larly, of course, the functions /i and /a are themselves measurable 
transformations from X into the real line. A direct comparison 
with the definition of independence shows that the fact that /i 
and /a are independent can be very simply expressed by the 
equation 

mT-* - i/i-* X nfr'. 

(If the transformation T is denoted, as it may well be, by the 
symbol/i X/a,'then the last written equation takes the form of 
an easily remembered distributive law.) If the functions gi and 
gi on the plane are defined by 

gi(yuy 2 ) “ yi and ga(yiyy») ^ ya^ 
then it is easy to verify that /i giT and /a <■> g^T, From these 



{SBC. 45) _ PROBABIUTY _ 193 

very simple considerations we may already draw a non trivial 
conclusion. 

Theorem A. Ifji andj% are independent Junctions^ neither 
of which vanishes a.e., then a necessary and sufficient condition 
that both fi and f 2 be integrable is that their product /i/a be 
integrable; if this condition is satisfied^ then 

jfifvdn = Jfidnjf-^n. 

Proof. Using the notation established above, we see (by 39.C) 
that the integrability of |/< | is equivalent to the integrability of 
gi, < = 1,2, and, by Fubini’s theorem, the integrability of [ 1 

and 1 ^2 I implies that of \ gig 2 !• Conversely, of course, if [ gig 2 1 
is integrable, then almost every section of j ^ 1^2 1 is integrable. 
Since each such section is a constant multiple of | 1 or of | ^2 I 

and since the assumption that fi and /a do not vanish a.e. implies 
that these constant factors may be selected to be different from 
zero, it follows that the integrability of 1 1 implies that of 

1 gi 1 and 1 ^2 1. Since, finally, another application of 39.C shows 
that I 1 is integrable if and only if \f 1 f 2 1 is integrable, the 
assertion concerning integrability is proved. The multiplicative 
relation follows from Fubini’s theorem. | 

The use of product spaces in the study of independent functions 
extends far beyond the simple case indicated by the reasoning 
above. Suppose, for instance, that {/»} is a sequence of inde¬ 
pendent functions and let Y be the Cartesian product of a sequence 
of real lines in each of which measurability is interpreted in the 
sense of Borel. If, for every #, 

T(Ar)-(/i(x),/2(*), • ••), 

then T* is a measurable transformation from X into Y; a neces¬ 
sary and sufficient condition that the functions/, be independent 
is that nT~^ = nfi~^ X X • • •. If the functions gn on Y 
are defined to be the coordinate functions, gniyu y 2 > •••) — yn> 
» = 1, 2, • • •, then/„ = gnT, » = 1, 2, • • •. Similar results are 
true of course for arbitrary (finite, countable, or uncountable) 
sets of functions. 
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Theorem B. If {/,/: i “ 1, = 1, •••,»<} is a set 

of independent functions y if is a real valued, Borel measurable 
function of n, real variables, i = 1, • •k, and if 

/,(x) = ^i(fa(x), ■ ■ -yfintix)), 

then the functions f\, •••,/* are independent. 

Proof. The theorem is an easy application of the relations 
established above between product spaces and independence. 
Suppose that Ya is the real line, i = 1, • ‘k,j = 1, • • ',ni, and 
Y = X<i if write 

T(^f) = (yn(*)j ' ‘ ‘'‘yfknkix)')t 

' ‘ ’> J’lnu ■ * ' ' ‘ y ykni^ ~ yij 

and 

Si ~ ^i(,Siiy ' ' ' y Sin^y 

then fi = giT, i — k. Since the independence of the^,’s 

is obvious, the independence of the/,’s follows. | 

We conclude this section by introducing a frequently used 
notation of probability theory. If/ is a real valued measurable 
function on a probability space {X,S,u)y such that/* is integrable, 
then it follows from Schwarz’s inequality (i.e. Holder’s inequality 
with p — 2, cf. 42.A) that / itself is integrable and that, in fact. 

If f/Jit » a, then the Tariance of/> denoted by e’C/). is dehned 

by ^<f> =/(/ — «)*<//*• Since the integral of a constant func¬ 
tion over a probability space is equal to the value of the constant, 
it follows from the definition of a, by multiplying out the last 
written integrand, that 

e’c/) - (//**) - (//*) ; 

it is clear that, for any real constant c, (^{cf) — t*<r*(/). 
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Theorem C. If f and g are independent functions with a 
finite variance, then 

o^(J + g) a^(J) + o\g). 

Proof. We have 

<^(J + g)= /(/ + - (/(/ + = 

= J/Vm + 2 pgdyi 

- 2 ( J/^m) - (fg^^) ; 

the desired result follows from Theorem A. | 

(1) If F is a measurable set of positive measure in a probability space (A!’,S,m), 

and if, for every measurable set £, mf(F) = m(F 0 £)/m(F), then is a proba¬ 
bility measure on S such that mf(F) = 1; the sets £ and F are independent if 
and only if mf(£) = The number/ii/*(£) is called the conditional probability 

of £ given F 

(2) If {£,; / = 1, • • •, w} is a finite class of measurable sets of positive measure, 
then 

n • • • n £n) = • • • MFi n-- n En~\{E,^. 

This result is known as the multiplication theorem for conditional probabilities. 

(3) If {£»; / = 1, •••,»} is a finite, disjoint class of measurable sets of posi¬ 
tive measure whose union is X (i.e. if {£,} is a partition of A'), then, for every 
measurable set F, /i(F) = Zl?-i /*(-£»W<(F), and, if F has positive measure, 

/xf(£;) = I M(^i)MF,(F). 

This result is known as Bayes’ theorem. 

(4) Two partitions of A', say |£i: / = 1, • • •, wj and {Fjij = 1, • • •, w}, are 
called independent if /x(£,* fl Fj) = niEi)jjL{F/) for / = 1 , •••, n and 7 = 

• • •ytn. Two sets £ and F are independent if and only if the partitions {£,£'} 
and {F,F'} are independent. 

(5) Let A^ « {a*: 0 ^ ^ 1) be the unit interval with Lebesgue measure. 

For every positive integer n define a functionon X by setting/»( a) « +1 

or —1 according as the integer i for which ^ -v < ;— is odd or even. 

The functions/n are called the Rademacher functions. Any two of the functions 
and / 1/2 are independent, but the three together are not. 

(6) If J and g are independent integrable functions, if M is a Borel set on the 

real line, and if £ ** thenj* fgdti « J* fdyL'^gdyL, (Hint: observe that 
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XjffW — Xw(/W) and apply Theorem B to show that the product of/andxM(/) 
is independent of g.) 

(7) If/ and g are measurable functions with finite variances such that <r(/)<r (j*) 
0, their coefficient of correlation is defined by 


r(/4r) 






where <r(J) = a^(J) is the standard deviation of f. The functions/ and g are 

uncoirelated if rC/kf) =0. If / and g are independent, then they are uncor¬ 
related. A necessary and sufficient condition that a*(/ + !')=>■ «■*(/) + 
is that / and g be uncorrelated. 

(8) Is it true that if / and g are uncorrelated, then they are independent? 
(Hint: let X be the unit interval and write J{x) = sin 2irx, g{x) = cos It*.) 

(9) If / and g are independent integrable functions such that (/ + ^)* is 
integrable, then/* and i* are integrable. 


§ 46. SERIES OF INDEPENDENT FUNCTIONS 

Throughout this section we shall work with a fixed probability 
space Our first result is known as Kolmogoroff’s in¬ 

equality. 

Theorem A. If fi, i = \, ' • -y n are independent functions 
= 0, andjffdn < 00 , f = 1, •••,», and if 

/M = U2-11 Et i/,(x) I (f.e. f is the maximum of the (^so¬ 
lute values of the partial sums of the then, for every positive 

number e, 

(.(!»:I/WI .>'(/»)• 

Proof. We write 


such that 


'jfidts 


E = {x; I/(;f) 1 ^ e}, 

and 

Ek = {a?; I Sk(x) I ^ n n»a.<* I 1 < «}• 

We have 

+ p{Ek) 2*«SnJ7<*^M ^ 

^J^Sk^dp ^ p(Ek)^. 
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Since E » {Jt.i and since the sets Ek are disjoint, it follows 
that 

= S2-1 f ^ Z2.1 I 

JXk 

Theorem B. If [fn] is a sequence of independent functions 
such that^fndix — 0 and Zn-i <^(/n) < *, then the series 

Zn-i/nW converges a.e. 

Proof. If we write 

tnix) ~ Z»“iy»'(*)> n — 1, 2, • • 

= sup {| Jm+|fc(Ar) — s„{x) j: ^ = 1, 2, • • • }, 

a(x) = inf {«m(x): m = 1, 2, • • •}, 

then a necessary and sufficient condition for the convergence of 
Zn-i/nW at X is that a{x) = 0. By Kolmogoroff’s inequality 
we have, for every positive number e and every pair of positive 
integers m and », 

/*({■»: U2-11 I ^ ^ ^ Z”^2+x ‘^CA)> 

and therefore 

/»({•>?: a„{x) ^ «}) ^ 4 2t-»+x <^CA)- 

€ 

It follows that 

m({x: a{x) ^ ^ ^ Z?-m+i o^C/t) 

and therefore, using the convergence of Zn-i ‘^CA), that 
a{x) ^ e}) = 0. The desired result is implied by the 
arbitrariness of <. | 

The next result goes in the converse direction. 

Theorem C. If [fn\ it « sequence of independent functions 
and c is a positive constant such that {fjltk = 0 and\fn{x) | ^ c 
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a.e .,« = 1,2, • • •, and if Sn-i/nW converges on a set of posi¬ 
tive measurei then 

Proof. If JoW = 0 and j„(x) = “ 1> 2, •••, 

then EgorofF’s theorem implies (cf. 21.2) that there exists a posi¬ 
tive number d such that the set 

has positive measure. If we write 

En = fli-i {•*^51 -ftW I ^ » =* 0,1, 2, • • •, 

then {E„} is a decreasing sequence of sets whose intersection is E. 
If F„ = E„..x - E„, « = 1, 2, • • •, and a„ = (* JnV/i, » = 0, 
1, 2, • •then 

a,. — a„_i = I — f Sndv- — I Sn-^dn = 

%/En-\ Jfn n/Bn-l 

= f *4“ 2 ^ ^ Sf^dfly fl If • • •. 

JEn-l JEn^l JFn 

Since 

f fr?dtx ^ y.{En-^,)a^{Jn) and r /nJn-l^M = 0, 

jEn-X JEn^l 

and since n{En-i) ^ fi{E) and ] j„(x) \ '^ c d for « in Pn, 
« = 1, 2, • • •, it follows that 

ttn — ttn-l ^ n{E)a^(Jn) — (c + » = 1» 2, • • •. 

Summing over n from 1 to I: we obtain 

d^ ^ ,xiE,)cP ^ at ^ m(£) Z--1 ‘^(/») + I 

We remark that Theorems B and C imply that if {/»} is a 
uniformly bounded sequence of independent functions such that 

Jfndii = 0 for » = 1, 2, then the series Sn-i/»W either 

converges a.e. or diverges a.e.; the measure of the convergence 
set is always one of the extreme values, 0 or 1. 
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Theorem D. 1/ {/»} is a sequence of independent functions 
and c is a positive constant such that | g c a.e.y » = 1, 

2, • • •, then converges a.e. if and only if both the 

series 2»-i jfndu and a^ifn) are convergent. 

Proof. The “if” follows by applying Theorem B to the se¬ 
quence {f„} defined by g,fx) =fn{x) -jfJny n = I, 2, • ••. 

To prove the converse, we consider the Cartesian product of the 
space X with itself and on it the functions hn defined by hnix^y) =» 
fn(x) — /n(y)> « = 1> 2, •••• Since the convergence a.e. of 
2n-i/nW implies that Sn-i A«(jf,y) converges a.e., and since 

Jhnd(jt X m) = 0, 

it follows from Theorem C that J^n-i < «>. Since, how¬ 

ever, <r®(A«) = 2a^(fn), we see that X)n-i o^ifn) < <». Since 
it follows frorn Theorem B that 
converges a.e. and therefore the relation 

^fndu — fn(p() ^ “ 1 > 2 , • • •, 

implies the convergence of I 

Ail our preceding results on series are included in the following 
very general assertion, known as KolmogorofTs three series 
theorem. 

Theorem E. If {fn\ is a sequence of independent functions 
and c is a positive constant^ and if JE* = {*; l/nW I ^ c}, 

« =* 1, 2, • • •, then a necessary and sufficient condition for the 
convergence a.e. of is the convergence of all three 


series 


(a) 


(b) 

Z:-if Un, 
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(c) 

Proof. If we write 

f/«W 




^n(Af) 


and An(x) 


lAW fl/.M I S t, 

!/.(*) I > 


|/.W I 


then it is clear that the series 


Zr-i/«W, I2n-ign(x), and ST-iAnM 

converge at the same points. It follows from Theorem D (applied 
separately to {f,} and {A«}) that ^mi/n(x) converges a.e. 
if and only if aU four series 

(d) Z:.l(£/n^MztCM(£n')), 

(c) Z:-l MEnMEn') 

=F2c/i(£nO£/»^M) 

are convergent. It is rea<Hly verified that the convergence of (d) 
and (e) (with all choices of the ambiguous signs) is equivalent 
to the convergence of (a), (b), and (c). All that the verification 
requires, in addition to the obvious additions and subtractions, 
is the remark that, since the terms of a convergent series are 
bounded, the termwise product of two convergent series one of 
which has non negative terms is convergent. | 


(1) The following result, which is implicitly contained in our earlier discus¬ 
sion of the relation between mean convergence and convergence in measure, 
is known as Tchebycheff’s inequality. If/ is a measurable function with finite 
variance, then, for every positive number e, 

/»({*: |/(*) ^ «}) ^ 

KoImogorofF’s inequality hr n I reduces to TchebychefF’s. Since, in the 
notation of Theorem A, 

{at: I/W I ^ - U"-1 {** I Zf-i/iW I ^ <}. 

an application of TchebychefTs inequality separately to each partial sum yields 

\M I fe •}) S p ZS-i (» - * + l)v*(A). 
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(2) An interesting special case of Theorem D is obtained by considering the 
sequence [Jn] of Rademacher functions; (cf. 45.5). If {fn) is a sequence of real 
numbers, then i Cn/nix) converges or diverges a.e. according as the series 

Cn* conveiiges or diverges. In the language of probability: a necessary 
and sufficient condition for the convergence with probability 1 of the series 
2n-i Cn is the convergence of it being understood that + and — 

are equally likely and that the ambiguous signs are determined independently 
of each other. 

(3) The fact that the convergence set of a series of independent functions 
must have measure 0 or 1 is a consequence of the following very general princi¬ 
ple, known as the zero-^ne law. Suppose that the probability space X is the 
Cartesian product of a sequence (A'n} of probability spaces. If, for each positive 
integer », /»**{» + !, » + 2, •••), and if a measurable set £ in A* is a 
/n-*cylinder for every «, then /i(£) * 0 or 1. (Hint: write, for every measur¬ 
able set Fy v(F) /i(£ n F), If F is a /-cylinder for a finite set /, then 
v(F) * /x(£)/ji(F); since a finite measure on the class of all measurable subsets 
of X is uniquely determined by its values on such cylinders, this relation remains 
valid for E in place of F,) 

(4) If {£n} is a sequence of independent sets, then iu(lim sup« £n) “ 0 if 
and only if ]Cn-i M(^n) < (cf. 9.6). (Hint: let Xn be the characteristic func* 
tion of Eny and apply Theorem D to the sequence {xn}.) This result is known 
as the Borel-Cantelli lemma. 

(5) Two sequences {/n) and {;») are equivalent in the sense of Khintchine if 

3^ ^nWl) < «. 

If {/n} is a sequence of independent functions, then a necessary and sufficient 
condition for the convergence a,e. of the series ]C!i-i/n(^) is the existence of an 
equivalent sequence {i^n} of independent functions with finite variances such 

that the series 2?-1 J and Sii-i are convergent. 

(6) If {/n} is a sequence of integrable functions and if / is a measurable 
function with finite variance such that, for every positive integer if, the functions 

/l> • • -i/ni/ — CA H-b/n) 

are independent, then each/» has finite variance and the series 

-//«*) 

conveiges a.e. (Hint: apply 45.9 and the three series theorem.) 


§47. THE LAW OF LARGE NUMBERS 

There are several limit theorems in the theory of probability 
which are collectively known as the law of latge numbers; in this 
section we present two typical ones. The first of these is known 
as Bemoblli’s theorem or the weak hiw large ntimbers. 



202 


PROBABIUTY 


Pig 47} 


Theorem A. If {/»} is a sequence of independent functions 
with finite variances^ such thatjf^dii >= 0, » » 1, 2, • • •, and 


1 


limn 2<-i ^(fi) “ 0, then the sequence |- ^.ifi 


V 


1 


n 


of aver¬ 


ages converges to 0 in measure. 

Proof. Since 0 ^ is homogeneous of degree 2 and, for inde¬ 
pendent functions, additive, we have 

/ (i ^ E?-i •’(/.). 

In other words, the principal assumption of the theorem is equi¬ 
valent to the assumption that the sequence of averages converges 
to zero in the mean of order two (i.e. converges to zero in the 
space £3), and this implies convergence in measure. | 

Two real valued measurable functions f and ^ on a probability- 
space (.Sr,S,/u) have the same distribution if \dj~^ {M)) = (t{g~^ (A/)) 
for all real Borel sets M. It is easy to verify that if/ and g are 
two integrable functions with the same distribution and if F = 

and G = g~^iM), for some real Borel set Af, thenJ* fdy. = 

J* gdii. An interesting special case of Bernoulli’s theorem is the 

one in which every two terms of the sequence {/»} have the same 
distribution. In this case <r*(/n) v*CA) for every positive integer 

», and hence — = - «>^(/i)> so that the assumption on 

n^ n 

the asymptotic behavior of is automatically satisfied. 

As auxiliary propositions for the proof of a sharper form of 
the law of large numbers we need the following two results from 
elementary analysis. 

Tbeorem B. If \yn] is a sequence of real numbers which 
converges to a finite limit then lim« - = y. 

H 

Proof. Corresponding to every positive number e, there exists 
a positive integer «o such that if» > «o> then | J'n — xj < ^ • Let 
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<1* 

Yl\ L 


If n > til, then 


(i Z?-. J’.) - •>’ I - I - Sf- (■>’< - I S 

\n / n 


^ I - 52"ii hi - 3^) I + 1 - Z"-».+i {yi - j') I < 

n Yi 

1 _ , , n -- rtQ € 

+ —•5<.. I 

Theorem C. If \yn\ is a sequence of real numbers such that 

the series -yn is convergent, then lini„ - = 0. 

n n 

Proof. We write 


So — 0, jj, — 1 .yiy • • •* 

t 

Since= <(j,- — i = 1, 2, • • •, and 

^»+i = S»-i i^i ~ S"-i = ~ £"-i + (« + l)Jn+i> 


it follows that 


« = 1 , 2 , • • •, 


^n+l _ » 1 , j_ . 

'-TT “■-TT ■ “ "r Jn+l. 

Since the sequence {j„} converges to a finite limit, and since, by 

Theorem B, the sequence T!?.i converges to the same limit 

{n 

we have 

limn-^5^--0. I 

« 4-1 
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Theorem D. If {/»} is a sequence of independent functions 
with finite oarianceSy such that^fjiu = 0, » = 1, 2, • • •, and 

2»-i < «>, then the sequence |- converges to 0 

almost everywhere. 

Wt remark that the hypothesis and, correspondingly, the con¬ 
clusion of Theorem D are stronger than those of Theorem A. 
The present theorem is one form of the strong law of large num¬ 
bers. 

Proof. We write g«(*) = -fn(x), » = 1, 2, • ••, and apply 

ft 

46.B to the sequence SinceJ*= 0, w = 1, 2, • • and 


« E:.i 


• <^(/n) 


it follows that the series 


n 


converges a.e,; the desired result follows from Theorem C. | 

(1) Two measurable functions have the same distribution if and only if they 
have the same distribution function; (cf. 18.11). 

(2) If is a sequence of non negative real numbers and if m and n are 
positive integers such that m <n^ then 


<ri* +• • • + . <ri* +• • •+ <rm* 


I , , vn 


This inequality can be used to show that the assumptions of Theorem D are 
not weaker than those df Theorem A. That they are properly stronger may be 
shown by constructing a sequence (/«} of independent functions for which 

^ log (» + 1) 

(3) Theorem D is the best possible result of its kind (involving restrictions on 
only) in the following^sense: if (fTw*) is a sequence of non negative real 

numbers such that ** then tj^ere exists a sequence {/») of inde¬ 
pendent functions such that^n^i 0, Vf|^ 1, 2, •••, and 
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then 


docs not converge to 0 a.e. (Hint: construct/n so that if Cf? S n\ 

M({*'-/nW = »}) = = -»}) = 

/*({*:/»(*)= Oj) = 1 - 


and if (Tn* > «*, then 

= <r«}) = = -ffn)) = i- 


Observe that if limn rZr- =“ 0, then limn-^n = 0, and apply the Borcl- 
ft n 

Cantelli lemma to (x; |/n(x) | ^ »}.) 

(4) If {/»} is a sequence of independent functions satisfying the conditions 
of Theorem D, then there exists an equivalent sequence {j^n} of independent 
functions such that 


2-«-l ^2 - 

in other words, the converse of the strong law of large numbers is not true. 

(5) The following weak converse of the strong law of large numbers is true. 
If {Al a sequence of independent functions and r is a positive constant, such 

that - 0 and | “/n(^) I ^ c a.e., » = 1, 2, • • •, and if |i con¬ 

verges to 0 a.e. then 

Y'oo ^ (/n) ^ 

for every positive number 6. (Hint: if {is a sequence of real numbers such 

that limn ~ Z)?- ly* = even such that the sequence I - 2 ^”-1 J'tl is bounded, 
n I w I 

then the series Sn-i is conveiigent for every positive number «.) 

(6) The conclusion of Theorem D remains true if the assumption J/n^u = 0, 

w = 1,2, • • •, is replaced by limn ^ 23?-i — 0. 


(7) The following is another theorem which is sometimes known as the strong 
law of large numbers. If {/n} is a sequence of independent integrable functions 

with the same distribution, such that0, then linu - 2?- 1 /* = 0 a.e. 

The sequence of assertions below is designed to lead up to a proof of this result. 

(7a) If En = {*: l/i(*) 1 iS »}, then f_ /i*4* < “• (Hint: let 

ft *fBn 

Xn be the characteristic function of En, and write ^ * 2 ?-1 Xn/i*- W 

• ft 

Jt — 1 < l/i(x) I i it, then XnM = 0 whenever ft < ^, and this implies by an 
elementary computation that 1 i(x) | < |/i(;r) | and hence that i is integrable.) 
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(7b) If Fn “ {*! |/n(*) 1 ^ »} and if gn * XFjn, then the sequence {^n} 
of independent functions is equivalent to {/»}. 

(7c) limni 2;"_j jgidu = 0. (Hint: jgidii “ ** 

an increasing sequence of measurable sets whose union is X; (cf. Theorem B).) 

(7d) 5In_i^<t®(4’n) < «. (Hint: observe that =J^ /„V/i 

and apply (7a). This establishes the convergence of 5Zn-i f^nV/ji; the con- 
vergencc of ^ relation 

g (/i/i 14*) •) 

(8) The following converse of the version of the strong law of large numbers 
stated in (7) is true. If {/n} is a sequence of independent^functions with the 

same distribution such that limn ” £?- lA * ^ then /n is integrable. 

n 

(Hint: the relation limn -/n * 0 a.e., together with the Borel-Cantelli lemma, 

ti 

implies the convergence of the series 52n-iM({** !/»(*) | > »})• Observe that 
m({*: \Mx) I > »1) - m({*: |/i(*) I > »i) and apply 27.4.) 

(9) Applying the strong law of large numbers to the Rademacher functions 
we obtain the celebrated theorem of Borel on normal numbers: almost every 
number in the unit interval has in its binary expansion an equal number of O’s 
and I’s. Similar considerations are valid with respect to any other radix r in 
place of 2 (r ^ 3), and yield the theorem concerning absolutely normal numbers: 
almcAt e^fery number is normal with respect to every radix simultaneously. 


§48. CONDITIONAL PROBABILITIES AND EXPECTATIONS 

If E and F are measurable subsets of a probability space 
{X,S,n) such that n{F) 0, we have defined the conditional 
probability of E given F by the equation 

ME) = n F)//*(i^) 

(cf. §44 and 45.1), and we have investigated slightly its de¬ 
pendence on E. We are now interested in the way in which mp(-£) 
depends on F. If F is such that both ;u(jF) and m(^ 0 different 
from 0, we introduce a measurable space Y consisting of exactly 
two points yi and ya (with the understanding that every subset 
of y is measurable), and a measurable transformation T from X 
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into Y, defined by T{x) = or according as x e F or * e F'. 
If for every subset ^ of Y we write 

= m(F n T-^J)) and viJ) = pxiJ) = . 

then, clearly, 

mf(F) = 

In other words conditional probability may be viewed as a measur¬ 
able function on Y —that function which is, roughly speaking, the 
ratio of the two measures pe and p. 

Generalizing the considerations of the preceding paragraph, we 
may consider a finite, disjoint class {Fi, • • •, F„} of measurable 
sets of positive measure such that U"_i F,- = X, and correspond¬ 
ingly we may introduce a measurable space y of » points yiy 
• • •, If T(x) = yi whenever a: e F,-, / = 1, • • •, then T is a 
measurable transformation from X into F, and once more we may 
represent conditional probabilities as ratios of two measures on 
y. These considerations motivate the following general defini¬ 
tion. If T is any measurable transformation from the probability 
space {X,S,ii) into a measurable space (y,T), and if we write 
pe(.F) = m(F n T~^(F)) whenever E and F are measurable sub¬ 
sets of X and Y respectively, then it is clear that pe and 
(= px) are measures on T such that pe ^ It follows from 

the Radon-Nikodym theorem that there exists an integrable func¬ 
tion pE on y such that 

m(F n T-KF)) = j^PE{y)dnT-^{y) 

for every F in T; the function ps is uniquely determined modulo 
juT”*. We shall call pE^y) the conditional probability of E given 
y or the conditional probability of E given that T{x) — y. Some¬ 
times we shall use the phrase “the conditional probability of E 
for a given value of T{x)” to refer to the number Pe{T{x)). We 
shall generally write p(E,y) for pE(y)i on the occasions when it 
is necessary to consider p as a function of its first argument we 
shall write p^(E) = piE,y). 


»>g({.yi}) 

"({.yl}) 


and ti.p'{E) = 


»’({.y2}) 
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If F is such that ^ 0, we may divide the equation 

which defines p by n{T~^(F)) and obtain the relation 

dEDT-^F)) 1 r ^ 

Mr-wC^) ^(T-\F)) “ ii{T-^iF)) ^ ^ * 

Since the extreme left term of this relation is the conditional proba^ 
bility of E given T~^(F), it is formally plausible that as "F 
shrinks to y,'* the left term should tend to the conditional proba¬ 
bility of E given y and the right term should tend to the integrand 
p{E^). The use of the Radon-Nikodym theorem is a rigorous 
substitute for this rather shaky “difference quotient” approach. 

Theorem A. For each fixed measurable set E in X, 

0 S piEy) g 1 

/or each fixed dis^int sequence [En] of measurable sets in X, 

P(U:-1^«0') = T^-iPiEn^) [mT-*]. 

Proof. The inequality is an immediate consequence of the 
fact thatO ^ n(E fl T~^(F)) ^ for every measurable subset 
F of Y. To prove the equation, observe that 

f^p([J:~iEn^)d^T-Hy) ‘- n((\J:-iEn) n t-»(F)) = 

» Z:-im(£» n T-\F)) - Z:-if^p(En^)dMT-Hy) = 

’’£(E:-ip(EnO'))dMT-Hy), 

and apply the uniqueness assertion of the Radon-Nikodym 
theorem. | 

Theorem A asserts that p" behaves in certun respects like a 
measure. It is easy to obtain more evidence in this direction 
and to prove, for instance, thatpiX^) — 1 [mT“^], that if Et c E 2 , 
then p(Ei^) ^ piE^^) ImT“‘], and that if {£«} is a decreasing 
sequence of measurable sets in AT, then 

Pi(\:~i En^) - lim, piEn^) ImT-^. 
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It is important, however, to remember that the exceptional sets 
of measure zero depend in each of these cases on the particular 
sets Ei under consideration, and it is in general incorrect to con¬ 
clude that p'" is a measure for almost all values of y. 

The defining equation of p{E,y) may also be written in the form 

= / p{E,y)dH.T-\y). If, more generally, / is 

any integrable function on X, then we may consider its indefinite 
integral v, defined by 

viF) = f Ax)d^{x), 

for all measurable sets F in F, as a signed measure on T. Since 
clearly v it follows from the Radon-Nikodym theorem 

that there exists an integrable function tf on Y such that 

j^J{x)dtx{x) ^ j^eAy)d^T-Ky) 

for every F in T; the function e/ is uniquely determined modulo 
We shall call <y(y) the conditional expectation of / given 
y; we shall also write tf(/,y) instead of ^/(y). 

Since the relation between p and e is similar to the relation 
between a measure and an indefinite integral, it might seem that 
some such equation as 

ought to hold. Since, however, is not in general a measure, 
the right term of this equation is undefined; the misbehavior of 
p is reflected, slightly enlarged, in the misbehavior of e. 

Theorem B. If f is an integrable function on F, then fT 
is an integrable function on X and e(JT,y) —f{y) \}iT~% 

Proof. It follows from 39.C that fT is integrable and that 

W = jAy)dt>.T-\y) for every F in T. | 

(1) Suppose that (Xfiyn) and (YyTyv) are probability spaces and consider 
their Cartesian product (X X Yy S X Ty fn X v). If T(xyy) « Xy then T is a 
measurable transformation from X XY onto X. For every measurable set E 
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in AT X y, p{EyX) ** v{E^ [/i], and hence, in this case, ps may indeed be defined 
for each E so that p* is a measure for every 

(2) Suppose that (.Y,S,m) and (y,T,v) are probability spaces and let X be a 

probability measure on S X T such that X p X y, say X(£) = f Jd(jx X v). 

je 

If T{xyy) * Xf then, for every measurable set Ein X XY^ 
p(E^) M- 

(3) If T is a measurable transformation from a probability space (XySyfi) 

into a measurable space (y,T), then p{T'“KE)yy) — XfU) for every 

measurable set F in y. 

(4) The purpose of the following considerations is the construction of an exam¬ 
ple for which the conditional probabilities p(E^y) cannot be determined so that 
p^ is a measure for almost every y. Let Y be the closed unit interval, let T 
be the class of all Borel subsets of y, and let v be Lebesgue measure on T. Write 
JY ** y and let S be the o’-ring generated by T and a set M such that both M 
and M' are thick in y. A probability measure p is unambiguously defined on S 
by writing 

MX n Af) U (5 n M')) « p(X) 

whenever X and B are in T; we consider the transformation T from JY onto Y 
defined by T(x) « x. Suppose that there exists a set Co of measure zero in T 
such that p^ is a measure on S whenever y e' Co. 

(4a) If Do - [y: p{M,y) 1}, then v(Do) - 0. 

(4b) If £o is the set of those points jr for which it is not true that p(r”’HF),^) 
“ XF(y) identically for all F in T, then i'(£o) * 0. (Hint: let R be a countable 
ring such that S(R) » T. If, for each F in R, 

Eo(F) - {y: p{T-KF)^) 9 ^ xrW). 

then viEoiF)) * 0. Make use of the fact that if two probability measures 
agree on R, then they agree on T also.) 

(4c) If ^ e' Co U Do U £o, then y e Af. (Hint: the relations p{Myy) * 1 and 
p(T^K{y\)%y) * h together with the fact thatp*' is a measure, imply that 

j>(A/n ‘ 

Since (4c) implies that the Borel set Co' 0 Do' 0 £o' of measure 1 is con¬ 
tained in the set M, we have derived a contradiction with the assumption that 
Af' is thick. 

(5) If AT is the real line and m is a probability measure on the class S of all 

Borel sets in Xy and if T is a measurable transformation from X into a measur¬ 
able space (y,T), then the conditional probabilities piE^y) may be determined 
so that p^ is a measure for almost every (Hint: write qixyy) — p((*~®o,-»)>J^). 
There exists a measurable set Co in Y such that m7’’’*(Co) 0 and such that if 

y e' Co, then is a monotone function on the set of all rational numbers in X 

and, moreover, limn q* every rational number x. Let J*' 

be a left continuous monotone function on X which agrees with q^ for rational 
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values of x and let J*' be the measure on S determined by the conditions 
= qy{xy, write f^E^y) = 

(6) If T is a measurable transformation from a probability space (XySyn) 
into a measurable space (Y^T), and if it is possible to determine the conditional 
probabilities piE^y) so that is a measure for almost every y^ then 

for every integrable function/ on X. (Hint: the relation is true if/ is the char¬ 
acteristic function of a measurable set.) 

(7) If T is a measurable transformation from a probability space {XJSjj.) into 
a measurable space (y,T), and if/ and g are integrable functions with respect 
to n and ixT~^ respectively, such that the function A defined by h{x) — /{x)g{T(x)) 
is integrable on X, then 

=• e(J,y)g{y) 


§ 49. MEASURES ON PRODUCT SPACES 

Does there exist a sequence of independent random variables 
with prescribed distributions? More precisely, if {)u„} is a se¬ 
quence of probability measures on the Borel sets of the real line, 
does there exist a probability space and a sequence {/n} 

of independent functions on X such that = Mn(-E) 

for every Borel set E and every positive integer «? More gen¬ 
erally, if {(JSfnjSBjiUn)} is a sequence of probability spaces, does 
there exist a probability space {X,S,n) and, for each positive 
integer «, a measurable transformation T„ from X into 
Xi X' • ’X Xn such that y.Tn~^ = Mi X • • • X Mn? The affirma¬ 
tive answers to these questions are given by 38.B. 

It is important for the purposes of probability theory to intro¬ 
duce the concept of independence, and, at the same time, to 
emphasize that it is not the general case. The main purpose of 
this section is to formulate and prove a theorem which does for 
dependent random variables what 38.B did for independent ones— 
a theorem, in other words, whi<4i asserts that there always exists 
a sequence of random variables with prescribed joint distributions. 
Unlike 38.B, however, the theorem of this section will apply to 
the case of uniformly bounded, real valued functions only; in 
other words, the components of the product space which we shall 
treat are all unit intervals. The result and its proof extend to 
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more general cases, which, however, all have in common the fact 
that they depend on topological concepts. This peculiar and 
somewhat undesirable circumstance appears to be unavoidable; 
it is known that the general measure theoretic analog of Theorem 
A below is not true. 

Suppose that, for each positive integer », Xn is the closed unit 
interval and S„ is the class of all Borel sets in and write 
(Ar,S) = Xn-i (.X’„,S„). Let F„ be the <r-ring of all measurable 
{1, • • •, «}-cylinders in X and let F (= t*® the ring of 

all measurable, finite dimensional subsets of X\ (cf. § 38). 


Theorem A. If y. is a set function on F such that, for each 
positive integer n, y is a probability measure on F„, then y has a 
unique extension to a probability measure on S. 

Proof. We define a measurable transformation T„, from X onto 
the measurable space Yn — X"-i ^7 


Tn(^l> * * •> Xn, ^n+l> * * ") — (^1> ‘ n — 


and we write, for. every measurable subset 'A of Yn> rniA) — 
y{Tn~^iA)). If {£,} is a decreasing sequence of sets in F such 
that 0 < € ^ f = 1> 2, • • •, then, for each fixed i, there is 

a positive integer n and a Borel set At in y„ such that £< = 
Tn~^(,Ai). Let Bi be a closed subset of Ai such that VniAi — Bi) 


S ~ then Fi is a compact subset of the 

product space X (in its product topology) and y^Ei — Fi) ^ 

If G* = then {G*} is a decreasing sequence of compact 

subsets of X. Since 


yCEt - G*) = yi\JUi (£* - Fi)) g iu(U?-i (Ei - Fi)) ^ -, 

it follows that 

yiGt)=yiE,)-y(E,-G,)^^, 

4 


and hence that Gi, 7 ^ 0 ,k,— 1,2, • • Since a decreasing sequence 
of non empty compact sets has a non empty intersection, it follows 
that y is continuous from above at 0 and hence countably addi¬ 
tive; the desired result follows from 13.A. | 
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Retdning the notation established above we proceed to the 
proof of an interesting property of product spaces of the type 
discussed in Theorem A. 

Theorem B. every measurable set E in X, 

limnp(£,r»(jf)) = xbW [mIj 

in other worJs, the conditional probabilities of £, for given 
values of the first n coordinates of a point x, converge {except 
perhaps on a set of x's of measure zero) to 0 or \ according 
as X zE or X z' E. 

Proof. It is convenient to prove almost uniform convergence 
instead of almost everywhere convergence—it follows, of course, 
from 21.A and 21.B that the two are equivalent. Let c and 5 
be any two positive numbers and suppose that 5 < 1. By 13.D 
there exists a positive integer »o and a measurable {1, • * *, »o}~ 

cvlinder Eo such that it{E A Eq) < —. We write B ^ EAEo 

and we observe that if x z' B, then 

xb {>!) “ X«o(^)- 

If C„ = {x: p{B,Tn{x)) ^ 5}, D„ = Cn - Uis«»C'<, » = 1, 2, 

• • •, and C =* U^-i Cn - U»-i 

are measurable {1, • • •, »}-cylinders. It follows that 

m( 5 n D«) = r p{BMx))dKx) ^ «M(Dn), 

•fDn 

and hence that 

I > m(5) ^ m(5 n c) = m(5 n u:-i o») = 

= m( 5 n d„) ^ 5 S:-! m(I)») = 

If we write A ^ B then ^ y + ^ < e. Since 

^ JL 

1 p{E,Tn{x)) - p{Eo,Tn(x)) I g piEAEoMx)) M, 

» = 1 , 2 , 
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we may assume that these relations are valid for every x in X. 
If w S Wo> then it follows from 38.A and 48.B that 

|p(£,Tn(x)) - 1 g p(B,TnM). 

If, in addition, x e' then, in the first place ~ Xe{x) and, 

in the second place p(5,rn(x)) < 5, so that 1 p(£,T„(x)) — xe(x) j 
<8. I 

(1) Suppose that {(A'n,Sn,Mn)) is a sequence of probability spaces, {XyS) =» 

Xn- 1 and /* is a set function on F such that, for each positive integer 

/A is a prpbability measure on Fn. If, on each Fn, fx is absolutely continuous with 
respect to the product measure then /i has a unique extension to a 

probability measure on S. (Hint; cf. the proof of 38.B.) The result and the 
method of proof extend to all cases in which the conditional probabilities 
p(EyTn(x)) may be determined so that for almost every fixed x they define 
probability measures on each Fib. 

(2) The statement and the proof of Theorem A remain correct if the spaces 
Xn are compact metric spaces. It follows, by a trivial compactification, that 
Theorem A is true if each Xn is the real line. Does it remain true for arbitrary 
compact spaces? 

(3) Retaining the notation of (1), we proceed to give an example to show that 
Theorem A is not necessarily true if the spaces Xn are not intervals. Let Y 
be the unit interval, T the class of all Borel subsets of Y, and v Lebesgue measure 
on T. Let {A’nl be a decreasing sequence of thick subsets of Y such that 
n?-i ATn » 0. Write Sn » T fl Xn; if £eSn, so that £ « F H ATn with F 
in T, then write Mn(£) * v{F), Form the product space (A',S) * Xn-i (.Yn,Sn), 
and, for each positive integer w, let Sn be the measurable transformation from 
Xn into XiX-- XXn defined by Snixn) * (zi, • • *, Zn), z< = Xn, i « 1, • • 

(3a) For each measurable {1, • • •, «)-~cylinder £ in Xy 

(£«yf XATn+iXATn+aX- -, ^eSi X-• • X Sn), 

write /i(£) « Hn{Sn’“KX)), The set function fx is thereby unambiguously de¬ 
fined on F and, for each fixed positive integer », ja is a probability measure on Fn. 

(3b) If Ei is the set of all those points (xi, xj, • • •) i” whose first i coordi¬ 
nates are all equal to each other, i » 1, 2, * * *, then £i eF{. (Hint: if 

A = {(>1, •••,>'<):-•••->il, 

thfn Di is a measurable subset of the i-dimensional Cartesian product of Y 
with itself, and 

£< « (A n (Jfi X • • • X Xi)) X Xi^i XXi^iX - :) 

(3c) The set function /a on F is not continuous from above at 0. (Hint: con¬ 
sider the sets £<, i * 1, 2, •••, defined in (3b), and observe that fx(Ei) = 1 
and fir-i £< “0.) 

(4) The zcro--onc law (46.3) is a special case of Theorem B. Indeed if £ is a 
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/n-cylinder and if Fis a measurable subset of Yn, then TnTKF) is a {1, •••,»}- 
cylinder and 

m(£ n r„-»(F)) - 

and therefore p{E^Tn{x)) is a constant (* p{E)) almost everywhere [/nj. It 
follows from Theorem B that xe{x) «/i(£) [/x], and hence that /x(£) is either 
0 or 1. 
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§ 50. TOPOLOGICAL LEMMAS 

In this section we shall derive a few auxiliary topological 
results which, because of their special nature, are usually not dis¬ 
cussed in topology books. 

Throughout this chapter, unless in a special context we explicitly 
say otherwise, we shall assume that Y is a locally compact 
Hausdorff space. We shall use the symbol SF for the class of all 
real valued, continuous functions f on X such that 0 ^ /(*) ^ 1 
for all X in X. 

Theorem A. If C is a compact set and U and V are open 
sets such that C C. U Vy then there exist compact sets D and 
E such that D aU, E <z V, and C — T> U E. 

Proof. Since C — U and C — V are disjoint compact sets, 
there exist two disjoint open sets tJ and P such that C — U c. V 
and C — V d we write D = C — C and E C — P. It 
is easy to verify that D dUyE dV, and that D and E are com¬ 
pact; since fl “ 0, we have D\iE={C—P) 

-c-(t7n/^ = c. I 

Theorem B. If C is a compact set, F is a closed set, and 
C fl F = 0, then there exists a function fin such thatf{x) = 0 
for X in C and fix') — 1 for x in F. 

Proof. Since X is completely regular, corresponding to each 
pointy in C there exists a function f„ in IF such that/v(y) » 0 and 
fy{x) ■> 1 for X in F. Since the class of all sets of the form 
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< i}> J' i” an open covering of C, and since C is 
compact, there exists a finite subset {j»i, • • •, of C such that 

CcU?-i {*:/«(*) <i}. 

If we write g{x) *= then geS; since 0 ^ /y(x) ^ 1 

for all x\nX and all y in C, it follows that gix) < J for in C 
and g{x) = 1 for Af in F. It is easy to verify that iff — (Ig — 1) 
U 0, then f e if,fix) = 0 for x in C, and /{x) = \ for x in F. | 
It is sometimes relevant to know not only whether or not a 
function/ (in IF) can be found which vanishes on C, as in Theorem 
B, but also whether or not it may be chosen so as not to vanish 
anywhere else. The answer is in general negative; the following 
theorem contains some of the pertinent details. 

Theorem C. Iff is a real valued continuous function on 
X and c is a real number^ then each of the three sets 

{x:f(.x) ^ c}, {Ac:/(Af) S f}, and {Af:/(x) = c} 

is a closed Gt. If, conversely, C is a compact Gt, then there 
exists a function f in 5F such that C = {aa: f{x) = 0}. 

Proof. Since {aa; f{x) ^ c} = {aa: —fix) ^ —c] and since 
{a?; f{x) = <•} = {x: fix) ^ c} 0 {x;/(x) ^ c}, it is sufficient to 
consider the set {x: fix) ^ r}. The fact that this set is closed 

(and that, for every » = 1, 2, • • •, the set |x: fix) < c + -| 

is open) follows from the continuity of /; the fact that it is a 
G» is shown by the relation 

{jf:/(jf) ^ “ n?-i {*:/(*) < ^ ’ 

Suppose, conversely, that C * Hn-i where C is compact 
and {I/,} is a sequence of open sets. For every » = 1, 2, • • •, 
there emsts a function/» in IF (Theorem B) such that fnix) = 0 
for X in C and /«(Af) ** 1 for x in .X" — Un^ If we write fix) — 

fhen / e SF and fix) « 0 tor x m C. For any 

X in .y — C there exists at least one positive integer n for which 



218 


LOCALLY COMPACT SPACES 


[Sec. SO) 


X zX — Un\ It follows that, for x m X — C, f{x) ^ —/nW = 

— > 0, and therefore that C — f{x) — 0}. | 

Theorem D. If C is corn-pact^ U is opetiy and CcUy then 
there exist sets Co and Uq such that Co is a compact Gt, Uq is 
a a-compact open set, and 

C c. Uq c. Cq <z U. 

Proof. Since there exists a bounded open set V such that 
C c F c U, there is no loss of generality in assuming that U 
is bounded. Let / be a function in JF such that /(x) = 0 for x 
in C and f{x) => 1 for x in .X” — 17, (Theorem B); write 

Uq = < J} and Co = ^ 

Clearly C c: Uq c. Cq a U and, by Theorem C, Co is a closed 
Gt. The fact that Co is compact follows from the boundedness of 
U] the fact that Uq is <r-compact is shown by the relation 

= u:-.{*:/(*)Sj-i)- I 

I 

Theorem E. If X is separable, then every compact subset 
C of X is a Gt. I 

Proof. If a point x of is not in C, then there exist two 
disjoint open sets U{x) and V{x) such that C c i7(^) andx zF{x). 
Since X is separable and since the class { V{x) xxz'C] is an open 
covering of .X — C, there exists a sequence {*»} of points in X 
such that 

A'-ccu:-i^(^«). 

It follows that 

n:-i mxn) 3 c o n:-i - n^»)) = n:-i i 

(1) An alternative proof of Theorem B may be given by introducing the one- 
point compactification of X and using the known fact that every compact 
Hausdorff space is normal, and that therefore if C and D are two disjoint closed 
subsets of a compact Hausdorff space, then there exists a function / in (F such 
that/W » 0 for in C and/(A-) » 1 for «in D. 
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(2) Theorem C may be applied to prove the result, which is also easy to prove 
directly, that the class of all compact Gts is closed under the formation of finite 
unions and countable intersections. 

(3) If X* is the one-point compactification, by x*^ of an uncountable discrete 
space Xy then the one-point set is a compact set which is not a Ga. 

(4) Let I be an arbitrary uncountable set; for each i in /, let Xi be the (com¬ 
pact Hausdorff) space consisting of the two real numbers 0 and 1, and let X 
be the Cartesian product X< 

(4a) Every one-point set in X is a compact set which is not a Ga. 

(4b) We call a subset E of A" an No-set if there exists a countable set J in I 
such that £ is a /-cylinder; (cf. 38.2). A compact set C in is a Ga if and only 
if it is an No-set. (Hint; if C is compact, U is open, and C C C7, then, by the 
definition of topology in Xy there exist a finite subset J of I and an open set Uq 
which is a /-cylinder such that C d UqCI U.) 

(4c) If / is any real valued continuous function on X and M is any Borel set 
on the real line, then is an No-set. 

(5) Let X* and V* be the one-point compactifications (by x* and y*) of a 
countably infinite and an uncountable discrete space, respectively. The subsets 

({**} X y*) - {(xV)} and (X*X{y*])- 

of the locally compact HausdorlF space (X* X Y*) — may be used to 

show that Theorem B is false if C is not required to be compact. 

(6) The class of all ff-compact open sets is a base; (cf. Theorem D). 


§ 51. BOREL SETS AND BAIRE SETS 

The relations between measurability and continuity are most 
interesting, and have been studied most, in locally compact 
spaces. We continue with our study of a fixed locally compact 
Hausdorff space X; in the present section we shall introduce the 
basic concepts and results of a theory of measurability in X. 

We shall denote by C the class of all compact subsets of X, 
by S the <r-ring generated by C, and by U the class of all open sets 
belonging to S. We shall call the sets of S the Borel sets of X, 
so that, for instance, TJ may be described as the class of all open 
Borel sets. A real valued function on X is Borel measurable 
(or simply a Borel function) if it is measurable with respect to 
the <r-ring S. 

Theorem A. Every Borel set is a-bounded\ every a-bounded 

open set is a Borel set. 

Proof. Every compact set is trivially bounded and therefore 
(^-bounded. ^ The class of all (r-bounded sets is a oaring; since this 
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(T-ring includes C, it contains every set of the cr-ring generated 
by C. 

Suppose, conversely, that U is open and that {Cn} is a sequence 
of compact sets such that 

c^cU:-iC„ = -k:. 

Since, for « = 1, 2, •••, C„ — 1/is compact, it follows that 

U:-i '(Cn- t7)cS; 

since D = K- U, k follows that U K - (K - U) eS. | 
We shall denote by Cq the class of all those compact subsets 
of X which are G»’s, by So the oaring generated by Co, and by XJo 
the class of all open sets belonging to So. We shall call the sets 
of So the Baire sets of AT, so that, for instance, Uo may be de¬ 
scribed as the class of all open Baire sets. A real valued function 
on X is Baire measurable (or simply a Baire function) if it is 
measurable with respect to the <r-ring So. 

On first glance it might appear that the Borel sets are the 
obvious objects of measure theoretic investigation in locally 
compact spaces. There are, however, several natural reasons 
for the introduction of the apparently artificial concept of Baire 
set. First: the theory of Baire sets is in some respects simpler 
than the theory of Borel sets, and knowledge about Baire sets 
frequently provides a successful tool for dealing with Borel sets; 
(cf. § 63). Second: the study of Baire sets is connected with the 
reasonable requirement that the concept of measurability in X 
should be so defined as to ensure that every continuous function 
(or at least every continuous function which vanishes outside 
some compact set) is measurable; (cf. Theorem B below). Third: 
the class of all Baire sets plays a distinguished role, in that it is 
the minimal <r-ring which contains sufEdently many sets to de¬ 
scribe the topology of X; (cf. Theorem C below). Fourth: in 
all classical special cases of the theory of measure in topological 
spaces (e.g. in Euclidean spaces) the concepts of Borel set and 
Baire set coalesce; (cf. 50.E). 

Theorem B. 1/ a real valued^ continuous function f on X is 
such that the set N(J) = {x: ffx) ^ 0} is cr-hounded, then f is 
Baire measurable. 
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Proof. If a o^boundcd open set U is an F,, then there exists a 
sequence {C*} of compact sets such that t/ = JJ By 

50.D, for each positive integer n there exists a compact Baire 
set Dn such that C» c D„ c U. It follows that U — 
and hence that t/ is a Baire set. The assumptions on / imply 
that, for every real number the set N{J) D {x: f{x) < r} is a 
a^bounded open set which is an F,. | 

Theorem C. IfB is a subbase and if ^ is a a-ring contain¬ 
ing B, then S 3 Sq. 

Proof. If C is a compact set and U is an open set containing 
C, then there exists a set E which is a finite union of finite inter¬ 
sections of sets of B (and which therefore belongs to §) such that 
C c. E Cl U. Hence, if C = Hn-i Un, where each t/„ is open, 
then, for every n = 1, 2, • • •, there exists a set £„ in § such that 
C C. En cz 17„; it follows that C — Hn-i e Since we have 
thus proved that Co c the desired result follows from the 
definition of So. | 

The class of Baire sets was defined to be the <r-ring generated 
by the class of compact Gj’s; it appears conceivable (though upon 
reflection somewhat improbable) that a compact set may be a 
Baire set without being a Gj, i.e. that compact sets other than the 
generating ones manage to get into So. The purpose of the follow¬ 
ing theorem is to show that this does not happen. 

Theorem D. Every compact Baire set is a Gj. 

Proof. Let G be a compact set in So; by 5.D, there exists a 
sequence {C„} of sets in Co such that C belongs to the <r-ring 
S({C„}). By 50.C, for every « = 1, 2, • • •, there exists a func¬ 
tion fn in ff such that C„ = {x: fn{x) =0}. If for each pair, x 
and y, of points in X we write 

d{x,y) = Sn-l^l/nW -/»(j) 1, 

then dixyx) — 0, d(x,y) = d(yyx), and 0 ^ d(x,y) ^ d(xpi) -f- 
<^(*0')* It follows that if we write x = y whenever d{x,y) = 0, then 
the relation “s” is reflexive, symmetric, and transitive, and 
therefore an equivalence relation; we denote the set of all equiv- 
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alence classes by S. For every in .X" we write { = Tix) for the 
(uniquely determined) equivalence class which contains x. 

If r(*i) = T(yi) and r(*a) = T{ya) (i.e. if s yi and Xa = ya), 
then 


^ d(xuyi) + diyuya) + d(ya^a) = diyi,ya), 

and, by symmetry,^ </(Afi,;r 2 ),sothat<f(xi,* 2 ) = d(yi,ya). 

This means that if = T{xi) and (a = TCxa) are two elements of 
S, then the equation 2({i,{a) = d(xi,xa) unambiguously defines 
the number 6($i,{2). Since 5({i,{2) = 0 implies that fi = ^a, 
the function 2 is a metric on E. If fo = T(xo) is any point of the 
metric space S, if ro is any positive number, and if £ = {{: 2({o,0 
< ro}, then r“^(£) = {*: d(xo,x) < ro}; since dixo,x) depends 
continuously on x, this proves that T is a continuous transforma¬ 
tion from X onto S. 

A subset of X is the inverse image (under 7^ of a subset of S 
if and only if it has the property that it contains, along with any 
of its points, all points equivalent to that one (i.e. if and only 
if it is a union of equivalence classes). Since each C* has this 
property, since the class of all inverse image sets is a v-ring, and 
since C8S({C„}), it follows that there exists a subset F of S 
with = C. Since r(r“^(r)) = F, since T is continuous, 

and since C is compact, it follows that F is compact. Since every 
closed (and therefore every compact) subset of a metric space is 
a G(, there exists a sequence {A„} of open subsets of H with 

r = n:-iAn. 

If we write t7„ = r“‘(A„), « = 1, 2, • • •, then C =* 

since, by the continuity of T, t7„ is open, it follows that C e Cq. | 

Theorem E. If X and Y are locally compact Hausdorff 
spaces, and if Aq, Bo, and So are the c-rings of Baire sets in 
X, Y, and X X Y respectively, then So Ao X Bo. 

Proof. If A and B are compact Baire sets in X and Y respec¬ 
tively, then A X B\s ». compact G«, and hence a compact Baire 
set in X X y. Since Ao X Bo is the v-ring generated by the class 
of all sets of the form A X B, it follows that Ao X Bo c So. 
If U and V are open Baire sets in X and Y respectively, then 
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C7 X ^ e Ao X Bq. Since the class of all sets of the form U X V 
is a base for XXYy\t follows from Theorem C that A© X Bo D 
So. I 

We conclude this section by stating, for the purpose of refer¬ 
ence, an easily verified theorem related to the generation of Borel 
sets and Baire sets; (cf. 5.2 and 5.3). 

Theorem F. The class of all finitey disjoint unions of proper 

differences of sets of C [or of Co] is a ring; the a-ring it generates 

coincides with S [or, respectivelyy with So]. 

(1) The definition of Borel set for the real line, when it is considered as a 
locally compact space, is equivalent with the definition in § 15. 

(2) The entire space A!" is a Borel set if and only if it is o-compact. 

(3) The (T-ring generated by the class of all bounded open sets, or, equivalently, 
the (T-ring generated by U, coincides with S. (Hint: for every compact set C, 
let C7 be a bounded open set containing C, and consider C7 — (C7 — C).) 

(4) If Af is the product space of 50.4, then the class of Baire sets coincides 
with the class of measurable sets, as defined in § 38. 

(5) The <r-ring generated by the class of all bounded open Baire sets, or, 
equivalently, the <r~ring generated by Uo, coincides with So. (Hint: if C is 
compact, IJ is open, and C d Uy then there exists a bounded open Baire set 
C/o such that C C t/b C C7.) 

(6) The term ‘‘Baire set*' is suggested by the term “Baire function" as used 
in analysis. If (B is the smallest class of functions which contains all continuous 
functions and contains the limit of every pointwise (but not necessarily uni¬ 
formly) convergent sequence of functions in it, then the functions of ® are called 
the Baire functions on X, A necessary and sufficient condition that a set be a 
Baire set is that it be a Borel set and that its characteristic function be a Baire 
function. 

(7) Every Boolean or-algebra is isomorphic to the class of all Baire sets, 
modulo Baire sets of the first category, in a totally disconnected, compact 
HausdorfF space. (Hint: cf. 40.15c and observe that the <r-ring generated by 
the class of all open-closed sets in a totally disconnected, compact HausdorfF 
space coincides with the class of all Baire sets.) 


§ 52. REGULAR MEASURES 

A Borel measure is a measure m defined on the class S of all 
Borel sets and such that ^{C) < « for every C in C; a Baire 
measure is a measure /zq defined on the class So of all Baire sets 
and such that moCCo) < for every Co in Q. 

Several aspects of the theories of Borel measures and Baire 
measures are so similar to each other that it is worth while to 
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develop them simultaneously; for this purpose we adopt the fol¬ 
lowing notational device. Throughout this section we shall use 
C, ty, and § to stand either for C, U, and S or else for Co, Uo, 
and So, respectively, and we shall study a measure fi which is a 
Borel measure if S = S and a Baire measure if § So. 

A set £ in § is outer regular (with respect to the measure (1) if 

/i(£) = inf{ilI(C7):£c C7etr}; 
a set £ in § is inner regular (with respect to fi) if 


fi(£) — sup {/1(0'- £ 3 C e C}. 


A set £ in § is regular if it is both inner regular and outer regular; 
a measure fi is regular if every set £ in S is regular. 

Loosely speaking, a measure is regular if all its values may be 
calculated from its values on the topologically important com¬ 
pact sets and open sets; if it is desired that the measure theoretic 
structure of X be not completely unrelated to its topological 
structure, the condition of regularity is a natural one to impose. 
The measure theoretic behavior of a non regular set is very 
pathological. 

It is easy to verify that if £ e § and fi(E) = », or if £ e '0, 
or if £ is the intersection of a sequence of sets of finite measure 
in tJ, then £ is outer regular. Dually, if £ e § and fi(E) = 0, 
or if £ e C, or if £ is the union of a sequence of sets in C, then 
£ is inner regular. Our first purpose in the sequel is to show that 
the regularity of certain sets implies the regularity of many others. 
The motivation of the particular steps in the proof is furnished 
by 51.F; we progress from compact sets to their differences, and 
from differences to unions of differences. After that we shall show 
that the class of regular sets has sufficient closure properties to 
justify the application of the theorem on the monotone class 
generated by a ring, and thus we shall obtain the conclusion that 
certain measures are necessarily regular. 


Theorem A. 1/ every set in C is outer regular^ then so is 
every proper difference of two sets of t; if every bounded set in 
0 is inner regulary then so is every proper difference of two sets 
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Proirf. Let C and D be two sets in C such that C Z> D. If 
C is outer regular, then, for every € > 0, there is a set t/ in such 
that Cc £7^ and (1(17) ^ /1(0 + e. Since C-DcU-Det, 
the relations 

- iC-D)) = 

imply that C — D is outer regular. 

To prove the assertion concerning inner regularity, let £/ be a 
bounded set in t)' such that C <zU. If the bounded set U — D 
(in 0^) is inner regular, then, for every e > 0, there is a set E 
in 6 such that E c. U — D and (k{U — D) ^ /!(£) + e. Since 
C — D = Cn (£7 — D)3Cn£8C, the relations 

A(C - D) - A(C n £) = A((C - D) - (C n £)) = 

= - D) - £) ^ 

^ A((£7 - D) - £) = 

= A(f/-D)-A(£)^* 

imply that C — D is inner regular. | 

Theorem B. A finitCy disjoint union of inner regular sets of 
finite measure is inner regular. 

Proof. If {£i, • • •, £»} is a finite, disjoint class of inner reg¬ 
ular sets of finite measure, then, for every e > 0 and for every 
i = 1, •••,», there exists a set C,- in C such that 

Ci c Ei and A(£<) ^ ACC.) + -• 

n 

If C = Ui_i Ci and E = U"-i Ezn C zt, and the 

relations 

m = s?., a(£.) ^ 'D.i m) + 6 = A(c) +« 

imply that E is inner regular. | 

It is easy, but unnecessary, to prove the analogous result for 
outer regular sets; the following theorem is much more inclusive. 
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Theorem C. The union oj a sequence of outer regular sets is 
outer regular; the union of an increasing sequence of inner 
regular sets is inner regular. 

Proof. If {£,} is a sequence of outer regular sets, then, for 
every e > 0 and for every / = 1, 2, • • •, there exists a set 17,- 
in tl such that 

Ei c Ui ana 0.(11,) ^ 0(Ei) ; 

we write U — U,"_i Ui. If £ = UT-i-®* 

E is trivially outer regular; if 0(E) < «, then 

0(U) - 0(E) = 0(U -E)^ 0 (\j:.i (Ui - Ei)) ^ 

^ zr-i 0(Ui - Ei) = Er-i (0(Ui) - 0(Ei)) g E. 

If {£{} is an increasing sequence of inner regular sets and 
E = U»"-i make use of the relation 

0(E) = lim,- 0(Ei). 

We are to prove that, for every real number c with c < 0(E), there 
is a set £ in C such that C cz E and c < 0(C). To prove this, we 
need only select a value of i so that c < /!(£,•), and then, using 
the inner regularity of £,-, find a set C in C such that C cz Ei 
and c < 0(C). | 

Theorem D. The intersection of a sequence of inner regular 
sets of finite measure is inner regular; the intersection of a 
decreasing sequence of outer regular sets of finite measure is 
outer regular. 

Proof. If {£,-} is a sequence of inner regular sets of finite 
measure, then, for every « > 0 and for every i = 1, 2, • • •, there 
exists a set C,- in C such that 

Ci c Ei and /!(£.•) ^ 0(Ci) + ; 

we write C — n*-i If •£ = H*-! •£<> then £ o C e C and 

0(E) - 0(C) = 0(E -C)g 0(Ur-i (Ei - Ci)) s 

^ Er-i 0(Et - Ci) = zr-i (0(Ei) - 0(Ci)) ^ *. 
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If {£,} is a decreasing sequence of outer regular sets of finite 
measure and E = nr>i £>> we make use of the relation 

{l{E) = lim<A(-E<). 

We are to prove that, for every real number c with c > /2(£), 
there is a set in such that E c. U and c > To prove 

this we need only select a value of i so that c > pi{Ei) and then, 
using the outer regularity of find a set t/ in such that 
Ei c U and diU) < c. i 

The duality between inner and outer regularity is even more 
thoroughgoing than is indicated by the similarities among the 
above proofs; we proceed to prove that the two kinds of regularity 
are essentially the same. 

Theorem E. necessary and sufficient condition that every 
set in C be outer regular is that every bounded set in be inner 
regular. 

Proof. Suppose that every set in C is outer regular, let IJ 
be a bounded set in '0, and let « be a positive number. Let C 
be a set in C such that U cz C\ since C — 17 is compact and be¬ 
longs to §, it follows from 51.D that C — U eC, and therefore 
that there exists a set V\ntS such that 

C-UcF and d(n ^ mC - U) + e. 

Since U=C — {C—U)ZiC—FeCy the relations 
diU) -d{C-F) = diU -iC-F)) = d(Uf\F)^ 

^ d(F -(C-U))^ d(JF) -d{C-U)^e: 
imply that U is inner regular. 

Suppose next that every bounded set in "Or is inner regular, let 
C be a set in C, and let e be a positive number. Let 17 be a bounded 
set in tl such that C c U; since {7 — C is a bounded set in 0, 
there exists a set D in C such that 


DczU-C and diU - C) ^ diD) + «. 
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Since C = 17—(t/ — Ocl/—DetJ, the relations 
pt(U-D)-fiiC)^fii(U-D)-C)^fiaU-C)^D) = 

= A(t7-C)-/l(D)g* 
imply that C is outer regular. | 

Theorem F. Either the outer regularity of every set in C or 
the inner regularity of every bounded set in 'O' is a necessary and 
sufficient condition for the regularity of the measure (L. 

Proof. The necessity of both conditions is trivial. To prove 
sufficiency, it is enough (Theorem C) to prove that every bounded 
set in S is regular, since every set in § is the union of an increas¬ 
ing sequence of bounded sets in §. Let Ea be a bounded set in § 
and let Cq be a set in 6 such that Eq cl Cq. By 5.E, the a-ring 
§nCo is generated by the class of all sets of the form C fl Co, 
where CeC. By 51.F (applied to the compact space Co), this 
«r-ring is generated by the ring of all sets of the form E D Co, 
where £ is a finite, disjoint union of proper differences of sets of 
C. According as the condition on C or on t) is assumed, it follows 
from Theorems A, B, and C that every set in this ring is outer 
or inner regular. Since, by Theorems C and D, the class of outer 
regular subsets of Co and the class of inner regular subsets of Co 
are both monotone classes, it follows from 6.B and Theorem E 
that, assuming either of the two conditions, if a subset of Co is 
in §, then it is regular, and hence, in particular, that £o is 
regular. | 

Theorem G. Every Baire measure v is regular \ if C zCy then 

v*{C) = inf {KC7o): C C Co eUo}, 

andy if U zTiy then 

v*ifJ) = sup {>'(Co): U O Co eCo}. 

Proof. Since every set in Co may be written as the intersection 
of a decreasing sequence of sets of finite measure in Uo, the 
regularity of v follows from Theorem F. Since, by definition of 
outer measure. 


v*(,C) = inf {K£o): C C £o eSo} g inf {KC/o): C c Co eUo}, 
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for every e > 0, there exists a set JEo in So such that C c £<> and 
y(-Eo) ^ y*(Q + X • The outer regularity of £o implies the 
existence of a set t/o in Uq such that 

Eq c C7o and v(Uo) ^ y(Eo) + ^ 5 

it follows that C Cl Uo and v{Uo) ^ v*(C) + e. The proof of the 
assertion concerning inner measure exploits, in an entirely similar 
way, the inner regularity of every Baire set Eq. | 

Theorem H. Lef ft he a Borel measure and let v be the Baire 
contraction of ft (definedfor every Baire set E by v(E) = ti(E)). 
Either of the two conditionSy 

ft(C) = v*(C) for all C in C, 

tt(U) = Vit(U) for all bounded open U in TJ, 

is necessary and sufficient for the regularity of ft. If two regular 
Borel measures agree on all Baire sets, then they agree on all 
Borel sets. 

Proof. If, for some C in C, fi(C) = v*(C), then according to 
Theorem G, for every e > 0 there exists a set Uo in Uo such that 

C c t/o and m(C4) = y(Uo) ^ y*(C) + e = ft(C) + e; 

this implies that C is outer regular and hence that ft is regular. 
The proof of the sufficiency of the condition involving v# exploits, 
in an entirely similar way, the last assertion of Theorem G. 

Suppose next that ju is regular and let « be an arbitrary positive 
number. For any C in C, there exists a bounded set t/ in U such 
that C C. U and ti{U) ^ ti(C) + e; similarly, for any bounded 
set U in XJ, there exists a set C in C such that C a U and it(U) ^ 
ft(C) + «. In either case, there exist sets Co in Co and Ua in Uo 
such that C c Uo C. Co a Uy (50.D). It follows from Theorem 
G that 


and 


v*(C) g y(Uo) = tt(Uo) ^ ft(U) ^ ix(C) + «, 
v*(U) ^ y(Co) = it(Co) ^ m(C) ^ it(U) - €. 
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The arbitrariness of £ implies that 

p*(C) ^ fi(C) and i/*(f7) ^ m(U); 

the reverse inequality is obvious in both cases. Since it has thus 
been shown that the values of a regular measure on the Baire 
sets uniquely determine its values on the compact sets, the last 
assertion of the theorem follows from 51 .F. | 

We conclude this section by introducing a concept which some¬ 
times provides a useful tool for proving regularity. If /i is any 
Borel measure, its Baire contraction juo, defined for all £ in So 
by mo(-E) = M(-£)>'is a Baire measure associated with m in a natural 
way. If it happens that every set in C or every bounded set in U, 
and therefore in either case, every set in S is jUo*-measurable 
(i.e. if all compact sets, and therefore all Borel sets, belong to 
the domain of definition of the completion of juq), then we shall 
say that the Borel measure ft is completion regular. If ju is com¬ 
pletion regular, then to every Borel set E there correspond two 
Baire sets and B such that 

A C.E C.B and jbo(5 — /^) = 0; 

it follows from Theorem H that completion regularity implies 
regularity. 

(1) Every Borel measure is o^finite. 

(2) If the space X is compact, then the class of all regular sets is a normal 
classy fcf* 6*2) • 

(3) If M is a Borel measure and if there exists a countable set Y such that 
n{E) » ii{E n y) for every Borel set E, then fi is regular. 

(4) If X is the Euclidean plane and if m is Lebesgue measure on the class of all 
Borel sets, then iiisz regular Borel measure in the sense of this section. If, 
however, for every Borel set £, n{E) is defined to be the sum of the linear 
measures of all horizontal sections of £, then is not a Borel measure. 

(5) Suppose that X is compact and x* is a point such that {x*} is not a Gt; 
(cf., for instance, 50.3). If, for every £ in S, niE) » xj ;(^*}9 then /i is a regular 
Borel measure which is not completion regular. 

(6) If Ml, Ms» And M are Borel measures such that M ”” Mi + MS) then the regu¬ 
larity of any two of them implies that of the third. (Hint: if CeC, C/eU, 
C C Cf, and ijl{U) S /i(0 + then 


Mi(C) + ih{U) ^ m(U) iS Mi(0 + Ms(0 + «•) 
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(7) Suppose that X and Y are compact HausdorfF spaces, T is a continuous 
transformation from X onto Y, and m is a Borel measure on X. If a 

and if'D is a compact subset of Y, then D is regular with respect to v if and only 
if C = T“HD) is regular with respect to it. (Hint: if C C 17 e U, then T{X — U) 
and D are disjoint compact sets in Y. If Y is a neighborhood of D which is 
disjoint from TiX - U), then C C C U.) 

(8) If /I is a regular Borel measure, then, for every o'-bounded set E, 

lt*{E) = inf EC. t/cU} and m*(£) “ sup {/i(C): E 3 Ce C). 

(9) If It and v are Borel measures such that it is regular and v^it, then v 
is regular. 

(10a) Let Q be the first uncountable ordinal, and let HI be the set of all ordinals 
less than or equal to fl. Write X ^ Hi — {fl}. If the class of all “intervals” 
of the form {x: ot < x ^ /3} together with the set {0} is taken for a base, then Hi 
is compact. 

(10b) The class of all unbounded, closed subsets of X is closed under the 
formation of countable intersections. 

(10c) If, for every Borel set E in Hi, it(E) =■ 1 or 0 according as E does or does 
not contain an unbounded, closed subset of X, then it is a Borel measure. 

(lOd) The Borel measure it is not regular. (Hint: every interval containing 
(2 has measure 1.) 


§ 53. GENERATION OF BOREL MEASURES 

The purpose of this section is to show how certain (regular) 
Borel measures may be obtained from more primitive set functions. 

We define a content as a non negative, finite, monotone, addi¬ 
tive, and subadditive set function on the class C of all compact 
sets. In other words, a content is a set function X on C which is 
such that (a) 0 ^ X(C) < oq for all C in C, (b) if C and D are 
compact sets for which C c D, then X(C) ^ X(D), (c) if C and 
D are disjoint compact sets, then X(C U D) = X(C) + X(D), and 
(d) if C and D are any two compact sets, then X(C U D) ^ X(C) + 
X(D). We observe that, since X(0) + X(0) = X(0 U 0) = X(0) < 
00 , a content must always vanish on the empty set. 

The outline of our procedure from now on will be as follows. 
In terms of a given content X we shall define a set function X* 
on the class of open Borel sets, and in terms of X* we shall define 
an outer measure n* on the class of all <r-bounded sets. Then 
we shall use the already established theory of /**-measurability 
to obtain from the outer measure n* a measure ft which will, in 
fact, turn out to be a regular Borel measure. 
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The inner content X*, induced by a content X, is the set func¬ 
tion defined for every £/ in U by 

X*(C/) = sup {X(C): Un 'CeC]. 

Theorem A. The inner content X* induced by a content X 
vanishes at 0, and is monotoney countably subadditivCy and 
countably additive. 

Proof. It is obvious that X«(0) =>0. If 27 and V are in U, 
\( U c. V, and if C is a compact set contained in 27, then C <z V 
and therefore X(C) ^ It follows that 

X*(27) = 8upX(C) ^ X*(^. 

If U and V are in XJ and if C is a compact set such that C C U 
U Fy then (50.A) there exist compact sets D and E such that 
DcUy EcVy and C = D U £. Since X(C) ^ X(D) + \{E) 
^ + X*(^0> it follows that 

X*(C7 UV)^ supX(C) ^ X*(C7) + X*(r), 

i.e. that X* is subadditive. It follows immediately, by mathe¬ 
matical induction, that X* is finitely subadditive. If { Ui] is a 
sequence of sets in U and if C is a compact set such that C c 
Ui*-! Uiy then, by the compactness of C, there is a positive integer 
n such that C c U,"-! 27*. It follows that 

X(C) ^ Xc(U?-i Uy) ^ i:?-,x*(t7,) ^ Er-iX*(C7<), 

and therefore that 

x*(ur-i Uy) - supx(c) g 2:r-iX*(c/<), 

i.e. that X« is countably subadditive. 

Suppose next that 27 and V are Wo disjoint sets in U and let 
C and D be compact sets such diat C c U and D dV. Since 
C and D are disjoint and since C U D c 27 U we have 

X(C) + X(D) = X(C U D) ^ X*(C7 U V)y 

and therefore 

X*(17) + X*(^ = sup X(0 + supX(D) ^ X*(C7 U V). 

The subaddidvity of X* implies now that X« is additive and hence. 
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by mathematical induction, that X* is finitely additive. If { Ui] 
is a disjoint sequence of sets in XT, then 

X*(Ur.i Ud ^ X*(U?-1 Ui) = i:?.iX*(t7<); 

since this is true for every n = 1,2, • • it follows that 
x*(Ur-i Ui) ^ 2:r-ix*(£7.). 

The countable additi^nty of X# follows from its already proved 
countable subadditivity. | 

If X is a content and X« is the inner content induced by X, 
we define a set function y.* on the hereditary <r-ring of all 
fl^bounded sets by 

M*(£) = inf{X*(C7):£c t/eU}. 

The set function y* is called the outer measure induced by X; 
the terminology is justified by the following result. 

Theorem B. The outer measure y* induced by a content X 
is an outer measure. 

\ 

Proof. The equation m*( 0) = 0 follows from the facts that 
0 c 0 eU and X*(0) =0. If £ and F are two o-bounded sets 
such that E c. F, and if 17 is a set in U such that F C.U, then 
E C.U and therefore y*{E) ^ XniU). It follows that 

y*iE) ^ infX*(C7) = y*iF). 

If {£,} is a sequence of v-bounded sets, then, for every e > 0 
and for every i = 1,2, • • •, there exists a set Ui in U such that 

EiCUi and X*(f7.) ^ 

It follows that 

^ x*(ur-i Ui) ^ ^ zr-iM*(£o + €; 

the arbitrariness of c implies the countable subadditi\dty of y*. | 

It might be conjectured that the procedures of Theorems A and 
B actually yield extensions of X and X« respectively, i.e., for 
instance, that y* is such that y*{C) ■= X(C) for every compact 
set C. This is not true in general; the best that can be said is 
contained in the following result. 
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Theorem C. If X* is the inner content and n* is the outer 
measure induced by a content X, then = X*(i7) for every 

U in U and ^ X(C) ^ n*iC) for every C in C. 

(We recall that C® denotes the interior of the set C.) 

Proof. If C/eU, then the relation U C.U zTJ implies that 
is*{U) g X*(t7). If r e U and 17 c r, then X*(C7) g X*(70 and 
therefore 

X*(t7) ^ infX*(70 = 

If CeC, 17 eU, and C c t7, then X(C) ^ X*(C7), and there¬ 
fore 

X(C) ^ inf X*(t7) = M*(0- 

If CeC, D eCy and D c C® (c C), then X(D) ^ X(C), and 
therefore 

M*(C®) = X*(C®) = sup X(D) ^ X(C). I 

Theorem D. If n* is the outer measure induced by a content 
X, then a o-bounded set E is n*-measurable if and only if 

y*{U n £) + is*{U n E') 

for every U in XJ. 

Proof. Let X* be the inner content induced by X, let A be an 
arbitrary o-bounded set, and let 17 be a set in U such that A <z U. 
From the relations 

X*(t7) - ^ n £) + m*( 17 n E') g 

S ,i*{A n £) + P*{A n £0 
it follows that v 

y*{A) - infX*(C7) ^ n £) + 0 £'); 

the reverse inequality and the converse follow from the subaddi¬ 
tivity of M* and the definition of /**-measurability. | 

Theorem B. If n* is the outer measure induced by a con¬ 
tent X, then the set function /*, defined for every Borel set E by 
lt(E) =“ n*iE), is a regular Borel measure. 

We shall call y. the Borel measure induced by the content X. 
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Proof. We shall prove first that every compact set C (and 
therefore every Borel set) is /i*-nicasurable; it will then follow 
immediately that ju is a measure on the class of all Borel sets. 
In virtue of Theorem D it is sufficient to prove that 

ii*{U) ^ n*iu n c) + ti*{u n c) 

for all U in U. Let D be a compact subset of U (\ C and let 
£ be a compact subset of 17 fl D'; we observe that both the sets 
17 n C' and U f\ D' belong to U. Since D fl £ = 0 and 
D U jE c 1/, it follows that 

M*(ll) = X*(t7) ^ X(D U £) = X(D) + X(£), 

where X* is, of course, the inner content induced by X. Therefore 

u.*{U) ^ X(D) + sup X(£) = X(D) + X*(l/ n £>') = 

= X(D) + M*(i7 n DO ^ X(D) + m*( 17 n C); 

this in turn implies that 

y*{U) ^ ii*{u n c) + supx(D) = c) + x*(t/ n C) = 

= n*{u n c) + M*(c/ n CO. 

To prove that n{C) < », we observe that there exists a com¬ 
pact set F such that C C it follows that 

m(C) = ^ ^ X(£) < 00 . 

The fact that the measure tt is regular follows, finally, from the 
relations 

m(C) - M*(C) = inf {X*(t/): C c D eU} - 

= inf C C 1/ eU} = inf {mCC/): C c 17 eU}. | 

We conclude with a result which we shall have opportunity to 
use later. 

Theorem F. Suppose that T is a komeomorphism of X 
onto itself and that X is a content. If, for every C in C, X(C) = 
XCTCC)), and if n and (L are the Borel measures induced by X 
and % respectively, then /2(£) = /*(£(£)) for every Borel set E. 
If, in particular, X is invariant under T, then the same is true 
ofn. 
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Proof. If X* and X* are the inner contents induced by X and 
X respectively, and if 17 e XJ, then the reladons 

{X(C); C73 CeC} = {X(r(C)); UziCeC} ^ 

= {X(D):D= T(C),U=3CeC] « 

= {X(D): C7 3 r-^D) eC} = 

= {X(D): r(£/) 3DeC} 

imply that X*{U) X*(7’(I7)). If n* and /I* are the outer meas¬ 

ures induced by X and X respectively, then a similar computation 
shows that, for every <r-bounded set E, = n*{T(E)), and 

hence that, for every Borel set E, fi{E) — n(T{E)). The last 
assertion of the theorem is an immediate consequence of the 
preceding ones. | 

(1) The following are examples of non negative, finite set functions defined 
on the class C of all compact subsets of a locally compact HausdorfF space; some 
of them are contents, while others fail to possess exactly one of the principal 
defining properties (monotoneness, additivity, and subadditivity) of a content. 

(la) X* is the one-point compactification of an infinite discrete space X; 
for every compact set C in X(C) »* 0 or 1 according as C is finite or infinite. 

(lb) X is a discrete space consisting of a finite number of points; X(C) » 1 
for every compact set C. 

(l c) X is the closed interval [—1, +1]; X(C) « 1 or 0 according as 0 c C® or 
Oe'C®. 

(l d) X* » is, as in (la), the one-point compactification of an infinite 

discrete space X; X(C) * 1 or 0 according as Af* c C or x* e' C. 

(le) AT * |o, ifc ~ « s* 1, 2, • • • |. If C contains infinitely many nega¬ 
tive numbers, then X(C) « 0; otherwise X(C) » 1 or 0 according as 0 e C or 
Oe'C. 

(l f) Let Ho be a Baire measure on Jf, and, for every C in C, write 

X(C) » sup {jyio(Co): C 3 Co c Co} - 

(l g) Let M be a Borel measure on AT, and, for every C in C, write X(C) «= 

(2) If X and X are two contents inducing the outer measures h* ^nd pi* respec¬ 
tively, and if, for every C in C, X(C) S a(C) i m*(C), then h* ** A** (Hint: 
in view of the first part of Theorem C, it is sufficient to prove that h*(U) 
sup {X(C): UZ> CzQ] for every U in U.) 

(3) The result of (2) may be strengthened to the following converse of Theorem 
C If X and X are two contents, inducing the outer measures m* «^d fk* respec- 
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tivdy, and if, for every C in C, iS X(C) ^ then m* “ A*« (Hints 

Theorem E implies that 


M*(t7) « sup {m*(C); UZiCzC] 


for every U in U. It is to be proved that 

= sup {X(C)s UZ> CeCj. 

If € > 0 and UeJJ, then there exists a set C in C such that CC U and it*(U) SS 
M*(C) + e, and there exists a set Z) in C such that C C Lfi <Z D CZ U.) 

(4) If n is the Borel measure induced by a content X, and if X(C) > 0 whenever 

C® ^ 0, then ii(U) > 0 for every non empty If in U. , 

(5) Independently of any content X we might consider those outer measures 
/i* on the class of all v-bounded sets which have the property that 

M*(C) = inf {m*(I7)s CC tfeU) < « 


for every C in C. Are Theorems D and E true for any such outer measure? 


§ 54, REGULAR COKTENTS 

We have remarked before on the fact that the values of a con¬ 
tent need not coincide (on compact sets, of course) with the values 
of the Borel measure it induces. There is, however, an important 
class of contents which are such that the process of § 53 is actually 
an extension. In this section we shall study such contents and 
use our results to derive an important extension theorem which 
asserts, in fact, the existence of certmn Borel measures whose 
uniqueness was established in 52.H. 

A content X is regular if, for every C in C, 

X(C) = inf {X(D): C c D® c D e C}. 

This definition of regularity for contents imitates the definition 
of (outer) regularity for measures as closely as possible in view 
of the restricted domain of definition of a content. 

Theorem A. If n is the Borel measure induced by a regular 

content X, then uiP) — X(C) for every C in C. 

Proof. If C e C, then, because of the regularity of X, for every 
e > 0 there exists a set D in C such that 


C c D® and X(D) ^ X(C) + e. 
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It follows from 53.C that 

X(C) g m(C) ^ ^ HD) ^ HQ + e; 

the desired result follows from the arbitrariness of e. | 

The following result goes in the converse direction. 

Theorem B. 1/ n is a regular Borel measure and if, for every 
C in C, X(C) = ti(C), then X is a regular content and the Borel 
measure induced by X coincides with n. 

Proof. It is clear that X is a content. The regularity of ju 
implies that, for every C in C and for every e > 0, there exists a 
set 17 in U such that 

CczU and n(U) ^ KQ + «. 

If D is a set in C such that C c D® c D c 17, then 

X(D) - n(D) ^ HU) ^ HC) + e = X(C) + e; 

this proves the regularity of X. If (I is the Borel measure induced 
by X, then, by Theorem A, /1(C) = X(C) = /u(C) for every C in C, 
and therefore, indeed, A = I 

Theorem C. If lUi is a Baire measure and if^ for every C in 

C, 

X(C) = inf {iUo(C7o): C C t7o eUo}, 
then \ is a regular content. 

Proof. It is easy to verify that X is non negative, finite, and 
monotone. 

If C and D are sets in C and C7o and T'o Are sets in Uo such that 
C and D c 7o» then C U D c £7o U eUo, and therefore 

X(C U D) ^ w>(C^o U ^o) ^ /io(C7o) + moC^). 

It follows that 

X(C U D) ^ inf/io(C7o) + inf/io(^o) » X(C) + X(D), 


i.e. that X is subadditive. 
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If C and D are disjoint sets in C, then there exist disjoint sets 
C7o and in Uo such that C c: Uo and D c If C U D c /^o 
eUo, then 

X(C) + X(D) g ixo(Uo n PFo) + MoC^o n fFo) s Horn), 
and therefore 

X(C) + X(D) ^ inf/uo(^o) = X(C U D). 

The fact that X is additive follows from the fact, proved above, 
that X is subadditive. 

Tq prove that X is regular, let C be any compact set and let e 
be any positive number. By the definition of X, there exists a 
set Uo in Uo such that 

CcUo and noW g X(C) + t. 

If D is a compact set such that C cz D'^ C D c. Uo, then 

HD) ^ /io(l7o) ^ X(C) + e. I 

Theorem D. If fto is a Baire measure, then there exists a 
unique, regular Borel measure fi such that |i(£) = ueiD) for 
every Baire set E. 

Proof. If, for every C in C, 

X(C) = inf {iuo(C^): C C I/q eUo}, 

then, by Theorem C, X is a regular content; let ju be the regular 
Borel measure induced by X. By Theorem A, /i(C) = X(C) for 
every C in C. Since (52.G) every Baire measure is regular, we 
have X(C) =* Mo(C)> and consequently HD) = iktiC) for every C 
in Cq. This proves the existence of /u; uniqueness was explicitly 
stated and proved in 52.H. | 

(1) Which of the set functions described in S3.1 are r^Iar? 

(2) If, in the notation of 53.F, X is a regular content, then so is X. 

(3) If pi is a Borel measure and if, for every C in C, X(C) -» sup {m(Co): 
C 3 Co e Co), then pt is completion regular if and only if X is a regular content; 

(cf. 53.10. 

(4) A content X is inner regular if, for every C in C, X(C) = sup {X(D): 
C** 3 D e C). The following analogs of Theorems A and B are true. 
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T 

(4a) If fi is the Borel measute induced by an inner regular content X, then 
m(C^ «■ X(C) for every C in C. 

(4b) If M is a regular Borel measure and if, for every C in C, X(C) — m(^i 
then X is an inner regular content and the Borel measure induced by X coincides 
with^ 


§ 55. CLASSES OF CONTINUOUS FUNCTIONS 

If ^ is, as usual, a locally compact HausdorfF space, we shall 
denote by £(X) or simply by £ the class of all those real valued, 
continuous functions on X which vanish outside a compact set. 
In other words £ is the class of all those continuous functions / 
on X for which the set 


W) = ^ 0} 

is bounded. If X is not compact and if X* is the one-point com- 
pactihcation of X by x*, then the point x* is frequently called 
the point at infinity, and consequently £ may be described as the 
class of all those continuous functions which vanish in a neighbor¬ 
hood of infinity. We shall denote by £+(,X) or simply by £+ 
the subclass of all non negative functions in £. The first of our 
results concerning these function spaces has been implicit in many 
of our preceding constructions. 

Theorem A. If C is any compact Baire sety then there exists 
a decreasing sequence {/„} of functions in £+ such that 


limn/nW = XcW 

for every x in X. 

Pnxrf. If C = n*-! ^«> where each is a bounded open 
set, then for each positive integer n there exists a function gn 
in 9 (cf. § 50) such that 



if * e C, 
if xe'Un. 


If A “ ft n • • • n then {/„} is a decreasing sequence of non 
negative continuous functions such that 


iim»AW “ XcW 
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for every * in X; the fact that Un is bounded implies that/» e £+, 

w *= 1 j 2| • • •. I 

If fio is a Baire measure in A”, if / e £, and if {at: f{x) ?£ 0} C 
C e Co, then the facts that /uoCC) < w and that / is bounded and 
Baire measurable (51.B) imply that / is integrable with respect 
to Mo and that 

J/4«o 

These statements are true, in particular, if m is a Borel measure 
and Mo is its Baire contraction. 

Theorem B. 1/ a Baire measure m is such that the measure 
of every non empty Baire open set is positive^ and if f t £+, 

then a necessary and sufficient condition that = 0 is that 

f{x) = 0 for every x in X. 

Proof. The sufficiency of the condition is trivial. To prove 

necessity, suppose that Jfd/x = 0 and let U he a bounded open 

Baire set such that {.v: f{x) 0} C 17. If £ = {x: f{x) = 0}, 
then, since 

0 = ^ f fd^, 

J JU-B 

it follows from the fact that/is non negative that — E) =0. 
Since U — £ is an open Baire set, we must have t/ — £ = 0, or 
UcE. I 

Theorem C. If iio is a Baire measure and e > 0, then, 
corresponding to every integrahle simple Baire function /, there 
exists an integrable simple function g, 

S ““ OffXCi, 

such that Ci is a compact Baire set, i = 1, •••,”> 

Proof. Write / = 2"-i “.XjSf and iet r be a positive number 
such that 1 f(x) | ^ r for every x in A" (i.e. such that | «< | ^ c 
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for / = 1, •••,«). The regularity of juo implies that, for each 
/ = there exists a compact Baire set C,- such that 

Ci c Ei and itoiEi) ^ mo(^<) H-- 

nc 

It follows that if ^ «<Xco then 

j\f~S “ 2"-i I ^ I 

Theorem D. If iio is a Baire measure, if e> 0, and if 
1 ttiXci simple function such that Ci is a compact 
Baire set, i = 1, then there exists a function h in £ such 

that 

J\g - h\dito ^ e. 

Proof. Since {Ci, • ■ C,} is a finite, disjoint class of compact 

sets, there exists a finite, disjoint class {Ui, • • •, Un] of bounded 
open Baire sets such that C,- c:Ui,i — 1, ••*,». Because of the 
regularity of jno, there is no loss of generality in assuming that 

isoiUi) ^ Mo(C() H-, f “ 1, • • •, », 

nc 

where r is a positive number such that | g(x) | ^ r for every x 
in X. For each i =■ 1, •••>«, there exists a function hi in 3? 
such that hi{x) = 1 for * in Ci and hi{x) = 0 for # in j?’ — £/,•; 
we write h — ]C“-i Since hi e JS+, / = 1, ••*,», it is clear 
that he£; the disjointness of the Ui implies that | h(x) | ^ r for 
all X in X We have 

f\g-h\d^ = T.Uif \h\d,io^Z7.iC;ioiUi-Ci)^e. | 

(1) If /i is a regular Borel measure, then the class of all finite linear combina** 
tions of characteristic functions of compact sets is dense in £p(m)> 1 ^ P < ^* 

(2) If /I is a regular Borel measure, then & is dense in JBpO*), 1 ^ p < «. 

(3) If jLi is a regular Borel measure, £ is a Borel set of finite measure, and/ 
is a Borel measurable function on £, then, for every e > 0, there exists a compact 
set C in £ such that /i(£ C) ^ e and such that J is continuous on C (Hint> 
if/is a simple function, the result may be proved by the technique used in the 
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proof of Theorem C. In the general case, there exists a sequence \fn\ of simple 
functions converging to/; by Egoroff’s theorem and the regularity of /i, there 

exists a compact set Co in E such that /i(£) ^ ~ and such that {/n} 

converges to / uniformly on Co. Let Cn be a compact subset of E such that 

m(^) ^ M(C’n) + 2 ;^ such that/« is continuous on Cn; the set 

c=n»-oc„ 

satisfies the required conditions.) This result is known as Lusin’s theorem. 


§ 56. LINEAR FUNCTIONALS 

A linear functional on £ is a real valued function A of the func¬ 
tions in £ such that 

A(a/+^^) = oAC/) + i8A(^) 

for every pair, / and g, of functions in £ and every p^r, a and jS, 
of real numbers. A linear functional A on £ is positive if A(/) ^ 0 
for every/ in £+. We observe that a positive linear functional A 
is monotone in the sense that if /e£, gtSi, ancT^^^ g, then 
A(/) ^ A(^). It is easy to verify that if mo is a Baire measure in 

X and if A(/) = J//juo for every / in £, then A is a positive linear 

functional; the main purpose of this section is to show that every 
positive linear functional may be obtained in this way. 

We shall find it convenient to employ a somewhat unusual but 
very suggestive notation. If E is any subset of X and / is any 
real valued function on X, then we shall write E aj {ot E 3/] 
if Xb{x) ^/(x) [or XfiW ^/Wl for every x in X. 

Theorem A. If E is a positive linearfunctional on £ and ify 
for every C in C, 

X(C) = inf {A(/): C c/ e £+}, 

then \ is a regular content. If ft is the Borel measure induced 
by X, then 

ftiU) g A(/) 

for every hounded open set U and for every f in £+ for which 
Ucf. 
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Proof. The fact that A is positive implies that X(C) ^ 0 for 
every C in C. To prove that X is finite, let C be any compact 
set and let U be any bounded open set containing C. Since there 
exists a function/ in JB+ such that J{x) 1 for in C and J{x) = 0 
for X in .AT -- 17, it follows that C c/ e £+ and therefore 

X(C) g AC/) < 00. 

If C and D are compact sets, C D, and if C c/ e £+, then 
D c/, and, therefore, X(D) g A(/). It follows that X(D) ^ 
inf A(/) = X(C), i.e. that X is monotone. 

If C and D are compact sets, and if C c/ e and D eg e £+, 

then 

CUD c/ +,g e JB+, 

and therefore X(C U D) ^ A(/+ g) = A(/) + A.{g). It follows 
that 

X(C U D) ^ inf A(/) + inf A(^) - X(C) + X(D), 
i.e. that X is subadditive. 

If C and D ate disjoint compact sets, then ther^ exist disjoint 
bounded open sets U atyd such that C eU and D e V, Let 
/ and g be functions in £+ such that f{x) = 1 for * in C,/(x) = 0 
for in — 17, g(x) — 1 for a? in D, and gix) == 0 for x\nX — V. 
If C U D c A e JB+, then 

X(0 + X(D) g A(40 + Wig) - A(A(/ + ^)) g A(A). 

It follows that 

X(C) + X(r>) ^ inf A(A) - X(C U D); 

the additivity of X now follows from its subadditivity. 

We have thus proved that X is a content; it remains to prove 
that X is regular. For every C in C and for every € > 0, there 
exists a functioif/ in such that 

C c/ and AC/) ^ X(C) + —* 
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If 7 is a real number, 0 < 7 < 1, and if D = {jf:/(*) ^ 7 }, then 
C C {*:/(x) ^ 1} c > 7 } C C D e C. 

Since D c -/ e £+, it follows that 

7 

X(D)^^A(/)^i(x(C)+0. 

Since 7 may be chosen so that 

i(x(C)+0^X(C) + e, 

it follows that X(D) ^ X(C) + e; the arbitrariness of e implies 
that X is regular. 

The last assertion of the theorem is an easy consequence of 
the regularity of /a. Indeed, if C is a compact set contained in 17, 
then C c/ and therefore 

iu(C) = X(C) ^ A(/); 

it follows that fiiU) = sup n(C) ^ A(y). | 

Theorem B. 1/ A is a positive linear functional on £, if, 
for every C in C, 

X(C) =inf{A(/):Cc/eje+}, 

and if n is the Borel measure induced by the content X, then 

jfdu ^ A(f) 

for every f in £+. 

Proof. Since both ^fdu and A(/) depend linearly on /, it is 

sufficient to prove the inequality for functions f such that 
0 ^ /(x) ^ 1 for all X in X 
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Let » be a fixed positive integer and write, for < «= 1, •••,», 


if /W < 


w - 


^“ = «/W - (<■ - 1) if - -^ ^ 

1 n n 


1 if - <yw. 

L Yl 

Since, for i = 1, • • •, «, 

/.• = ([«/- (f - 1)1 u 0) n 1 = ([»/-(« - 1)] n 1) u 0, 

the functions /,• all belong to £+. Since for any x for which 

^/W ^ > we have 

n n 


= 


[1 if 1 ^ ^ — 1, 
lO if j+l Si ^ rty 


it follows that f{x) — - for every x in X. 

n 

If, for / = 0, 1, • • •, », Ui = x: J{x) > -[, then Ui is a 

n\ 

bounded open set such that, for < = 1, •••,«, C/,- c/,•, and hence, 
by Theorem A, n{U^ S A(/i). Since Uo Ui zy- • 'Zi Un^ 
we have 

A(/) = - Z?-i A(/.) ^ - E?-1 m(£/.) - 

ft ft 

/I »-l\ 


\« n / 


ft 

* Z":}—- C7.+i) - ^ 

ft ft ^ 
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= f fdtL --nm ^ - - m ( c ^ o ). 

Jux n J n 

The arbitrariness of n and the finiteness of M(f^) imply the desired 
result. I 

Theorem C. IJ h. is a positive linear Junctional on £, ij, 
Jor every C in C, 

X(C) = inf {A(/): C <zJ e. £+}, 

and if ju is the Borel measure induced by the content X, then^ 
corresponding to every compact set C and every positive number 
«, there exists a function /o in £+ such that C C /o,/o ^ 1> eind 

A(/o) S. ^fodfi + e. 

Proof. Let be a function in £^. such that 
C (Zga and A(|-o) ^ X(C) + «. 

If/o = ^0 n 1, then it follows that 

A(/o) ^ A(^o) ^ /*(<:) + t ^ + e. I 

Theorem D. If h. is a positive linear functional on £, then 
there exists a Borel measure n such that, for every f in £, 

A(/) = jfdis. 

Proof. Write X(C) «= inf jA(/): C c/ e £+} for every C in C, 
let ju be the Borel measure induced by the content X, and let/ 
be any fixed function in £. 

Let C be a compact set such that (x: f{x) 0} c C, and let« 
be a positive number. According to Theorem C, there exists a 

function/o in £+ such that C cifo,fo ^ 1, and A(/o) ^ f/o^t + «■ 
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We observe that since C C /o, it follows that ffo ■» /. If f 
is a positive number such that |/(x) | ^ r for all x in Xy then the 
function (/ 4- f)/o belongs to £+ and hence, by Theorem B, 

A(/) + rA(/o) = A((/+ f)/o) ^J(/+ c)/o^M = 

+ cjfadn. 

It follows that 

A(/) ^ ^ ” A(/o) j ^ J/</m — fe; 

the arbitrariness of e implies that A(/) i.e. that Theorem 

B is true for all / in £. Applying this inequality to —/ yields its 
own reverse. | 

Theorem E. 1/ is a regular Borel measurcy ify for every 
/ in £y A(/) = ifi for every C in C, 

X(C) *» inf {A(/); C c/ e £+}, 

then uiC) — X(C) for every C in C. Hence, in particular, the 
representation of a positive linearfunctional as an integral with 
respect to a regular Borel measure is unique. 

Proof. It is clear that p.{C) ^ X(C). If C e C and e > 0, 
then, by the regularity of /t, there exists a bounded open set £7 
containing C such that m(£7) ^ m( 0 + «• Let / be a function 
in Sf such that f(x) = 1 »for x in C and f(x) = 0 for x in A" — U; 
then C c/ e £ 4 . and 

X(C) ^ AC/) = j>M ^ m(C/) ^ m(C) + 6 . 

The arbitrariness of € implies the desired result. | 


(1) If xo is a point of X and A(/) «■ /(xo) for every/ in JB, and if jx(£) - XbM 
for every Borel set £, then A(/) 

(2) If Aio is r Baire measure and A(/) for every / in and if /i is a 
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Borcl measure such that A(/) then /i(i!E) « /io(£) for every Baire set E. 

(3) If /lo is a Baire measure and A(/) «J/4»o for every/ in JC, write 

X*(£7) « sup {A(/): l7Z)/cJC+} 

for every 17 in U, and 

- inf {)W(I7); £ C C7eU} 

for every c’-bounded set E\ then /i*(£) =» Mo(£) for every Baire set £. 

(4) Let X be the one-point compactihcation, by qo, of the countable discrete 
space of positive integers. A function/in £ is, in this case, a convergent sequence 
{/W} of real numbers with/(oo) ** limn/(»); the most general positive linear 
functional A is defined by 

A(/) - Zis-s./(»)A., 

where 2)n An is a convergent series of positive numbers. 

(5) A linear functional A on £ is bounded if there exists a constant k such that 
1 A(/) I ^ k sup {|/(jf) \ :xbX] for every/in £. Every bounded (but not neces¬ 
sarily positive) linear functional is the difference of two bounded positive linear 
functionals. The proof of this assertion is not trivial; it may be achieved by 
imitating the derivation of the Jordan decomposition of a signed measure. 

(6) If X is compact, then every positive linear functional on £ is bounded. 



Chapter XI 


HAAR MEASURE 


§ 57. FULL SUBGROUPS 

Before beginning our investigation of measure theory in 
topological groups, we shall devote this brief section to the proof 
of two topological results which have important measure theoretic 
applications. The results concern full subgroups; a subgroup Z 
of a topological group X is full if it has a non empty interior. 
We shall show that a full subgroup Z of a topological group X 
embraces the entire topological character of X —everything in X 
that goes beyond Z is described by the left coset structure of Z 
which is topologically discrete. We shall show also that a locally 
compact topological group always has sufficiently small full sub¬ 
groups—i.e. full subgroups in which none of the measure theoretic 
pathology of the infinite can occur. 

Theorem A If Z is a full subgroup of a topological group 
Xf then every union of l^t cosets of Z is both open and closed 
in X. 

Finxrf. Since the complement of any union of left cosets is 
itself such a union and since a set whose complement is open 
is closed, it is sufficient to prove that every such union is open. 
Since a union of open sets is open, it is sufficient to prove that 
each left coset of Z is open, and for this, in turn, it is sufficient to 
prove that Z is open. 

Since 9^0, there is an element 2o in ZP. If z is any element 
of Z, then zzo~^ e Z and therefore zzo~*Z « z. It follows that 
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Z 2 o“^Z® = Z® and hence that 

Z = (22b“^)2o e Z®. 

Since z is an arbitrary element of Z, we have thereby proved that 
Z c Z®, i.e. that Z is open. | 

Theorem B. If E is any Borel set in a locally compact 
topological group X, then there exists a a-compact full subgroup 
Z of X such that E C.Z. 

Proof. It is sufficient to prove (cf. 51 .A) that if {C„} is a 
sequence of compact sets in X^ then there exists a (r-compact full 
subgroup Z of X such that Cn c Z for « = 1,2, • • •. 

Let D be a compact set which contains a ndghborhood of e. 
We write Do D and, for » «= 0 , 1 , 2 , • • *, 

Dn+l = Dn~^Dn U C»+i. 

If Z = Un-o Dn, then Z is o^-compact, has a non empty interior, 
and contains each Cn} we shall complete the proof by showing 
that Z“^Z c Z. 

We show first that if, for any » *= 0 , 1 , 2 , •••, e eD», then 
Dn c Dn+i. Indeed, if ^ e D», then e e Dn~^; it follows thac 
if X e Dn, then 

X 8 ^Dn ^)x C Dn ^Dn C 

Since e e Do, it follows by mathematical induction that Dn c Dn+i 
for » » 0 , 1 , 2, • • 

If X andy are any two elements of Z, then, because of the result 
of the preceding paragraph, both x and y belong to Dn for some 
poritive integer », and therefore 

x-[y e Dn~'Dn c D«+i c Z. | 


§ 58. EXISTENCE 

A tragi’ measure is a Borel measure ^ in a locally compact 
topological group X, such that p{U) > 0 for every non empty 
Borel open set U, and p{xE) *= piE) for every Borel set E, The 
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putposc of this section is to prove, for every locally compact 
topological group, the existence of at least one Haar measure. 

The second defining property of a Haar measure may be called 
left invariance (or invariance under left translations); we observe 
that the first property is equivalent to the assertion that ju is not 
identically zero. Indeed, if tt{U) — 0 for some non empty Borel 
open set U, and if C is any compact set, then the class {xU : x e C} 
is an open covering of C. Since C is compact, there exists a finite 
subset {* 1 , • • •, x«} o( C such that C c U<-i *»‘^> the left 
invariance of n implies that niC) ^ ti(,XiU) = nfi(U) = 0. 
Since the vanishing of n on the class C of all compact sets implies 
its vanishing on the class S of all Borel sets, we obtain the desired 
result: a Haar measure is a left invariant Borel measure which is 
not identically zero. 

Before exhibiting the construction of Haar measures, we remark 
on the asymmetry of their definition. Left translations and right 
translations play a perfectly symmetrical role in groups; there is 
something unfair about our emphasis on left invariance. The 
concept we defined should really be called “left Haar measure”; 
an analogous definition of “right Haar measure” should accom¬ 
pany it, and the relations between the two should be thoroughly 
investigated. Indeed in the sequel we shall occasionally make use 
of this modified (and thereby more precise) terminology. In most 
contexts, however, and specifically in connection with the problem 
of the existence of Haar measures, the perfect left-right symmetry 
justifies an asymmetric treatment; since the mapping which 
sends each x\n X into interchanges left and right and preserves 

all other topological and group theoretic properties, every “left 
theorem” automatically implies and is implied by its correspond¬ 
ing “right theorem.” It is, in particular, easy to verify that if n 
is a left Haar measure, and if the set function v is defined, for every 
Borel set E, by !»(£) = /it(£“^), then is a right Haar measure, 
and conversely. ^ ’ 

If E is any bounded set and F is any set with ^ non empty 
interior, we define the “ratio” EiF as the least non negative 
integer n with the property that E may be covered by n left 
translations of F, i.e. that there exists a set {:ri, •••, x»} of n 
elements in X such that E c to verify 
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that (^ce E is bounded and is not empty) E'.F is always 
finite, and that, if A has the properties of both E and F, i.e. if A 
is a bounded set with a non empty interior, then 

E'.F ^ {E'.A){A'.F). 

Our construction of Haar measure is motivated by the follow¬ 
ing considerations. In order to construct a Borel measure in a 
locally compact HausdorfiF space it is sufficient, in view of the 
results of the preceding chapter, to construct a content X, i.e. 
a set function with certain additivity properties on C. If C is a 
compact set and 17 is a non empty open set, then the ratio C: U 
serves as a comparison between the sizes of C and U. If we form 
the limit, in a certain sense, of the product of this ratio by a 
suitable factor depending on the size of U, 9 S U becomes smaller 
and smaller, the resulting number should serve as the value of 
Xat C. 

The outline in the preceding paragraph is not quite accurate. 
In order to illustrate the inaccuracy and make our procedure 
more intuitive, we mention an example. Suppose that X is the 
Euclidean plane, /x is Lebesgue measure, and C is an arbitrary 
compact set. If 17, is the interior of a circle of radius r, and 
if we write, for every r > 0, »(r) = C: C/„ then, clearly, 
«(r)ar^ ^ m(C)* It is known that lim,_o«Wvr® exists and is 

equal not to /x(C) but to —-— m(C’); in other words, starting 

with the usual notion of measure, which assigns the value nr* to 
Ur, our procedure yields a different measure which is a constant 
multiple of the original one. For this reason, in an attempt to 
eliminate such a factor of proportionality, we shall replace the 
ratio C: U by the ratio of two ratios, i.e. by (C: U)/(A'.U), where 
A is n fixed compact set with a non empty interior. 

Theorem A. For each fixed, non empty open set U and 
compact set A with a non empty interior, the set function \u, 
defined for all compact sets C by 

C:U 
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is non negativey finite^ monotone, subadditivey and left invariant; 
it is additive in the restricted sense that if C and D are compact 
sets for which CU~^ 0 DU~^ = 0, then 

"hviC U D) “ Xi/(C) + Xt/(Z)). 

\ 

Proof. The verification of all parts of this theorem, except 
possibly the last, consists of a straightforward examination of the 
dehnirion of ratios such as C: U. To prove the last assertion, let 
xU he a. left translation of U and observe that if C fl xC/ 0, 
then X e CU~^ and if D Ci xU ^ Oy then x e DU~^. It follows 
that no left translation of U can have a non empty intersection 
with both C and D and hence that \v has the stated additivity 
property. | 

Theorem B. In every locally compact topological gyoup X 
there exists at least one regular Hoar measure. 

Proof. In view of 53.E and 53.F it is sufficient to construct 
a left invariant content which is not identically zero; 53.C implies 
that the induced measure is not identically zero and hence is a 
regular Haar measure. 

Let A he a fixed compact set with a non empty interior and let 
N be the class of all neighborhoods of the identity. For each 
IJ in N, we construct the set function Xj/, defined for all compact 
C:U 

sets C by XufC) = ; since C:U ^ fC’.A)(A:U)y it follows 

Alu 

that 0 ^ \v{C) ^ C\ A for every C in C. Theorem A shows that 
each Xi 7 is almost a content; it fails to be a content only because 
it is not necessarily additive. We shall make use of the modern 
form of Cantor’s diagonal process, i.e. of TychonofF’s theorem on 
the compactness of product spaces, to pick out a limit of the Xir’s 
which has all their properties and is in addition additive. 

If to each set C in C we make correspond the closed interval 
[0,C:/f|, and if we denote by $ the Cartesian product (in the 
topolo^cal sense) of all these intervals, then # is a compact 
Hausdorff space whose points are real valued functions <l> defined 
on C, such that, for each C in C, 0 g ^(C) ^ C:A. For each 
17 in N the function Xc; is a point in this space. 
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For each 17 in N we denote by A(C/) the set of all those func¬ 
tions \r for which V a U\ i.e. 

A(C7) = {Xv; UZiVzTH]. 

If {C7i, • • •, I7„} is any finite class of neighborhoods of the identity, 
i.e. any finite subclass of N, then H?-! ** ^^so a neighborhood 

of the identity and, moreover, 

n<-i Ui C Ujy i = 1, • • •, n. 

It follows that 

A(n?-it^<)cn?-iAW), 

and hence, since A(i7) always contains \v and is therefore non 
empty, that the class of all sets of the form A(I7), 17 e N, has the 
finite intersection property. The compactness of $ implies that 
there is a point X in the intersection of the closures of all A(C7); 

Xed 

We shall prove that X is the desired content. 

It is clear that 0 ^ X(C) ^ C: A <«> for every C in C. To 
prove that X is monotone, we remark that if, for each fixed C 
in C, {c(0) = then {c is a continuous function on and 
hence, for any two compact sets C and D, the set 

A = ^ <^(D)} c$ 

is closed. If C C D and C7 e N, then Xj/ e A and co nsequ ently 
A(t7) c A. The fact that A is closed implies that X e A(C7) c A, 
i.e. that X is monotone. 

The proof of the subadditivity of X is entirely similar to the 
above continuity argument; we omit it and turn instead to the 
proof that X is additive. If C and D are compact sets such that 
C n D == 0, then there exists a neighborhood U oi e such that 
Ct7-i n DU-'^ =0. If T' e N and 7^ c t7, then fl DV'^ 

= 0 and hence (Theorem A) . 

XvCC U D) = Xv(C) + Xv(D). 

This means that, whenever V czU,\y belongs to the closed set 
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A «= {4>: 4>(C U D ) » <I> (C) + ^(JD)}, and hence that A(I7) C A. 
It follows that X e A(C7) c A, i.e. that X is additive. 

Another application of the continuity argument shows that 
X(/f) = 1 (since \viA) = 1 for every U in N), and hence that the 
set function X (which is already known to be a content) is not 
identically zero. The fact that X is left invariant follows, again 
by continuity, from the left invariance of each \u. | 


(1) The existence of a right Haar measure follows from the existence of a left 
Haar measure by consideration of the group Jt dual to X. The group has, 
by definition, the same elements and the same topology as X; the product 
(in of two elements x and y (in that order) is, however, defined to be the 
product (in X) of y and x (in that order). 

(2) Haar measure is obviously not unique, since, for any Haar measure /i 
and any positive number r, the product cn is also a Haar measure. 

(3) If, for every U in N, \u is the set function described in Theorem A, then, 

for every compact set C with C® 0, 0 < \uiC). It follows tnaf 

X(C) > 0 whenever C® 0, 

(4) The following is a well known example of a group in which the left and 
right Haar measures are essentially different. Let X be the set of all matrices 

of the form ^ , where 0 < < oo and —oo <y < +«o; it is easy to verify 

that, with respect to ordinary matrix multiplication, X is a. group. If X is 
topologized in the obvious way as a subset (half plane) of the Euclidean plane, 
then X becomes a locally compact topological group. If we write, for every 
Borel set £ in Jf, 

(where the integrals are with respect to Lebesgue measure in the half plane), 
then n and v are, respectively, left and right Haar measures in X* Since 
"B v(E)y this example shows also that there may exist measurable sets E for which 
m(£) < 00 and 

(5) If C and D are two compact sets such that fi(C) fJL(D) » 0, does it 
follow that fi(CD) » 0? 

(6) If M is a Haar measure in X^ then a necessary and sufficient condition 
that X be discrete is that m({^)) ^ 0 for at least one x in X, 

(7) Every locally compact topological group with Haar measure satisfies the 
condition of 31.10; (cf. § 57). 

(8) If a Haar measure in X is finite, then X is compact. 

(9) If M is a Haar measure in Xy then the following four assertions are mutually 
equivalent; (a) X is o^ompact; (b) fjL is totally <r-finite; (c) every disjoint class 
of non empty open Borel sets is countable; and (d) for every non empty open 
Borel set If, there exists a sequence {;rii} of elements in X such that 

X^\J:.lXnU. 
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§ 59. MEASURABLE GROUPS 

A topological group is, by definition, a group AT with a topology 
satisfying a suitable separation axiom and such that the trans¬ 
formation (from XX X onto X) which takes {x,y) into x~^y 
is continuous. For our present purposes it is convenient to replace 
this definition by an equivalent one which requires that the 
transformation 5" (from X X X onto itselO, defined by *S’(xj) = 
(x,Afy) be a homeomorphism. If, indeed, is a topological group 
in the usual sense, then it follows that S is continuous; since S 
is clearly one to one and S~^(x,v) = (x,x~^y), it follows similarly 
that S~^ is continuous, and hence that ^ is a homeomorphism. 
If, conversely, it is known that .S’ is a homeomorphism, then S~^ 
is continuous and, therefore, so is the transformation S~^ followed 
by projection on the second coordinate. (In case X is the real line, 
the transformation S is easy to visualize; its effect is that of a 
shearing which moves every point in the plane vertically by an 
amount equal to its distance from the y-axis.) 

Motivated by the preceding paragraph and the fact that every 
locally compact topological group has a Haar measure, we define 
the following measure theoretic analog of the concept of a topo¬ 
logical group. A measurable group is a <r-finite measure space 
(X,S,m) such that (a) ft is not identically zero, (b) X is a group, 
(c) the <r-ring S and the measure m are invariant under left trans¬ 
lations, and (d) the transformation S of X X X onto itself, 
defined by S(x,y) = ix,xy)y is measurability preserving. (To say 
that S is invariant under left translations means, of course, that 
xE eS for every x in X and every £ in S; by a measurable subset 
of .y X A" we mean, as always, a set in the cr-ring S X S.) 

If A* is a locally compact group, S is the class of all Baire sets 
in X, and ju is a Haar measure, then the fact that 4$* is a homeo¬ 
morphism (and therefore Baire measurability preser^dng), to¬ 
gether with the fact (51.E) that the class of all Baire sets inX X X 
coincides with S X S, implies that (XySyn) is a measurable group. 
The main purpose of the following discussion of measurable groups 
is to see how much one can say about a locally compact topological 
group by exploiting its measure theoretic structure only. 
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If X is any measurable space (and hence, in particular, if X 
is any measurable group), then the one to one transformation 
R o( X y, X onto itself, defined by Rix^) = (y,x), is measura¬ 
bility preserving—the reason for this is the immediately verifiable 
fact that if £ is a measurable rectangle, then so also are R{E) 
and £“*(£) (= £(£)). Since the product of measurability preserv¬ 
ing transformations is measurability preserving, this remark ^ves 
us a large stock of measurability preserving transformations in a 
measurable group—namely all transformations which may be 
obtained by multiplying powers of S and R. We shall in particu¬ 
lar frequently use, in addition to the shearing transformation S, 
its reflected analog 7* = we observe that = {yx,y). 

Throughout the remainder of this section we shall assume that 

H and V are two measures (possibly but not necessarily identi¬ 
cal) such that (XySyit) and (^,S,j») are measurable groups, and 
Ry Sy and T are the measurability preserving transformations 
described in the preceding paragraphs. 

Theorem A. If E is any subset of Xy Xy then 
{S{E)),^xE, and (T(E)y yE?> 
for every x and y in X. 

Proof. The result for S follows from the relation' 

XsiE)(Xyy) = 

together with the facts thaty e («S’(£))* if and only if xs(E)(Xyy) — 
1, and e £* if and only if XB{XyX~y) = 1. The proof for T 
is similar. | 

Theorem B. The transformations S and T are measure 
preserving transformations of the measure space (X X Xy 
S y 8y /I y v) onto itself. 

Proof. If E is a measurable subset of X y Xy then, by 
Fubini’s theorem and Theorem A, 

0. X .)(J(£)) - f.((S(E)).m>!) -f.(xE.Ul>M = 

- " 0* X f)(^; 
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this establishes the measure preserving character of S. The result 
for T follows similarly by considering the sections (T(£))‘'. | 

Theorem C. 1/ Q = S~^RS, then 

{Q{A X £)),-. B-\ 

and 

KQ{A X £))«'-* = \ f '-f ^ 

10 tj y e B. 

Proof. We observe that Qix^y) = and that Q~^ = Q. 

The first conclusion follows from the relation 

together with the facts that y e {Q{A X B))^-\ if and only if 
X0MxB)(jf~‘>.y) = \,^ndyzxA fl ifandonlyifx*A(^)XB(>'"‘) 
= 1. The second conclusion follows from the relation 

XQ(Ay.B){x,y~^) = XAy.B{xy~\y) = XAy{x)XB{y)y 

together with the facts that x e [,Q{A X £))*' ' if and only if 
XQUxB)(*>>~^) = 1> and that x z Ay and y zB \i and only if 
XAy{x)xB{y) = 1. I 

Theorem D. If A is a measurable subset of X [of positive 
measure], and y z X, then Ay is a measurable set [of positive 
measure] and A~^ is a measurable set [of positive measure]. 

If f is a measurable function, A is a measurable set of positive 
measure, and, for every x in X, gix) = f{x~^)/ii{Ax), then g is 
measurable. 

Proof. The measurability of Ay follows by selecting any 
measurable set B containing y and observing that, according to 
Theorem C, Ay is a section of the measurable set Q{A X B) 
(where Q = S~^RS). For the remainder of the proof we shall 
make use of the fact that j? is a measure preserving transforma¬ 
tion of {X X X, S X S, n X fl) onto itself. It follows that if 
n[A) > 0, then, by Theorem C, 

0 < (m(^))» = (m X fDiQiA XA))^ jis{x-^A n A-^)dn(x), 
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and hence, in particular, that x~^A (1 A~^ is a measurable set 
of positive measure for at least one value of x. We have proved, 
in other words, that if /f is a measurable set of positive measure, 
then there exists a measurable set B of positive measure such 
that B C A~^. (This implies, in particular, that as soon as we 
will have proved that A~^ is measurable, the result concerning 
the positiveness of ii{A~^) will follow automatically.) Since 
B c. A~^ implies that y~^B Ciy~'A~^, and since n{y~^B) = 
ju(5), another application of our result yields the existence of a 
measurable set C of positive measure such that C c (y~^B)~^ C 
iy~^A~^)~^ =» Ay. This settles all our assertions about Ay. 
To prove the measurability of A~^ we observe that it follows from 
Theorem C and what we have just proved that, if n{A) > 0, then 

{y:^myiXAm>0} ^A-\ 

This proves that if n(A) > 0, then A~^ is measurable; if n{A) = 0, 
we may find a measurable set B of positive measure, disjoint from 
A, and deduce the measurability of A~^ from the relation 
A-^ = (// U 5)-' - B-K 
What we have already proved implies that if /{x) 
then } is measurable. If A and B are measurable sets, if/o(j') ^ 
n{{Q{A X B)y), and if My) = My~^)> then both /o and Jo are 
measurable, and we have, by Theorem C, 

My) = t^i^y)xBiy). 

We have proved, in other words, that if h(y) = n(Ay), then h 

IS measurable on everv measurable set. and it follows that - has 

h 

the same property. | 

Theorem E. Jf A and B are measurable sets of positive 
measure^ then there exist measurable sets Ci and Ca of positive 
measure and elements yi, Xa, and y^, such that 

xxCx c Ay yxCx c 5, C ^2 c Ay Caya c: '5. 

Proof. Since n{B) > 0 implies that it.{B~'^) > 0, it follows 
that (ji X ii)(A X B~') ■» itiA)n{B~^) > 0. Theorem C implies 
that x~^A n J? is measurable for every x in X and of positive 
measure for at least one x in X. If is such that ft(xx~^A 0 B) 



[Src. 59] _ HAAR MEASURE __^ 

> 0, and if yi — then, for Ci »= Xi ~'A D B, we have xiCi C A 
and yiCi C B. 

Applying this result to A~^ and B~^ we may find Co, Afo> >o 
so that AToCo c A~^ andyoCo c and we may write Co => Co~*, 
xt = xo'S yo * yo“^ I 

Theorem F. If A and B are measurable sets and if fix) = 

n{x~^A n B), then f is a measurable function and 

ffd^ = 

ff gix) = n{xA A J5), and if e < n(A) + m(jB), then the set 
< «} measurable. 

The first half of this result is sometimes known as the average 
theorem. 

Proof. The first assertion follows from the fact that if, as 
before, Q = S~^RS, then 0 is a measure preserving transforma¬ 
tion o( {X X X, S X S, ij, X is) onto itself and 

f(x) = X 5-*)).). 

If /(x) = fix~^), then it follows that/is measurable. The second 
assertion is a consequence of this and the relation 

< «} = {^s/W > + m( 5) - e)}. I 

(1) Is the Cartesian product of two measurable groups a measurable group? 

(2) If /K is a Haar measure in a compact group X of cardinal number greater 

than that of the continuum, then (A',S,m) is not a measurable group. (Hint: 
let D » X ^ y] — S(X X {r}). If D is in S X S, then there exists a 

countable class R of rectangles such that DeS(R). Let E be the [countable] 
class of sides of rectangles belonging to R. Since D e S(£) X S(£), it follows 
that every section of D belongs to S(£)« Since, however, by 5.9c, S(£) has 
cardinal number not greater than that of the continuum, this contradicts the 
assumption on the cardinal number of X.) 

(3) If /X is a Haar measure on a locally compact group A', then, for every 
Baire set E and every x in X, the vanishing of any one of the numbers, 

m(£), h(xE), niEx), and 
implies the vanishing of all others. 

(4) If {X,S^) is a measurable group such that m i» totally finite, and if X 
is any measurable set such that n(xX — ./f) * 0 for every x in Jf, then either 
niX) * 0 or fjL(X ^ X) » 0. (Hint: apply the average theorem to X and 
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X — A.) Properly formulated, this result remain^ valid even if is not neces¬ 
sarily finite; in the language of ergodic theory it asserts that a measurable group, 
considered as a group of measure preserving transformations on itself, is metri¬ 
cally transitive. 

(5) If |x is a Haar measure on a compact group X, then, for every Baire set 
E and every x in X^ 

fx(E) = ^(xE) « n(Ex) - n(E-^). 

§ 60. UNIQUENESS 

Our purpose in this section is to prove that the measure in a 
measurable group is essentially unique. 

Theorem A. If n and v are two measures such that (X,S,/i) 
and are measurable groups^ and if E in S is such that 

0 < v{E) < 00 , then^for every non negative measurable function 
fonX, 

= m (£) fMy). 

The important part of this result, as far as it concerns the 
uniqueness proof, is its qualitative aspect, which asserts that 
every /t-integral may be expressed in terms of a ^-integral. 

Proof. If g{y) = J{y~^)/v{Ey), then our results in the preced¬ 
ing section imply that f is a non negative measurable function 
along with/. If, as before, we write 

and T{x,y) = {yx^)y 

then in the measure space (X X S X S, m X y) both the trans¬ 
formations S and T are measure preserving and, therefore, so is 
the transformation S~^T, Since S~^T{x^) = it fol¬ 

lows from Fubini’s theorem that 

M(£)fg(y)My) = fg(y)My) = 

=J* XsMg(y)^(M X v){xyy) « 

^ffxjB(yx)g(x-^)My)Mx) - 

» fg(x-^)y(£x-^)Mx). 
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Since g{x ^)v{Ej( *) — fix), the desired result follows from a 
comparison of the extreme terms of this chain of equalities. | 

Theorem B. If n and v are two measures such that iX,S,fi) 
and (X,S,v) are measurable groups, and if E in S is such that 
0 < viE) < 00 , then, for every F in S, ixiE)viF) = viE)niF). 

We remark that this result is indeed a uniqueness theorem; 
it asserts that, for every F in S, /u(F) = cpiF), where c is the non 

negative finite constant - , i.e. that /jl and v coincide to within 

nE) 

a multiplicative constant. 

Proof. Let f be the characteristic function of F. Since 
Theorem A is true, in particular, if the two measures ju and v 
are both equal to v, we have 

Multiplying by /*(£) and applying Theorem A, we obtain 

m(£) ffix)dpix) = piE) Jfix)dKx). I 

Theorem C. If n o»d p are regular Haar measures on a 
locally compact topological group X, then there exists a positive 
finite constant c such that niE) = cpiE) for every Borel set E. 

Proof. If So is the class of all Baire sets in X, then (.^, 80 ,^) 
and (X,So,i') are measurable groups and hence, by Theorem B, 
iu(£) = cpiE) for every Baire set E, with a non negative finite 
constant f; the fact that c is positive may be inferred by choosing 
E to be any bounded open Baire set. Any two regular Borel 
measures (such as u and cp) which coincide on Baire sets coincide 
also on all Borel sets; (cf. 52.H). | 

(1) The Haar measure of the multiplicative group of all non zero real numbers 
is absolutely continuous with respect to Lebesgue measure; what is its Radon- 
Nikodym derivative? 

(2) If X and Y are two locally compact groups with Haar measures ft and p 
respectively, and if X is a Haar measure in JST X T, then, on the class of all Baire 
sets in X V, X is a constant multiple of ft Xp- 

(3) The metric transitivity established in 59.4 may be used to prove the 
uniqueness theorem for measurable groups with a finite measure. Suppose 
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first that M And v are left invariant measures such that then there exists a 
non negative integrable function / such that 

for every measurable set £. It follows that 

v{yE) -/ /MsTmW - f 

and hence, since v is left invariant, that /(x) — /(y~*x) [m]> If Nt 
{*;/(») < rj, then 

- Nt) - < /} - [xxM < /}) « 0. 

and hence» for each real number /, either m W) * 0 or m(M') *“ 0. Since this 
implies that/ is a constant a.e. [mIi it follows that v r/i. To treat the general, 
not necessarily absolutely continuous, case, replace fi hy fjL + v. Just as in 59.4, 
these considerations may be extended to apply to not necessarily finite cases 
also. 

(4) If (XfSji) is a measurable group and if E and F are measurable sets, then 
there exist two sequences {^Tn} and {yn} of elements of X and a sequence [An] 
of measurable sets such that (a) the sequences [xnAn] and [ynAn] are disjoint 
sequences of subsets of E and F respectively, and (b) at least one of the two 
measurable sets, 

E^^ E-- UJ-i and Fq F - [Jn^iynAn^ 

has measure zero. (Hint: if cither E or F has measure zero, the assertion is 
trivial. If both E and F have positive measure, apply 59.E to find ^i, yi, Ai 
so that fJiiAi) > 0, xiAi C £, yiAi C F. If cither E — xiAi or F — yiAi has 
measure zero, the assertion is true; if not, then 59.E may be applied again, and 
the argument may be repeated by countable but possibly transfinite induction.) 

Since this result is valid for all left invariant measures, it may be used to 
give still another proof of the uniqueness theorem. It may be shown that if 
M and v are both left invariant measures, then the correspondence which, for 
every measurable set £, assigns /i(£) to r(£), is an unambiguously defined, one 
to one correspondence between the set of all values of ft and the set of all values 
of V. A more detailed, but not particularly difficult, examination of this corre¬ 
spondence yields the uniqueness theorem. 

(5) Let M be a regular Haar measure on a locally compact group X, Since, 
for each x in X^ the set function defined for every Borel set E by Hx(E) » 
fi(Ex)f is also a regular Haar measure, it follows from the uniqueness theorem 
that ti(Ex) ■> A(x)ia(E)^ where 0 < A{x) < oo. 

(Sa) A(Ary) - A(^)A(y); A(e) - 1. 

(5b) If X is in the center of X, then A(;r) ■■ 1. 

(5c) If X is a commutator, and hence, more generally, if x is in the commutator 
su^roup of X, then A(x) 1. 

(5d) The function A is continuous. (Hint: let C be a compact set of positive 
measure and let € be any positive number. By regularity, there exists a bounded 
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open set U such that C dU and yL{U) ^ (1 + e)M(C’). If ^ is a neighborhood 
of e such that V « and CV C Cf, and if ;if e then 


and 


so that 


l+€ 


aWm(C) - i M(tO S (1 + €)m(C) 
^ ^ #.(t7) S (1 + €)m(C), 

^ AM S 1 + e.) 


(5e) The results (5a) and (5d) yield another proof of the identity of left and 
right invariant measures on a compact group Xy since they imply that A(A') 
is a compact subgroup of the multiplicative group of positive real numbers. 

(5f) For every Borel set £, » f (Hint; by the unique- 

Jb ^ 

ness theorem for invariant measures^ /i(^‘“') =“ r f -^t-t 4‘(^) for some 

•'j? AU) 


sACx)' 

positive finite constant c. This implies thatj/(x‘~^)i//i(x) « r* 

for every integrable function /. Replacing /(x) by /(jr“^), writing ^(x'~‘^) « 
/(x~'^)/A(x)y and applying the last written equation to j: in place of /, yields 
the result that 


‘) 4 ‘M *= 


(5g) If r(x) is the right handed analog of A(x), i.e. if> for a right invariant 

measure p, T is defined by p(xE) * r(;f)y(£), then r(jf) «■ 

(6) A relatively invariant measure on a locally compact group JIf is a Baire 
measure v, not identically zero, such that for each fixed x\n X the measure Vx, 
defined by Vx{E) =® v{xE)y is a constant non zero multiple of v, A necessary 

and sufficient condition that v be relatively invariant is that v{JE) » f 0(y)4x(j')> 

Jb 

where fi is Haar measure and 0 is a continuous representation of X in the multi¬ 
plicative group of positive real numbers. (Hint: if ^ is non negative, continuous, 

and such that <l>ixy) *» ^{x)it>iy)y and if viE) * f ^{y)dyL{y)y then 

Jb 

v{xE) - f 4t{y)dn{y) - f ^{)cy)dii{y) - 
JxB Jb 


If, conversely, v{xE) «* ^{x)v{E)y then it follows (cf. (5)) that ^{xy) » 4^{x)^{y) 
and ^ is continuous. Consequently pi{E) =» J* ^{y"'^)dp{y) may be formed, 
and by the uniqueness theorem pi ^ 

(7) If fjL is a <r-finite, left invariant measure on the class So of Baire sets in a 
locally compact group Xy then /x is a constant multiple of the Baire contraction 
of Haar measure, and hence, in particular, /x is finite on compact sets. (Hint: 
if M is not identically zero, then (J^,So,m) is a measurable group.) 
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§61. TOPOLOGY IN TERMS OF MEASURE 

In the preceding chapter we showed that in every locally com¬ 
pact group it is possible to introduce a left invariant Baire measure 
(or a left invariant, regular Borel measure) in an essentially 
unique manner. In this chapter we shall show that there are 
very close connections between the measure theoretic and the 
topological structures of such a group. In particular, in this 
section we shall establish some of the many results whose total 
effect is the assertion that not only is the measure determined by 
the topology, but that, conversely, all topological concepts may 
be described in measure theoretic terms. Throughout this sec¬ 
tion we shall assume that 

Y is a locally compact topological group, ju is a regular Haar 
measure on X, and p{E,F) = p.{E A F) for any two Borel sets 
E and F. 

Theorem A. 1/ E is a Borel set finite measure and if 
fix) = p{xEyE),for every x in X, then f is continuous. 

Proof. If « > 0, then, because of the regularity of ju, there 

exists a compact set C such that piE.C) < 7 and there exists an 

4 

open Borel set U containing C such that p{U,C) < 4 . Let F be 

4 

a neighborhood of e such that F = F~^ and FC C U. lfy~^x e F, 

266 
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then x~^y e V and therefore 

p{xC,yC) = pixC - yC) + p{_yC - xC) = 

= ix(.y~^xC — C) + pix~^yC — C) ^ 

g 2lx(rC -C)^ - C)< ~ 

It follows that 
I p{xE,E) - p{yE,E) \ g 

^ p{.xE,yE) ^ pixE,xC) + p{xC,yC) + p{yC,yE) < e. | 

Theorem A implies that for every Borel set E of finite measure, 
and for every positive number e, the set {a:: p{xE,E) < e} is 
open. Our next result shows that there are enough open sets of 
this kind. 

Theorem B. I^‘ U is any neighborhood of e, then there exist 
a Baire set E of positive, finite measure and a positive number 
6 such that {x; p{xE,E) < «} c: t/. 

Proof. Let ^ be a neighborhood of e such that VV~^ c V 
and let £ be a Baire set of positive, finite measure such that 
E <z F. If € is such that 0 < € < 2 jtt(£), then 

\x'.p{xE,E) < «} c {;r: ;r£ n £ 7 ^ 0} = ££-* c VV-^ c i7. fi 

Theorems A and B together imply that the class of all sets of 
the form {at: p{xE,E) < e} is a base at e, and hence that it is 
indeed possible to describe all topological concepts in measure 
theoretic terms. To illustrate in detail how such descriptions are 
made, we proceed to give a measure theoretic characterization 
of boundedness. 

Theorem C. necessary and sufficient condition that a set 
A be bounded is that there exist a Baire set E of positive, finite 
measure and a number €, 0 ^ < 2p{E), such that 

A c {*: p{xE,E) ^ e}. 

Proof. In order to prove the sufficiency of the condition, we 
shall show that if £ is a Baire set of positive, finite measure, and 
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if 0 ^ e < 2 m(£), then the set {x: p(x£,£) ^ «} is bounded. 
Let 5 be a positive number such that 4i < 2n(E) — c, and let 
C be a compact subset of E such that n(E) — i < ii(jC). It fol¬ 
lows that 

p(xC,C) ^ p{xC,xE) + p{xEJS) + piE,C) < 26 + pixE^E) 
and hence that 

{x: p(xEyE^ ^ c {x: p(xC,C) ^ c ~i~ 26}. 

Since e + 26 < 2p(C), it follows that 

{x: p(xE,E) ^ ej c {x: p{xC fl C) pS 0} c CC~K 

To prove the necessity of the condition, let C be a compact set 
such that A C.C and let D be a compact set of positive measure. 
Suppose that the Baire set E of positive, finite measure is selected 
so that E 3 U D. Since D c £, and since, for x in C, 
D c xC~^D c x£, it follows that, for x in C, D c xE 0 E. 
This implies that 

c C c {x; D c x£ n £} c {x: p{xEyE) ^ e}, 
where c = 2(m(£) - p(D)). | 


(1) The analogs of Theorems A, B, and C with p{xE fl F) in place of p(xE,E) 
are true, where £ and F are Baire sets of positive finite measure. 

(2) If, for a fixed Borel set £ of finite measure, /(x) — x£, then / is a con¬ 
tinuous function from X to the metric space of measurable sets of finite measure. 

(3) If £ is any Borel set of positive measure, then there exists a neighborhood 
U of t such that U C ££“^ 

(4) X is separable if and only if the metric space of measurable sets of finite 
measure is separable. 

(5) If £ is any bounded Borel set, and if, for every xxn X and every bounded 
neighborhood U of e, 

,, p(£ n ux) 

- - -(yi).. 


then Jv converges in the mean (and therefore in measure) to xjb as C/ —> e. 
In other words^ for every positive number f there exists a bounded neighborhood 

F of € such that \f U d F^ then J*|/cr — 14* < This result may be called 
the density theorem for topological groups. (Hint: let ^ be a neighborhood of 
#suchthatify thenp(y£»£) < IfU C ^andifFisany Borel set, then 
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“ I(/I'W “ x*W)4*(*) 1* 


[Recall that 


fjL(A) ^(Ax) 


for any Borel sets A and B and every x in X; cL 60.5.] 


m(5) fi(Bx) 

The desired conclusion follows upon applying this result first to 


F * {x:/uix) - xe(x) > 0} 

and then to F =» {x:/tf(;c) — xb(x) < 0}.) 

(6) If V is any finite signed measure on the class of all Baire sets in X, then 
(cf. 17.3) there exists a Baire set Np such that v(£) *« v(E fl Np) for every 
Baire set E. If X and v are any two such finite signed measures^ their convolution 
X ♦ V is defined, for every Baire set JB, by 


(X * k)(£) ^ X !')(*,j^X 

If X and V are the indefinite integrals (with respect to Haar measure n) of the 
integrable functions / and g respectively, then X ♦ i' is the indefinite integral of 
A, where 

Ky) 


(7) If X and y are finite signed measures (cf. (6)), then 

Qi*pm = 

If the group X is abelian, then X « v » v * X. 

(8) If X and v are finite measures on the class of all Baire sets of a locally 

compact, <r~compact, abelian group JY, then J\{xE)dy(x) =« Jv(xE"'^)dXix). 
(Hint; if V(E) = viE"^), then 

f\{xE)Mx) = fMx-^E)dti(x) and - fp(x-^E)d\(x); 

the desired result follows from the relation X ♦ )? * P ♦ X.) 

(9) If/ and g are two bounded, continuous, monotone functions on the real 
line, then (cf. 25.4) 


£/* +J]W =/(%(« -Aa)g(a), 
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i.e. the usual equation for integration by parts is valid. (Hint: let X and v be 
the measures induced by / and g respectively, and apply (8) with E » 
{*; -«o <*<0}.) 


§ 62. WEIL TOPOLOGY 

We have seen that every locally compact group in which measur¬ 
ability is interpreted in the sense of Baire is a measurable group, 
and that, moreover, the topology of the group is uniquely deter¬ 
mined by its measure theoretic structure. In this section we shall 
treat the converse problem: is it possible to introduce a natural 
topology in a measurable group so that it becomes a locally com¬ 
pact topological group ? We shall see that the answer is essentially 
affirmative; we proceed to the precise description of the details. 

Throughout this section we shall work with a fixed measurable 
group (A',S,/t); as usual, we shall write p(£,F) * n(EAF) for 
any two measurable sets E and F. We shall denote by A the 
class of all sets of the form EE~^, where £ is a measurable set of 
positive, finite measure, and by N the class of all sets of the form 
{x: p{xEyE) < c}, where £ is a measurable set of positive, finite 
measure and e is a real number such that 0 < c < 2p{E). 

Theorem A. 1/ N ^ {xt p{xE,E) < *| eN, then every 
measurable set F of positive, measure contains a measurable 
subset G of positive, finite measure such that GG~^ c N. 

Proof. It is sufficient to treat the case in which F has finite 
measure. If T(x,y) = iyx,y), then ?’(£ X £) is a measurable 
set of finite measure \n XX X and hence there exists a set 
\n XX X such that ^ is a finite union of measurable rectangles 
and 


^/*(£) > p(7’(£ X £),/f) - 

- jj1 XT{»xF)(*xy) - xa(x,j) \dp{x)dp{y) ^ 

^JTJ*I XB(y~^x) - XAix,y) \dpi}C)dp(y). 
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If wc write C = j>:J| XB{y~^x) - XA(x,y) \dti(x) ^ ^ 
it follows that n(F fl C) ^ and hence that 
M(F-C)^iiu(F)>0. 

If e F — C, then 


then 


p{,yE,A^) = J*I xjsh **) - yjSx,y) \dp(,x) < 

Since A is a. finite union of measurable rectangles, there are only 
a finite number of distinct sets of the form /f*'; we denote them 
by ^ 1 , • • •, An- What we have proved may now be expressed 
by the relation 

F-CcU?-i [yi9iyEM<^- 

Since ^ < *i('£) = p(yE) it follows from 59.F that each of the 


sets 


y: p{yEyAi) < - 


is measurable, and therefore, since 


p{F — C) > 0, that at least one of them intersects F — C in a 
set of positive measure. We select an index i such that if 

Go - (F-C) n {;-:p(yF,^,)<^}, 


then ju(Go) > 0. It is clear that Go is a measurable set of positive, 
finite measure and that Go c F. If yi e Go“' and ^2 e Go~^, then 

piyiy2~^E,E) = p(y2~^E,yi~^E) ^ 

^ p{y2~^EyAi) + p{yr^E,Ai) < t, 

so that Go“^Go C N. We have proved, in other words, the 
existence of a set Go satisfying all the requirements of the theorem 
except that instead of GG“‘ c iV we have Go“^Go c N. If we 
apply this result to F“‘ in place of F, and if we denote the set so 
obtained by G~*, then the set G satisfies all the requirements 
without exception. | 

Theorem A asserts in particular that every set in N contains a 
set in A. We shall also need the following result which goes in 
the opposite direction. 
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Theorem B. If A ^ EE~^ e A andO < t < 2 /u(£), and if 
N = {*:p(;f£,£) < e}, 
then iV e N and N C. A. 

Proof. It is trivial that iVcN; to see that N c. Ay observe 
that iSr c : *£ n £ 0} = ££-». | 

Theorem C. If N = {x: p(xE,E) < e} e N, then N is a 
measurable set of positive measure. If m(£”‘) < «, then 
u{N) < 00. 

Proof. Since N = '• x: nixE fl £) > /*(£) — ^|, the measur¬ 
ability of N follows from 59.F. To prove that p{N) > 0, we 
apply Theorem A. If G is a measurable set of positive measure 
such that GG“‘ c N, then, in particular, Gy~^ c N for any y 
in G. The last assertion of the theorem follows from the relations 

(p(E) - ^f^u(xE n E)ddx) ^ , 

^ J uixE n E)dpix) = p(£)p(£-»). I 

Theorem D. If A and B are any two sets of A, then there 
exists a set C in A such that C c. A fl £. 

Proof. Let E and F be measurable sets of positive, finite 
measure such that A = EE~^ and B = FF~^. By 59.E there 
exists a measurable set G of positive, finite measure and there 
esdst two elements x and y in X such that 

Gx c E and Gy c F. 

If C “ GG"*, then C e A and 

C = (G*)(Gx)-* c A and C - (Gy)(Gy)”' c fi. | 

» 

Before introducing the promised topology in X, we need to 
define one more concept. We recall that our definition of a 
measurable group was motivated by the continuity properties of 
topological groups and ignored entirely the separation axiom 
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which is an essential part of the definition of a topological group. 
One way of phrasing the relevant separation axiom is this: if an 
element x of the group is different from e, then there exists a 
ndghborhood U of e such that x e' U. Guided by these con¬ 
siderations and 61 .A and 61.B, we shall say that a measurable 
group X is separated if whenever an element x of the group is 
different from e, then there exists a measurable set E of positive, 
finite measure such that p(xE,E) > 0. 

Theorem E. 1/ X is separated^ and ij the class N is taken 
for a base at e, then, with respect to the induced topology, X 
is a topological group. 

We shall refer to this topology of the measurable group X as 
the Weil topology. 

Proof. We shall verify that N satisfies the conditions (a), 
(b), (c), (d), and (e) of § 0. 

Suppose that xo is an element of X, Xo e, and that £ is a 
measurable set of positive, finite measure such that p{xqE,E) > 0. 
If « is a positive number such that 0 < f < p{xqE,E), then 
t<2p{E). It follows that if = {x: p{xE,E) < t\, then 
iV e N, and, clearly, X. 

If N and M are in N, then by Theorem A, there exist sets J 
and £ in A such that A c. N and B c M. By Theorem D, there 
exists a set C in A such that C c H 5; by an application of 
Theorem B, we obtain a set £ in N such that 

K(zCciAr\BczN(\M. 

If N — {a,*: p(xE,E) < «}, we write M = |a:: p{xE,E) < -j • 

If *0 and yo are any two elements of M, then 

p(xoyo-^E,E) ^ piyo-^E,E) + p{xo-'E,E) = 

= piyoE,E) + p{xoE,E) < t, 

and therefore MM~^ c. N. - 

If TV c N and a: e A', then by Theorem A, there exists a measur¬ 
able set E of positive, finite measure such that ££”* c N. 
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Applying Theorem B to the set ixE)(xE)~^ in A, we may find a 
set M in N such that 

M c (xE){xE)-^ = xEE-^x-^ c xNx-K 

If, finally, N =» {x:p(xE,E) < «} eN and if XqbN, then 
p(xoE,E) < t. Since c < 2 m(£), it follows that c — pixoEyE) < 
2p(xoE) and hence that if 

M — p{xxoE,XoE) < t — p(xo£,£)}, 

then Af e N. Since 

Nxo~^ - {xxo~^i p(.xE,E) < e} = {x: p(xxoE,E) < «}, 
we have, for every x in M, 

p(xxoE,E) g p(xxoE^oE) + p(xoEyE) < 

< (« - pixoEyE)) + pixoEyE) - e. 

This implies that x e Nxo~^ and hence that Mxo C N> | 

Theorem F. 1/ X is a separated, measurable group, then X 
is locally bounded with respect to its Weil topology. IJ a 
measurable set E has a non empty interior, then p{E) > 0; 
ij a measurable set E is bounded, then m(£) < ». 

Proof. Let iVo be an arbitrary set of finite measure in N 
(see Theorem C), and let Mq be a set in N such that AfoAfo~* c: iVo. 
We shall prove that A/q is bounded. If A/q is not bounded, then 
there exists a set AT in N and a sequence (xn) of elements in Afo 
such that 

^*+1 e ' U "-» " 1 » 2 , • • •. 

By Theorem A, there exists a measurable set E of positive, finite 
measure such that £ c A/o“* and EE~^ C N. Since the condi¬ 
tion on {;««} implies that i^he sequence {xn£| is disjoint, and 
since x^E, c MpMtT^ c Na, it follows that p{No) •* «. Since 
this contradicts Theorem C, we have proved the first assertion 
of the theorem. 

The fact that a measurable set with a non empty interior, has 
positive measure follows from Theorem C; the last assertion is 
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a consequence of Theorem C and the fact that, by definition, a 
bounded set may be covered by a finite number of left transla¬ 
tions of any set in N. | 

Theorem F is in a certain sense the best possible result in this 
direction. If, however, we make use ^of the fact that every 
locally bounded group may be viewed as a dense subgroup of a 
locally compact group, then we may reformulate our results in 
a somewhat more useful way. We do this in Theorem H; first 
we prove an auxiliary result concerning arbitrary (i.e. not neces¬ 
sarily right or left invariant) Baire measures in locally compact 
groups. 

Theorem G. IJ y. is any Baire measure in a locally compact 
topological group X, and if Y is the set of all those elements y for 
which y{yE) = ju(£) for all Baire sets E, then Y is a closed 
subgroup of X. 

Proof. The fact that F is a subgroup of X is trivial. To prove 
that Y is closed, let yo be any fixed element of Y and let C be 
any compact Baire set. If U is any open Baire set such that 
yoC c U, then there exists a neighborhood V oi e such that 
Vy^C C U. Since Fyo is a neighborhood of yo, it follows that 
there exists an element y in F such that y e Vy^. Since yC c 
FyoC C U, it follows that 

m(C) = M(yC) ^ m(c/), 

and hence, by the regularity of /x> that y{C) ^ iu(yoC). Applying 
this conclusion toyo“^ andyoC in place ofyo and C we obtain the 
reverse inequality, and hence the identity, yiC) = M(yoO for all 
C. It follows that y{E) — y{yoE) for every Baire set E and hence 
that yo e F. | 

By a thick subgroup of a measurable group we mean a sub¬ 
group which is a thick set; (cf. § 17). 

Theorem H. If (X,S,y) is a separated, measurable group, 
then there exists a locally compact topological group ^ with a 
Haar measure /2 on the class § of all Baire sets, such that X is a 
thick subgroup (j/" j?, S 3 § n .Y, and y{E) = whenever 
tz^andE = ^ n X 
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Proof. Let ^ be the completion of X in its Weil topology; 
i.e. ^ is a locally compact group containing Xz&z dense subgroup. 
Consider the class of all those subsets for which £ H A* e S. 

It is clear that this class is a <r-ring; in order to show that this 
(T-ring contains all Baire sets, we shall show that it contains a base 
for the topology of J?. 

Suppose that A is any point of ^ and t) is any neighborhood 
of i in X\ let ^ be a neighborhood of i such that c t7. 

Since ^ D .Y is an open set in X, there exists a measurable open set 
^ in .X" such that fV d (\ X'y since the topology of X is (by 
the definition of X) the relative topology it inherits from X, there 
exists an open set tP in X such that JV = JP U X. Since we may 
replace JP hy fP (\ Py there is no loss of generality in assuming 
that fP <z P. Since X is dense in Xy there exists a point xmX 
such that X e it follows that 

St e xiP C StJP~^JP c SiP~^P (zStt). 

If we define (L by writing = ii{& H X) for every X in S, 
then it is easy to verify that /I is a Baire measure in X. It follows 
from Theorem G, and the fact that (lixP) = (LiX) whenever 
X zX and ^ e S, that (k is left invariant. The uniqueness theorem 
implies therefore that fi, coincides on S with a Haar measure in X. 
It follows that if £ e S and £ 0 X" = 0, then (k{X) = H X) 
-> 0, i.e. that X is thick in X. | 

(1) Let X be any locally compact topological group with a Haar measure m 

on the class S of all Baire sets. If .i? » Jif X if S is the class of all sets of the 
form E X where JB e S, and if ]!(£ X A') ■* m(^)> then is a measur¬ 

able group which is not separated. To what extent is this example typical of 
non separated measurable groups in general? 

(2) If A* is a separated measurable group^ then a set E is bounded with respect 
to the Weil topology of X if and only if there exists a measurable set /f of posi¬ 
tive, finite measure such that EX is contained in a measurable set of finite 
measure. 

(3) Is TtijBorem G true for Borel measures? 

(4) Is the subgroup Y described in Theorem G necessarily invariant? 

(5) Under the hypotheses of Theorem G, write /(x) *« f^ixE) for every x in 
X and every Baire set £. Is/ a continuous function? 

(6) The purpose of the following considerations is to give a non trivial example 
of a thick subgroup. Let X be the real line and consider the locally compact 
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topological mup X XX. A subset £ of AT is linearly independent if the 
conditions i * 1, •••, with rational numbers r*, 

imply that n «•••■« r« *■ 0. 

(6a) If £ is a Borel set of positive measure in AT X -Y and if B is a linearly 
independent set in A', of cardinal number smaller than that of the continuum, 
then there exists a point {x^y) in E such that B )J is a linearly independent 
set. (Hint: there exists a value of y such that has positive measure and 

therefore has the cardinal number of the continuum.) 

(6b) There exists a set C of points in A X A such that (i) C fl A 0 for 
every Borel set E of positive measure in A X A, (ii) the set B of first coordinates 
of points of C is linearly independent, and (iii) C intersects every vertical line 
in at most one point. (Hint: well order the class of all Borel sets of positive 
measure in A X A and construct C, using (6a), by transfinite induction.) 

(6c) A Hamel basis is a linearly independent set B in A with the property 
that for every in A there exists a finite subset {ati, • • •, ;rn} of B and a corre¬ 
sponding finite set {ri, • • •, rn} of rational numbers such that x « 5Z?-i 
The expression of ;c as a rational linear combination of elements of B is unique. 
Every linearly independent set is contained in a Hamel basis. (Hint: use 
transfinite induction or Zorn’s lemma.) 

(6d) By (6b) and (6c) there exists a set C of points in A X A having the 
properties (i), (ii), and (iii) described in (6b) and such that the set B of first 
coordinates of points of C is a Hamel basis. If x =* 53?-1 where ri is rational 
and (*<,><) e C, < = 1, • • •, «, write/(*) = 2?-i If Z = =/Wl 

(i.e. if Z is the graph of/), then Z is a thick subgroup of X X X. 


§ 63. QUOTIENT GROUPS 

Throughout this section we shall assume that 

^ is a locally compact topological group and fi is a. Haar 
measure in .X"; T is a compact, invariant subgroup of X, 
p is a Haar measure in Y such that p(y) = 1, and tt is the pro¬ 
jection from X onto the quotient group X = X/Y. 

While most of the important results of this section are valid for 
closed (but not necessarily compact) subgroups Y, we restrict our 
attention to the compact case because this will be sufficient for 
our purposes and because the proofs in this case are slightly 
simpler. 

Theorem A. ^ a compact set C is a union of cosets of Y 
and if U is an open set containing C, then there exists an open 
set P in X such that 

C c c U. 
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Pnxtf. There is no loss of generality in assuming that U is 
bounded. If we write Xa = UYy then it follows that is com¬ 
pact. We assert that X^ is, just as UY, a union of cosets of Y. 
To prove this, suppose that xi 8 .X 0 and ir(xi) = ir(Ar 2 ) (so that 
Xi~^X 2 e F); we are to prove that xa c X^. If Y is any neighbor¬ 
hood of Xa, then Yx2~^xi is a neighborhood of Xi and therefore 
UY n Vx2~^Xi 34 0. Since Xi“*Xa e F, it follows that 

UY^V= l/Fxr^xa n ^xa-'xixr^xa - 

= (jUY n Fx2-‘xi)xi-^X2 0; 

since V is arbitrary, this implies that Xa e J^lo* 

The fact that C is a union of cosets of F implies that viXo — U) 
n v(C) = v((A!o — C/) n C) = 0 . since the sets viX^ — U) and 
r{C) are compact, and since ir(t/) is an open set containing ir(C), 
there exists an open set Y\nX such that 

t(C) C c xiU) C v{Xo) and Y n ir{Xo - U) = 0. 

If xzTf~'{Y)y so that ir(x) zYy then ir(x) z' v{Xq — U) and 
therefore x z' Xq — U. Since, however, x e Xoy it follows that 
X zU and therefore that C c cz U. | 

Theorem B. If C is a compact subset of Xy then 
is a compact subset of X; if £. is a Baire set [or a Borel set] in 
Xy then is a Baire set [or a Borel set] in X. 

Proof. Suppose that K is an open covering of Since, 

for each in (7, is a coset of F, and therefore compact, 

it follows that K contains a finite subclass K(;?) such that 
C U{)1) = U K(;?). By Theorem A there is an open 
set Y(Ji) in X such that 

ir-KiH]) C YiH) = w-HYm C Ui£). 

Since C is compact, there exists a finite subset {;?i, ■ * ■, ^n} of C 
such that C C U<-i ^(^»); it follows that 

r-^C) c U?-i m) c U?-i U 

and hence that is compact. 

The assertion concerning Baire sets and Borel sets follows from 
the prece(Bi^ paragraph and the additional facts that the inverse 
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image (under v) of a is a Gt, and that the class of all those sets 
in whose inverse ims^e lies in a prescribed <r-ring is a oaring. | 
Theorem B implies that if measurability in both X and X is 
interpreted in the sense of Baire, or else in the sense of Borel, 
then the transformation r is measurable. In other words, 
maps measurable sets satisfactorily; how does it map their meas¬ 
ures? 

Tlieorein C. If (L — then (l is a Hoar measure in X. 

Proof. The fact that A is finite on compact sets and positive 
on non empty open Borel sets follows from the fact that the 
inverse image (under a-) of a compact set or a non empty open set 
is a compact set or a non empty open set, respectively. It remains 
only to prove that /I is left invariant. 

If.fi is a Borel set in X and e X, let *o be an element of X 
such that ir(^:o) = If * e Xoa‘“^(^, then (since ir is a homo¬ 
morphism) Ttix) e j?o-fi> so that 

^foir~*(jS) C 

If, conversely, x e ir~‘(.^oj£)> then ir(jf) c and therefore ir(*o~*^r) 
= “*«■(*) e X This implies that x^~^x e ir~‘(£) and hence that 

X z xtsK~^{X). Since we have thus proved that 

ir“^(.^0^ Cl AfoT~*(£), 

it follows that 

A(^o.fi) = nir~^i^oX) = fi(xoT~^(£)) = Mv~*(-^ “ A(^. I 

Theorem D. i// e £+(.^0 anef if 

g{x) f^fixy)My)y 

then g e £+(X) and there exists a {uniquely determined) func¬ 
tion % in £+{X) such that g = ir. 

Proof. If f,{y) ^f{xy), then the continuity of f implies the 
continuity, and hence integrability, of /, on Y. Since f is uni¬ 
formly continuous, to every positive number c there corresponds a 
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neighborhood U oi e such that if XiX^r' e U, then |/(*i) — /(va) i 
< i. If xixa“‘ e U, then 

» XiXa”^ c U 

and therefore 

k(^i) - ^(* 2 ) I ^^\Axiy) -/(xay) \dv(y) < e, 

so that g is continuous. Since g is clearly non negative and since 
{*: g(x) 0} c 9 ^ 0 ] Y, it follows that g e-£+iX). 

If t(xi) — ir(x 2 ), then e Y and it follows from the left 

invariance of v that 

^(*i) == J^/(xiy)My) = J'y(xi(xi~^x2y))My) = ^(* 2 ). 

Consequently writing = g(x), whenever = x(x), unam¬ 
biguously defines a function ^ on X; clearly g = Since 
(39.A), for every open subset M of the real line, 

{^!^(^) eAf} = eM}), 

the continuity of ^ follows from the openness of x. Since x maps 
the bounded set {x: g(x) 0} on a bounded subset, of X, it 
follows that i e £+(^ > the uniqueness of ^ is a consequence of 
the fact that x maps X onto X. | 

Theorem IJ C is a compact Baire set in X and if 
g(x) = v{x~^C n Y), then there exists a {uniquely determined) 
Baire measurable and integrable function ^ on X such that 

f = If C is a union of cosets of Y, then Ji’d'/l ■* m(0* 

Proof. Let {/«} be a decreasing sequence of functions in 
such that lim«/„(*) = xc{x) for every x in X. If 

~^Jn.{xy)dv{y)y » « 1 , 2 , • • •, 

then {gn} is a decreasing sequence of functions in (cf> 
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'nieorem D), and hence (by, for instance, the bounded con¬ 
vergence theorem) 


limnf»(x) = j xc{xy)dv{y) = f Xx-^{y)dv{y) 
Jy Jy 


= v{.x-^c n y) = g{x) 

for every x in X. 

By Theorem D, for each positive integer n there is a function 
I’n in je+(X) such that gn = Since the sequence (in] is 

decreasing, we may write = lim„^n(>v); clearly ^ 

Since (39.C) 


jid(i =fgd,x = J u{x-^c n W(^), 


and since {j?: v(x~^C fl T) 0} c {x: x~^C 0 T 0} = CY, the 
integrability of g follows from the finiteness of v. 

If, finally, C is a union of cosets of Y, then 


and therefore 


x-^c n y = 



if Af e C, 
if X z' C, 


n y)t/M(*) = m(C). I 

Theorem F. IJiJor each Baire set E in X, 

gE{x) = v{x-^E n y), 

then there exists a {uniquely determined) Baire measurable 

function ^ on ft such that gE — I’stt. 

Proof. We observe first that (by the definition of topology in 
Y) the set x~^E fl y is always a Baire set in Y and, consequently, 
that gsix) is always defined. 

If we denote by £ the class of all those sets E for which the 
desired conclusion is valid, then, by Theorem E, it follows that 
every compact Baire set belongs to E. Since the elementary 
properties of the (finite) measure v imply that E is closed under 
the formation of proper differences, finite disjoint unions, and 



282 


MEASURE AND TOPOLOGY IN GROUPS 


fSBC. 64) 


monotone unions and intersections, it follows that E contmns all 
Baire sets. | 

Theorem G. If, for eoch Baire set E in X, is the unique 
Baire measurable Junction on Jor which 

= vix~'E n y) = geix) 

for every x in Xy then 


J*= ts(.E) 

for every Baire set E. 

—^v{x~^E n Y)dn{x) for every 

Baire set E in X. Since \{C) is finite for every compact Baire set C 
(Theorem E) and since X is clearly non negative, we see that X is a 
Baire measure in X, If Xo e Xy then 

X(xo£) = ^gxa{x)dn{x) == ^v{x~^X(yE n Y)dy.{x) = 

= jv{{xo~^x)-^E n Y)dn(x) =JgB(xo~^x)dii(x) = 
=JgB(x)dn(x) = X(£), 

so that X is left invariant. It follows from the uniqueness theorem 
that X(£) * cn(E) for a suitable constant c. Since, by Theorem E, 
X(C) = n(C) whenever C is a compact Baire set which is a union of 
cosets of Yy and since there exist such sets with /i(C) > 0, it follows 
that col. I 

§ 64. THE REGULARITY OF HAAR MEASURE 

The purpose of this section is to prove that every Haar measure 
is regular. Throughout this section, up to the statement of the 
final, general result, we shall assume that 


Proof. Write X(£) 
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is a locally compact and <r-compact topological group, 
and M is a left invariant Baire measure in X which is not 
identically zero (and which, therefore, is positive on all non 
empty open Baire sets). 

It is convenient to mtroduce an auxiliary concept; by an invariant 
(T-ring we shall mean a <r-ring T of Baire sets such that if £ e T 
and X e X^ then xK e T. Since the class of all Baire sets is an 
invariant v-ring, and since the intersection of any collection of 
invariant <r-rings is itself an invariant <r-ring, we may define the 
invariant oaring generated by any class E of Baire sets as the 
intersection of all invariant <r-rings containing E. 

Theorem A. 7/ E is a class of Baire sets and T is the 
invariant a-ring generated by E, then T coincides with the 
<T-^ng To generated by the class a; e X, £ e E}. 

Proof. Since xE e T for every x in X and every £ in E, it 
follows that To C T; it is sufficient therefore to prove that To 
is invariant. Let xo be any fixed element of X. The class of all 
those Baire sets £ for which xqF e To is a <r-ring; since, for every 
X in X and every £ in E, Xo(xE) = (xox)E eTo, it follows that 
this <r-riiig contains To. We have proved, in other words, that if 
F e To, then xoF e Tq. | 

Theorem B. J/B is a countable class of Baire sets of finite 
measure and T is the invariant a-ring generated by E, then the 
metric space 3 of all sets of finite measure in T {with the metric 
p defined by p{E,F) — p,(E A £)) is separable. 

Proof. Since every subspace of a separable metric space is 
separable, it is sufficient to prove that there exists a «r-ring To 
of Baire sets such that T c To and such that To has a countable 
set of generators of finite measure; (cf. 40.B). Since .JT is a Baire 
set, it follows that A" X £ is a Baire set in X X X for each £ 
in E. If we write, as before, S{x,y) = ix,xy), then S{X X £) is 
also a Baire set in X X X for each £ in E. Consequently there 
exists, for each £ in E, a countable class Rb of rectangles of finite 
measure such that S{X X £) eS(Ra). If we denote by To the 
oaring generated by the class of all sides of all rectangles in all 
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Rj;, £ e E, then clearly 

S(XXE) eTo X to 

for every E in E. Since every section of a set in To X To belongs 
to To, it follows that, for every xin X and every E in E, 

xE » x(X X £). = iS{X X £)), 8 To, 

and hence (by Theorem A) that T c To. | 

Theorem C. If-JT is an invariant v-ring, if J is a function 
in £ which is measurable (T), and if y in X is such that 
piyEJE) = 0 for every E in T, then f{y~^x) — fix) for every 
X in X. 

Proof. If E is any set of finite measure in T, then 
0 = p{yE,E) = J*1 Xvb{)() - xb{x) \dp(x) = 

=J*I Xs{y~^x) - xb{x) \dp{x). 

It follows that 


J* I - g(x) \dp{x) =..0 

for every integrable simple function g which is measurable (T), 

and hence, by approximation, thatj* \fiy'~'x) — fix) \dpix) = 0. 

Since the integrand of the last written integral belongs to 
the desired conclusion follows from 55.B. | 

Theorem D. If T is an invariant a-ring generated by its 
sets of finite measure and containing at least one bounded set of 
positive measure^ if E is a class of sets dense in the metric space 
of sets of finite measure in T, and if 

y-{y:p(y£,£)=:.0, £cE}, 

then Y is a compact., invariant subgroup of X. 

"PtoOl, IfYo “ [yipiyEyE) ** 0,JB eT}, then clearly To c Y. 
On the other hand if £<> is a set of finite measure in T and c is a 
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positive number, then there exists a set £ in E such that 
p(EoiE) < :^ • It follows that if e y, then 

0 ^ p{yEo,E^) ^ p{yEo,yE) + p{yE,E) + p(£,£o) < €. 
Since e is arbitrary, this implies that y e Yo, and hence that 

y = n. 

If yi andy 2 are in Y and E is in T, then 

0 ^ p{yi~^y2E,E) ^ p(yr^y2E,y2E) + piy2E,E). 

Since y2E eT and piyi~^y2E,y2E) = p{y2Ejiy2E), it follows 
that yi~^y 2 e y, so that Y is indeed a subgroup of X. If y e Y, 
xeXy and £eT, then xE eT and therefore p{x~^yxEyE) = 
p(yxEyxE) = 0, so that Y is invariant. 

If £0 is a bounded set of positive measure in T, then the fact 
that p(yEoyEo) = 0 for every y in y implies that y£o D £0 0. 

It follows that y e £o£o“^ and hence that Y is contained in the 
bounded set £o£o"^. To prove, finally, that Y is closed (and 
therefore compact) we observe that 

Y = flseB {yip(yEyE) = 0}; 
the desired result follows from 61 .A. | 

Theorem E. 1/ E is any Baire set in Xy then there exists a 
compacty invariant Baire subgroup Y of ^ such that E is a 
union of cosets of Y. 

Proof. Let {£<} be a sequence of compact Baire sets, of which 
at least one has positive measure, such that £ eS({C,}). For 
each iy let {/,/} be a decreasing sequence of functions in Je+(A) 
such that Xxmjfijfx) = xcX*) lo*" every x in X. For each positive 
rational number r, the set {x: fij{x) ^ r} is a compact Baire set; 
let T be the invariant v-ring generated by the class of all sets of 
this form. It follows from Theorem B that the metric space of 
all sets of finite measure in T is separable; let {£n} be a sequence 
which is dense in this metric space. If 


286 _ MEASURE AND TOPOLOGY IN GROUPS _ [Sec. 64) 

then it follows from Theorem D that y is a compact invariant 
subgroup of X and it follows from 61 .A that y is a Baire set. 
Since 'each is measurable (T), Theorem C implies that 
^ for every in Y and every x in X. It follows 

that xc<(>“^*) = Xc<W> that = C* for every y in y 

and every i = 1, 2, • • •. Since, for each y in y, the class of all 
those sets F for which yF = F is a <r-ring, it follows thatyjE = E 
for every y in Y. Hence E = YE — U*** Yx\ that is, £ is a 
union of cosets of the invariant subgroup Y. | 

Theorem F. If {e\ is a Baire set, then X is separable. 

Proof. Let {(/»} be a sequence of bounded open sets such that 
“ rin-i ^n; we have seen before that there is no loss of 
generality in assuming that 

^n+l C Un, n * 1> 2, • * 

There exists a sequence {C,} of compact sets such that X = 
Ur.iC; since each Ci is compact there exists, for each i and «, 
a finite subset of C< such that C,- c JJy We shall 

prove that the countable class is a base. 

We prove first that if U is any neighborhood of e, then there 
exists a positive integer n such that e e Un c. U. Indeed since 

= rin = On and e B U, 

/ 

it follows that 

rin (.Un-U)^ (fin Vn) - U ^ 0. 

Since {J7„ — (7} is a decreasing sequence of compact sets with an 
empty intersection, it follows that Un — U{(Z Un — t7) is empty 
for at least one value of n. 

Suppose now that x is any element of X and F is any neighbor¬ 
hood of X. Since x~^F is a neighborhood of e, there exists a 
neighborhood U of e such that U~W c x~^F, and, by the 
preceding paragraph, there is a positive integer n such that 
e tUn C U. Since x e (J".i C{, there is a value of i such that 
X eCi and therefore there is a value of j such that x e Xif''^ i7». 
Since the last written relation implies that e xUn~^, we have 

X e Xii^^Wn c xUn-^Un c xU-^U c xx-^F = y. I 
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Theorems E and F together jdeld the following startling and 
useful result. 

Theorem G. IJ E is any Baire set in X, then there exists a 
compact^ invariant subgroup Y of X such that E is a union of 
cosets of Y, and such that the quotient group X/Y is separable. 

Proof. By Theorem E, there exists a compact, invariant Baire 
subgroup y such that £ is a union of cosets of Y. If {C/n} is a 
sequence of open sets such that Y =* fln-i t^n, then, for each 
positive integer », there exists an open set t^« in the quotient 
group ft — X/Y such that 

ycT-HJ^n)cC7„, 

where r is the projection from X onto ft\ (cf. 63.A). It follows 
that y = n^-i (£?’„) and hence that {b} = ifni the 

separability of ^ is now implied by Theorem F. | 

Theorem H. Every Hoar measure in X is completion 
tegular. 

Proof. It is sufficient to prove that if U is any bounded open 
set, then there exists a Baire set E contained in U such that 
U — E may be covered by a Baire set of measure zero. Given 
Uy we select the Baire set £ (c U) so that m(-E) is maximal; by 
Theorem G there exists a compact invariant subgroup y of .X" 
such that £ is a union of cosets of y and such that the quotient 
group X/Y) is separable. 

Let IT be the projection from X onto ft, and write 
F =» — £); we shall prove that £ is a Baire set of meas¬ 

ure zero. The fact that £ is a union of cosets of Y implies that 
t(£ 7 — £) = ir(C7) — *■(£); since v{U) is an open set in a separa¬ 
ble space, iriJU) is a Baire set in ft\ (cf. 50.E). It follows from the 
relation F = — E that F is indeed a Baire set. 

Since the Baire open sets of X form a base, corresponding to 
each point * in — £ there is a Baire open set V{x) such that 
X e v\x) c U. Since [itiVix))-. xzU — E\ is an open covering 
of viU — £), it follows from the separability of X that there 
exists a sequence of points in 17 — £ such that 
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Since v(JJ — E) = ir(£7) — «■(£), we have 

TiU-E)cz (U.- <nxi))) - ir(£) = Ui - E). 

It follows from these considerations that it is sufficient, in order 
to complete the proof of the theorem, to prove that 

M(T-nv(r-£))) =0 

for every Baire open set E contained in U; we turn therefore to 
the proof of this result. (Observe that the reasoning, used above 
to show that Tt~^7e{JJ — £) is a Baire set, may also be applied to 
V in place of U.) 

If F is a Baire open set contained in t7, then it follows from the 
maximal property of E that /ti(F — £) = 0. If >> is a Haar 
measure in Y such that v(X) — 1, and if we write fi, — and 
g{x) — v{x~^{V — £) n Y), then (63.G) there exists a (non 
negative) Baire measurable function ^ on such that g = iv 
and such that 

We have 


x-\E - £) n y = (x-^E n y) ~ {x-^e n y). 

If X zE, then e e x~^E fl Y and if x e' £, then x~^E 0 y =» 0, 
so that if X z E — Ey then x~^{E — £) D y is a non empty open 
subset of y. It follows that if e 7 t~^Tc{JE — £), so that «■(*) =» 
ir(xo) for some xoinE — E, then 

gi^x) = !(*■(*)) " = ^(*o) > 0, 

and therefore, by 2S.D, /i(ir“^ir(y — E)) «* 0. | 

Theorem I. If X is an arbitrary (not necessarily v-compacf) 
locally compact topological groupy and if p is a left invariant 
Borel measure in Xy then p is completion regular. 
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Proof. Given any Borel set E in Xy there exists a v-compact 
full subgroup Z of X such that E (Z Z, By Theorem H, ju on Z 
is completion regular and therefore there exist two sets A and B 
in Z which are Baire subsets of Z and for which 

A (zE a B and A) = 0. 

Since Z is both open and closed in X, A and B are also Baire 
subsets of X. I 
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